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ADVERTISEMENT TO THE SECOND EDITION. 

I wave reserved for the Appendix to this Volume the longer additional and 

illustrative notes which I have written for the new edition of the ‘‘ ELements.”’ 

Some of those notes would have been inconveniently long as footnotes ; others 

would have been inconveniently placed. For example, although the Note on 

Screws relates naturally to Art. 416 and that on the Kinematical Treatment 

of Curves to Art. 396, I have placed the Note on Screws before the Note on 

Curves because Hamilton’s remarks on screw motion in the earlier Article required 

some development in order to make the Note on Curves easily intelligible. 

Accordingly the order of the notes has been arranged with reference to the 

notes themselves rather than with reference to the text. The selection and 

treatment of the subjects of these notes have been subordinated to the illustration 

of quaternion methods. I have not hesitated to sacrifice brevity for suggestive- 

ness, and above all I have tried to render the notation as explicit as possible. 

An analysis of the Appendix will be found on pages xly—xlix. 

For greater convenience I have provided an Index to the whole work referring 

to the pages, the volumes being distinguished by the numbers i and ii. 

I take this opportunity of testifying to the extraordinary accuracy both of 

matter and of printing in the first edition of the ‘‘ Erements.” Every portion 

of the work bears evidence of Hamilton’s unsparing pains. I cannot recall a 

single sentence ambiguous in its meaning, or a single case in which a difficulty 

is not honestly faced. I see no sign of diminished vigour or of relaxed care } 

in those portions of the work written in his failing health. My task as editor 

has convinced me of the extreme caution with which any endeavour should be 

made to improve or modify the calculus of Quaternions. 

In conclusion, I desire to express my thanks to the College Printer, Mr. 

George Weldrick, for the great care he has taken in printing this edition for 

the Board of Trinity College, and for his unvarying courtesy to myself. 

CHARLES JASPER JOLY. 

THe Ossrervatory, Dunsinx, 

16th December, 1900. 
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5.0.0: Kahle 

ON QUATERNIONS, CONSIDERED AS PRODUCTS OR POWERS 
OF VECTORS; AND ON SOME APPLICATIONS OF QUATER- 
NIONS (continued), . : : 

CHAPTER ITI. 

On some ADDITIONAL APPLICATIONS OF QUATERNIONS, WITH SOME 

ConctupiInc REMARKS. 

Section 1.—Remarks Introductory to this Concluding Chapter, . 

Sectron 2.—On Tangents and Normal Planes to Curves in Space, 

Section 3.—On Normals and Tangent Planes to Surfaces, . 

Section 4.—On Osculating Planes, and Absolute Normals to Curves of 
Double Curvature, 

Section 5.—On Geodetic Lines, and Families of ee ae 

In these Sections, dp usually denotes a tangent to a curve, and v a normal to a surface. 

Some of the theorems or constructions may perhaps be new ; for instance, those connected 
with the cone of parallels (pp. 6, 26, &c.) to the tangents to a curve of double curvature ; 

and possibly the theorem (p. 42), respecting reciprocal curves in space: at least, the 
deductions here given of these results may serve as exemplifications of the Calculus 

employed. In treating of Families of Surfaces by quaternions, a sort of analogue 
(pp. 47, 48) to the formation and integration of Partial Differential Equations presents 
itself ; as indeed it had done, on a similar occasion, in the Lectures (574). 

Section 6.—On Osculating Circles and Spheres, to Curves in Space; with 
some connected Constructions, . : A : : - P : 

The analysis, however condensed, of this long Section (III. iii. 6), cannot conveniently 
be performed otherwise than under the heads of the respective Articles (389-401) which 

compose it: each Article being followed by several sub-articles, which form with it a 

sort of Series. * 

Pages 

1-358 

1-4 

4-10 

11-23 

24-29 

29-49 

50-179 

* A Table of initial Pages of all the Articles will be elsewhere given, which will much facilitate 

reference. 
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ARTICLE 389.—Osculating Circle defined, as the limit of a circle, which touches a given 
curve (plane or of double curvature) at a given point Pp, and cuts the curve at a near point 

@ (see fig. 77, p. 24). Deduction and interpretation of general expressions for the vector 
« of the centre K of the centre so defined. The reciprocal of the radius KP being called the 

vector of curvature, we have generally, 

dUdp 1 .d*p 
esl pee hte ooh epee = & Ss Vector of Curvature = (p — k) Tdp ~ dp v= a ons (8) 

and if the are (s) of the curve be made the independent variable, then 

d*p ' 
Vector of Curvature = p” = D,*p = ds (8) 

Examples: curvatures of helix, ellipse, hyperbola, logarithmic spiral ; locus of centres of 
curvature of helix, plane evolute of plane ellipse, . : : : , P 50-55 

ARTICLE 390.—Abridged general calculations ; return from (8’) to =) Be : 55-56 
ARTICLE 391.—Centre determined by three scalar equations; Polar Avis, Polar 

Developable, . : ; , ; : ; ; 57-58 
ARTICLE 392.— barre Rodahan of peruiddne ene : 58-60 

ARTICLE 393.—Jntersection (or intersections) of a circle with a hab curve i whith it 
osculates; example, hyperbola, . ; : ‘ ; ‘ : : Z 60-63 

ARTICLE 394.—Intersection (or intersections) of a spherical curve Ai a ak circle 
osculating thereto; example, spherical conic ; constructions for the spherical centre (or pole) 

of the circle osculating to such a curve, and for the point of intersection above mentioned, 63-74 
ARTICLE 395.—Osculating Sphere, to a curve of double curvature, defined as the mit 

of a sphere, which contains the osculating circle to the curve at a given point Pp, and cuts 
the same curve at a near point a (comp. Art. 389). The centre s, of the sphere so found, 
is (as usual) the point in which the polar axis (Art. 391) touches the cusp-edge of the polar 
developable, Other general construction for the same centre (p. 77, comp. 106). General 

expressions for the vector, o = os, and for the radius, R= sp; R-1is the spherical curvature 

(comp. Art. 397). Condition of Sphericity (S=1), and Coefficient of Non-sphericity (S—1), 

for a curve in space. When this last coefficient is positive (as it is for the helix), the 
curve lies outside the sphere, at least in the neighbourhood of the point of osculation, : 74-80 

ARTICLE 396.—Notations 7, 7’, .. for Dsp, Ds?p, &c. ; properties of a curve depending 
on the sguare (s*) of its ac, measured from a given point P ; 7 = wnit-tangent, r' = vector 
of curvature, y-!= Tr' = curvature (or first curvature, comp. Art. 397), y= 7’ = binormal ; 
the three planes, respectively perpendicular to 7, 7’, v, are the normal plane, the rectifying 

plane, and the osculating plane; general theory of emanant lines and planes, vector of 

rotation, axis of displacement, osculating screw surface ; condition of developability of 

surface of emanants, . 3 . 5 4 : , : 81-88 

ARTICLE 397.—Properties aap odiae on the ane @) of the arc; Radius r (denoted 
here, for distinction, by a roman letter), and Vector r47, of Second Curvature ; this radius 
r may be ether Foca or negative (whereas the radius 7 of jirst curvature is always 
treated as positive), and its reciprocal r-! may be thus expressed (pp. 92, 88), 

prea or, ri=§— 
S Tapa’ (T), rT” et 

Second Curvature* = 13 = 

the independent variable being the are in (T’), while it is arbitrary in (T): but quaternions 

* In this Article, or Series, 397, and indeed also in 396 and 898, several references are given to a 

very interesting Memoir by M. de Saint-Venant, ‘‘ Sur les lignes courbes non planes’? : in which, 

however, that able writer ojects to such known phrases as second curvature, torsion, &c., and proposes 
in their stead a new name ‘“cambrure,’’? which it has not been thought necessary ieee to adopt. 

(Journal de V Ecole Polytechnique, Oniier XXX.) 



Arts, 397, 398. | TABLE OF CONTENTS. 

supply a vast variety of other expressions for this important scalar (see, for instance, the 
Table in p. 108). We have also (by p. 89, comp. Arts. 389, 395, 396), 

Vector of Spherical Curvature = sp“) = (p — co)! = &e., (U) 

= projection of vector (r’) of (simple or first) curvature, on radius (R) of osculating sphere: 
and if » and P denote the linear and angular elevations, of the centre (s) of this sphere 
above the osculating plane, then (by same page 89), 

pertan P= Ren P=rr=rTD,r. (U’) 

Again (pp. 89, 90), if we write (comp. Art. 396), 

” 

AV Hh =r i4+7' = Vector of Second Curvature plus Binormal, (V) 
ye 

this line A may be called the Rectifying Vector; and if H denote the inclination (considered 
first by Lancret), of this rectifying line (A) to the tangent (7) to the curve, then 

tan = yl tan P=r lyr. (V’) 

Known right cone with rectifying line for its axis, and with H for its semiangle, which 
osculates at P to the developable locus of tangents to the curve (or by p. 99 to the cone of 
parallels already mentioned) ; new right cone, with a new semiangle, C, connected with H 
by the relation (p. 91), 

3 W 

tan C a tan H, a 

which osculates to the cone of chords, drawn from the given point P to other points @ of 

the given curve. Other osculating cones, cylinders, helix, and parabola; this last being 

(pp. 91, 96) the parabola which osculates to the projection of the curve, on its own osculating 
plane. Deviation of curve, at any near point Q, from the osculating circle at Pp, decomposed 

(p. 96) into two rectangular deviations, from osculating helix and parabola. Additional 
formule (p. 109), for the general theory of emanants (Art. 396) ; case of normally emanant 
lines, or of tangentially emanant planes. General auxiliary spherical eurve (pp. 110-112, 

comp. p. 28); new proof of the second expression (V’) for tan H, and of the theorem that if 
this ratio of curvatures be constant, the proposed curve is a geodetic on a cylinder: new 
proof that if each curvature (7-}, oH be constant, the cylinder is as and therefore the 
curve a helix, 

ARTICLE 398. So Pett de of a curve in ening. depending on the foieth sea Jifth 
powers (s*, 5°) of its arc (s), . : : : 

This Series 398 is so much oes than any ees in the Walter da is “iat to 
contain so much original matter, that it seems necessary here to subdivide the analysis 
under several separate heads, lettered as (a), (0), (c), &c. 

(a). Neglecting s°, we may write (p. 112, comp. Art. 396), 

OPs = ps =p + 87 + 4877' + 383r" + peste”; (W) 
or (comp. p. 128), 

Ps= pt ust t+ ysrt' + 250, (W’) 

with expressions (p. 126) for the coefficients (or coordinates) ws, Ys, Zs) in terms of 7, 7”, 7", 
r,r’, ands. If s> be taken into account, it becomes necessary to add to the expression 

(W) the term, THOS TIY 5 with corresponding additions to the scalar coefficients in (W’), 

introducing 7” and r’: the laws for forming which additional terms, and for extending 
them to higher powers of the arc, are assigned in a subsequent Series (399, pp. 156, 163). 

(4). Analogous expressions for 7”, v", x”, A’, o’, and yp’, KR’, P’, H', to serve in questions 

in which s° is neglected, are assigned (in p. 113); 7”, »’, «’, A, o, and p, Rk, P, H, having 

been previously expressed (in Series 397); while trv, v”, x”, A”, o”, &c. enter into 
investigations which take account of s>: the arc s being treated as the independent 
variable in all ¢hese derivations. 

1x 

Pages 

88, 112 

112-156 
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(c). One of the chief results of the present Series (398), is the introduction (p. 116, &c.) 

of a new auailiary angle, J, analogous in several respects to the known angle H (397), but 
belonging to a higher order of theorems, respecting curves im space: because the new angle 
J depends on the fourth (and lower) powers of the arc s, while Lancret’s angle H depends 
only on s? (including s! and s”). In fact, while tan H is represented by the expressions 
(V’), whereof one is 7’-! tan P, tan J admits (with many transformations) of the following 

analogous expression (p. 116), 
tan J = R-' tan P; (X) 

where R’ depends* by (2) on s*, while 7’ and P depend (397) on no higher power than s°. 
(d). To give a more distinct geometrical meaning to this new angle J, than can be 

easily gathered from such a formula as (X), respecting which it may be observed, in 

passing, that J is in general more simply defined by expressions for its cotangent 
(pp. 116, 126), than for its tangent, we are to conceive that, at each point p of any 
proposed curve of double curvature, there is drawn a tangent plane to the sphere, which 
osculates (395) to the curve at that point ; and that then the envelope of all these planes is 
determined, which enyelope (for reasons afterwards more fully explained) is called here 
(p. 116) the ‘‘ Circwmsecribed Developable’’: being a surface analogous to the ‘* Rectifying 
Developable’’ of Lancret, but belonging (c) to a higher order of questions. And then, as 

the known angle H denotes (397) the inclination, suitably measured, of the rectifying line 
(A), which is a generatrix of the rectifying developable, to the tangent (7) to the curve; so 

the new angle J represents the inclination of a generating line (>), of what has just been 
called the cirewmscribed developable, to the same tangent (r), measured likewise in a 
defined direction (p. 117), but in the tangent plane to the sphere. It may be noted as 
another analogy (p. 117), that while H is a right angle for a plane curve, so J is right 
when the curve is spherical. For the helix (p. 122), the angles H and J are equal; and 
the rectifying and circumscribed developables coincide, with each other and with the right 
cylinder, on which the helix is a geodetic line. 

(ce). If the recent line @ be measured from the given point P, in a suitable direction 

(as contrasted with the opposite), and with a suitable length, it becomes what may be 
called (comp. 396) the Vector of Rotation of the Tangent Plane (a) to the Osculating Sphere ; 

and then it satisfies, among others, the equations (pp. 114, 116, comp. (V)), 

o=V oat To = R? cosec J; (X’) 

this last being an expression for the velocity of rotation of the plane just mentioned, or of 

its normal, namely the spherical radius R, if the given curve be conceived to be described 
by a point moving with a constant velocity, assumed = 1. And if we denote by v the 
point in which the given radius R or Ps is nearest to a consecutive radius of the same kind, 
or to the radius of a consecutive osculating sphere, then this point v divides the line ps 
internally, into segments which may (ultimately) be thus expressed (pp. 115, 116), 

pv=Rsin? J, Vs = R cos? J. (X") 

But these and other connected results, depending on s‘, have their known analogues (with 
H for J, and x for 2), in that earlier theory (c) which introduces only s° (besides s! and s*) : 
and they are all included in the general theory of emanant lines and planes (396, 397), of 
which some new geometrical illustrations (pp. 117, 120) are here given. 

* In other words, the calculation of 1’ and P introduces no differentials higher than the third 
order ; but that of K’ requires the fourth order of differentials. In the language of modern geometry, 
the former can be determined by the consideration of fowr consecutive points of the curve, or by that 

of two consecutive osculating circles; but the latter requires the consideration of two consecutive 
osculating spheres, and therefore of five consecutive points of the curve (supposed to be one of double 
curvature). Other investigations, in the present and immediately following Series (398, 399), 

especially those connected with what we shall shortly call the Osculating Twisted Cubic, will be found 

to involve the consideration of six consecutive points of a curve. 
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(f). New auxiliary scalar »(= p1RR' = cot J sec P= &.), = velocity of centre s of 
osculating sphere, if the velocity of the point P of the given curve be taken as unity (e) ; n 
vanishes with 2’, cot J, and (comp. 395) the coefficient S — 1 (= mrr-!) of non-sphericity, 
for the case of a spherical curve (p. 120). Ares, first and second curvatures, and 
rectifying planes and lines, of the cusp-edges of the polar and rectifying* developables ; 
these can al/ be expressed without going beyond s°, and some without using any higher 
power than s‘, or differentials of the orders corresponding ; 71 = mr, and r; = 7, are the 

scalar radii of first and second curvature of the former cusp-edge, 7; being positive when 

that curve turns its concavity at s towards the given curve at Pp: determination of the 

point x, in which the Jatter cusp-edge is touched by the rectifying line A to the original 
curve (pp. 120, 125). 

(g). Equation with one arbitrary constant (p. 125), of a cone of the second order, which 

has its vertex at the given point Pp, and has contaet of the third order (or four-side contact) 

with the cone of chords (397) from that point; equation (p. 128) of a cylinder of the 

second order, which has an arbitrary line PE from P as one side, and has contact of the 
fourth order (or five-point contact) with the curve at Pp; the constant above mentioned can 

be so determined, that the right line px shall be a side of the cone also, and therefore a 
part of the intersection of cone and cylinder; and then the remaining or curvilinear part, 
of the complete intersection of those two surfaces of the second order, is (by known 

principles) a gauche curve of the third order, or what is briefly calledt a Twisted Cubic: and 
this last ewrve, in virtue of its construction above described, and whatever the assumed 

direction of the auxiliary line PE may be, has contact of the fourth order (or five-point 

contact) with the given curve of double curvature at P (pp. 125, 129, comp. pp. 92, 104). 
(hk). Determination (p. 129) of the constant in the equation of the cone (g), so that this 

cone may have contact of the fourth order (or fiwe-side contact) with the cone of chords from 
pr; the cone thus found may be called the Osculating Oblique Cone (comp. 397), of the 

second order, to that cone of chords; and the coefficients of its equation involve only 7, r, 

yr’, vr’, x’, but not r'”, although this last derivative is of no higher order than r”, since 
each depends only on s° (and lower powers), or introduces only fifth differentials. Again, 
the cylinder (g) will have contact of the fifth order (or six-point contact) with the given 
curve at P, if the line PE, which is by construction a side of that cylinder, and has hitherto 
had an arbitrary direction, be now obliged to be a side of a certain cubic cone, of which the 
equation (p. 128) involves as constants not only rrv‘r’r’r”, like that of the osculating cone 
just determined, but also7v’”’. The two cones last mentioned have the tangent (7) to the 
given curve for a common side,t but they have also three other common sides, whereof one 

* The rectifying plane, of the cusp-edge of the rectifying developable, is the plane of A and 7’, of 

which the formula LIV’. in p. 124 is the equation; and the rectifying line nu, of the same cusp- 

edge, intersects the absolute normal PK to the given curve, or the radius (r) of first curvature, in the 
point # in which that radius is nearest (e) to a consecutive radius of the same kind. But this last 

theorem, which is here deduced by quaternions, had been previously arrived at by M. de Saint-Venant 
(comp. the Note to p. viii), through an entirely different analysis, confirmed by geometrical 
considerations. 

t By Dr. Salmon, in his excellent Treatise on Analytic Geometry of Three Dimensions (Dublin, 
1862), which is several times cited in the Notes to this final Chapter (III. iii.) of these Elements. 
The gauche curves, above mentioned, have been studied with much success, of late years, by M. 
Chasles, Sig. Cremona, and other geometers: but their existence, and some of their leading properties, 

appear to have been first perceived and published by Prof. Mobius (see his Barycentric Calculus, 
Leipzig, 1827, pp. 114-122, especially p. 117). 

t This side, however, counts as three (p. 159), in the system of the sia lines of intersection (real or 

imaginary) of these two cones, which have a common vertex Pp, and are respectively of the second and 

third orders (or degrees). Additional light will be thrown on this whole subject, in the following 
Series (399) ; in which also it will be shown that there is only one osculating twisted cubic, at a given 
point, to a given curve of double curvature; and that this cubie curve can be determined, without 

resolving any cubic or other equation. 
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at least is real, since they are assigned by a cubic equation (p. 129); and by taking this 
side for the line Px in (g), there results a new cylinder of the second order, which cuts the 
osculating oblique cone, partly in that right line Px itself, and partly in a gauche curve of 
the third order, which it is proposed to call an Osculating Twisted Cubic (comp. again (g)), 
because it has contact of the fifth order (or six-point contact) with the given curve at P 

(p. 129). 
(1). In general, and independently of any question of osculation, a Twisted Cubic (g), 

if passing through the origin o, may be represented by any one of the vector equations 
(pp. 131, 132), 

Vap + Vpop = 0, (Y); or (p + ¢)p =a, (Y’) 
or p=(¢+e)"a, PEE or Vap + pVyp + VpVApu = 0, (x) 

in which a, y, A, w are real and constant vectors, but ¢ is a variable scalar; while gp 

denotes (comp. the Section ITI. ii. 6, or p. xxxii, vol. i., a linear and vector function, which 

is here generally not self-conjugate, of the variable vector p of the cubic curve. The number 
of the scalar constants, in the form (Y"), or in any other form of the equation, is found 
to be ¢en (p. 1382), with the foregoing supposition that the curve passes through the origin, 
a restriction which it is easy to remove. The curve (Y) is cut, as it ought to be, in three 
points (real or imaginary), by an arbitrary secant plane; and its three asymptotes (real or 
imaginary) have the directions of the three vector roots B (see again the last cited Section) 
of the equation (same p. 131), 

VBR = 0: (Z) 
so that by (P), p. xxxii, vol. i., these three asymptotes compose a real and rectangular system, 

for the case of self-conjugation of the function ¢ in (Y). 
(7). Deviation of a near point Ps of the given curve, from the sphere (395) which 

osculates at the given point Pp; this deviation (by p. 132, comp. pp. 79, 120) is 

to Ne r)s4 R's4 nst 

Rt as BOAR 24rrp  24rrR aoe (1) 

it is ultimately equal (p. 184) to the quarter of the deviation (397) of the same near point 
ps; from the osculating cirele at Pp, multiplied by the sine of the small angle sps,, which the 
small are 88s of the locus of the spheric centre s (or of the cusp-edge of the polar developable) 
subtends at the same point Pp; and it has an outward or an inward direction, according as 

this /ast are is concave or convex (f) at s, towards the given curve at P (pp. 122, 134). It 
is also ultimately equal (p. 136) to the deviation Ps, — PsS,, of the given point p from the 

near sphere, which osculates at the near point ps; and likewise (p. 137) to the component, 
in the direction of sp, of the deviation of that near point from the osculating circle at P, 

measured in a direction parallel to the normal plane at that point, if this /ast deviation be 
now expressed to the accuracy of the fourth order: whereas it has hitherto been considered 
sufficient to develope this deviation from the osculating circle (397) as far as the third order 

(or third dimension of s) ; and therefore to treat it as having a direction, tangential to the 

osculating sphere (comp. pp. 97, 188). 
(4). The deviation (A1) is also equal to the third part (p. 188) of the deviation of the 

near point Ps from the given circle (which osculates at P), if measured in the near normal 

plane (at Ps), and decomposed in the direction of the radius R, of the near sphere ; or to the 

third part (with direction preserved) of the deviation of the new near point in which the 

given circle is ewt by the near plane, from the near sphere: or finally to the third part (as 
before, and still with an unchanged direction) of the deviation from the given sphere, of 
that other new point c, in which the near circle (osculating at Ps) is cut by the given normal 
plane (at P), and which is found to satisfy the equation, 

SC = 8sp, — 28p. (Bi) 

Geometrical connexions (p. 140) between these various results (7) (4), illustrated by a 
diagram (fig. 83). 
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(2). The Surface, which is the Locus of the Osculating Circle to a given curve in space, 
may be represented rigorously by the vector expression (p. 141), 

Wsyu = Pst PsTs SINU+ 797s VErSuU; (Ci) 

in which s and ~ are two independent scalar variables, whereof s is (as before) the arc 
PPs of the given curve, but is not now treated as small: and u is the (small or large) angle 
subtended at the centre K, of the circle, by the are of that circle, measured from its point of 
osculation Ps. But the same superficial locus (comp. 392) may be represented also by the 

vector equation (p. 156) involving apparently only one scalar variable (s), 

27; 
¥ 
Pape hha (D:) 

in which v,;=757’s, and w = ws, , = the vector of an arbitrary point of the surface. The 

general method (p. 11) of the Section III. iii. 3, shows that the normal to this surface (Ci), 
at any proposed point thereof, has the direction of ws,4—os; that is (p. 141), the 
direction of the radius of the sphere, which contains the circle through that point, and 
has the same point of osculation Pp, to the given curve. The locus of the oseulating circle is 
therefore found, by this little calculation with quaternions, to be at the same time the 
Envelope of the Osculating Sphere, as was to be expected from geometrical considerations 

(comp. the Note to p. 141). 
(m). The curvilinear locus of the point c in (k) is one branch of the section of the 

surface (t), made by the normal plane to the given curve at Pp; and if p be the projection 

of c on the tangent at P to this new curve, which tangent pp has a direction perpen- 

dicular to the radius ps or £ of the osculating sphere at Pp (see again fig. 83, in p. 140), 
while the ordinate pc is parallel to that radius, then (attending only to principal terms), 

pp. 1389, 140) we have the expressions, 

Rs = nst FD = Gz Ur(o—p)s pe =U (7 —p), (E1) 

and therefore ultimately (p. 141), 

a pian lal eT a a (Fi) 

from which it follows that Pp is a singular point of the section here considered, but not a 
cusp of that section, although the curvature at P is infinite: the ordinate pc varying 

ultimately as the power with exponent of the abscissa pp. Contrast (pp. 141, 142), of 

this section, with that of the developable Locus of Tangents, made by the same normal 

plane at Pp to the given curve; the vectors analogous to pp and pc are in this case 

nearly equal to —4s’r’ and — 4s*r!y; so that the latter varies ultimately as the 
power # of the former, and the point P is (as it is known to be) a eusp of this last 
section. 

(x). A given Curve of double curvature is therefore generally a Singular Line (p. 143), 
although not a cusp-edge, upon that Surface (7), which is at once the Locus of its oscu- 
lating Circle, and the Envelope of its osculating Sphere: and the new developable 

surface (d), as being circumscribed to this superficial locus (or envelope), so as to touch 

it along this singular line (p. 156), may naturally be called, as above, the Circwmscribed 

Developable (p. 116). 

(0). Additional light may be thrown on this whole theory of the singular line (n), by 
considering (pp. 143-155) a problem which was discussed by Monge, in two distinct 

Sections (xxii. xxvi.) of his well-known Analyse (comp. the Notes to pp. 144, 145, 153, 
154, 155 of these Elements) ; namely, to determine the envelope of a sphere with varying 

radius R, whereof the centre s traverses a given curve in space ; or briefly, to find the 

xii 
Pages 
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Envelope of a Sphere with One varying Parameter (comp. p. 171): especially for the Case 
of Coincidence (p. 145, &c.), of what are usually two distinct branches (p. 144) of a certain 
Characteristic Curve (or aréte de rebroussement), namely the curvilinear envelope (real or 
imaginary) of all the circles, along which the superficial envelope of the spheres is 

touched by those spheres themselves. 
(p). Quaternion forms (pp. 145, 146) of the condition of coincidence (0) ; one of these 

can be at once translated into Monge’s equation of condition (p. 145), or into an equation 
slightly more general, as leaving the independent variable arbitrary ; but a simpler and 
more easily interpretable form is the following (p. 146), 

mdr = + RAR, (Gi) 

in which r is the radius of the circle of contact, of a sphere with its envelope (0), while ri 
is the radius of (first) curvature of the curve (s), which is the locus of the centre s of the 

sphere. 

(g). The singular line into which the two branches of the curvilinear envelope are 

fused, when this condition is satisfied, is in general an orthogonal trajectory (p. 161) to 

the osculating planes of the curve (s); that curve, which is now the given one, is therefore 

(comp. 391, 395) the eusp-edge (p. 151) of the polar developable, corresponding to the 
singular line just mentioned, or to what may be called the curve (Pp), which was 
formerly the given curve. In this way there arise many verifications of formule 
(pp. 161, 152) ; for example, the equation (Gi) is easily shown to be consistent with the 

results of (f). 
(r). With the geometrical hints thus gained from interpretation of quaternion 

results, there is now no difficulty in assigning the Complete and General Integral of the 
Equation of Condition (p), which was presented by Monge under the form (comp. p. 145) 

of a non-linear differential equation of the second order, involving three variables (p, W, 7m) 
considered as functions of a fourth (a), namely the coordinates of the centre of the sphere, 

regarded as varying with the radius, but which does not appear to have been either 

integrated or interpreted by that illustrious analyst. The general integral here found 
presents itself at first in a quaternion form (p..158), but is easily translated (p. 154) into 
the usual language of analysis. A Jess general integral is also assigned, and its geo- 

metrical signification exhibited, as answering to a case for which the singular line lately 

considered reduces itself to a singular point (p. 155). 
(s). Among the verifications (q) of this whole theory, it is shown (pp. 152, 153) that 

although, when the two branches (0) of the general curvilinear envelope of the circles of the 
system are real and distinct, each branch is a cusp-edge (or aréte de rebroussement, as 

Monge perceived it to be), upon the superficial envelope of the spheres, yet in the case of 
fuston (p) this cuspidal character is lost (as was likewise seen by Monge*): and that then 
a section of the surface, made by a normal plane to the singular line, has precisely the 

form (m), expressed by the equation (Fi). In short, the result is in many ways con- 
firmed, by calculation and by geometry, that when the condition of coincidence (p) is 
satisfied, the Swrface is, as in (m), at once the Envelope of the osculating Sphere and the 
Locus of the osculating Circle, to that Singular Line on itself, into which by (q) the two 

branches (0) of its general cusp-edge are fused. 
(¢). Other applications of preceding formule might be given; for instance, the formula 

for «” enables us to assign general expressions (p. 155) for the centre and radius of the 
circle, which osculates at kK to the locus of the centre of the osculating circle, to a given 
curve in space: with an elementary verification, for the case of the plane evolute of the 
plane evolute of a plane curve. But it is time to conclude this long analysis, which how- 

ever could scarcely have been much abridged, of the results of Series 398, and to pass to 

a more brief account of the investigations in the following Series. 

* Compare the first Note to p. 158 of these Elements. 
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ArticLE 399.—Additional general investigations, respecting that gauche curve of the 
third order (or degree), which has been above called an Oseulating Twisted Cubic 
(398, (A)), to any proposed curve of double curvature; with POPPE GHODE to the case, 
where the given curve is a helix, ‘ . wt 166) 167 

(a). In general (p. 159) the tangent pr to the LEAe curve is a nodal hie of the cubic 
cone (3898, (h)); one tangent plane to that cone (C3), along that side, being the osculating 
plane (P) to the curve, and therefore touching also, along the same side, the osculating 
oblique cone (C2) of the second order, to the cone of chords (397) from P; while the other 
tangent plane to the cubic cone (C3) crosses that first plane (P), or the guadric cone (C2), 
at an angle of which the trigonometric cotangent (3r') is equal to half the differential of 
the radius (r) of second curvature, divided by the differential of the arc (s). And the three 

common sides, PE, PE’, PE’, of these two cones, which remain when the tangent pr is 

excluded, and of which one at least must be rea/, are the parallels through the given point 
P to the three asymptotes (398, (i)) to the gauche curve sought ; being also sides of three 

quadric cylinders, say (Lz), (L’2), (L"2), which contain those asymptotes as other sides (or 
generating lines): and of which each contains the twisted cubic sought, and is cut in it by 
the quadrie cone (C2). 

(6). On applying this First Method to the case of a given helix, it is found (p. 159) 
that the general cubic cone (C3) breaks up into the system of a new quadric cone, (C2), and 
a new plane (P’); which latter is the rectifying plane (396) of the helix, or the tangent 
plane at Pp to the right cylinder, whereon that given curve is traced. The two quadric 

cones, (C2) and (C2') touch each other and the plane (P) along the tangent pr, and have 

no other real common side: whence two of the sought asymptotes, and two of the 
corresponding cylinders (a), are in this case imaginary, although they can still be used 

in calculation (pp. 159, 160, 162). But the plane (P’) cuts the cone (C2), not only in the 
tangent prt, but also in a second real side px, to which the real asymptote is parallel (a) ; 
and which is at the same time a side of a real quadric cylinder (Zz) which has that 
asymptote for another side (p. 162), and contains the twisted cubic: this gauche curve 

being thus the curvilinear part (p. 161) of the intersection of the real cone (C2), with the 
real eylinder (Lz). 

(c). Transformations and verifications of this result; fractional expressions (p. 162), for 

the coordinates of the twisted cubic; expression (p. 161) for the deviation of the helix 
from that osculating curve, which deviation is directed inwards, and is of the sixth order : 
the least distance, between the tangent pt and the real asymptote, is a right line ps, 

which is cut internally (p. 162) by the awis of the right cylinder (b), in a point a such that 

PA is to AB as three to seven. 
(d). The First Method (a), which has been established in the preceding Series (398), 

succeeds then for the case of the helix, with a facility which arises chiefly from the 
circumstance (4), that for this case the general cubie cone (C3) breaks up into two separate 
loci, whereof one is a plane (P’). But usually the foregoing method requires, as in 
(398, ()), the solution of a cubie equation: an inconvenience which is completely avoided, 

by the employment of a Second General Method, as follows. 
(e). This Second Method consists in taking, for a second locus of the gauche osculatria 

sought, a certain Cubic Surface (S3), of which every point is the vertex* of a quadric cone, 

* It is known that the locus of the vertex of a quadric cone, which passes through six given points 
of space, A, B, C, D, E, ¥, whereof no four are in one plane, is generally a Surface, say (84), of the 
Fourth Degree: in fact, it is cut by the plane of the triangle aBc in a system of four right lines, 

whereof three are the sides of that triangle, and the fourth is the intersection of the two planes, anc 
and per. If then we investigate the intersection of this surface ($4) with the quadric cone, 
(A. BCDEF), or say (C2), which has a for vertex, and passes through the five other given points, we 

might expect to find (in some sense) a curve of the eighth degree. But when we set aside the jive right 

lines, AB, AC, AD, AE, AF, which are common to the two surfaces here considered, we find that the 

(remaining or) curvilinear part of the complete intersection is reduced to a curve of the third degree, 
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having six-point contact with the given curve at Pp: so that this new surface is cut by the 

plane at infinity, in the same cubic curve as the cubic cone (C3). It is found (p. 166) to be 

a Ruled Surface, with the tangent pr for a Singular Line; and when this right line is 
set aside, the remaining (that is, the curvilinear) part of the intersection of the two loci, 
(C2) and (S83), is the Osculating Twisted Cubie sought: which gauche osculatrix is thus 
completely and generally determined, without any such difficulty or apparent variety, as 

might be supposed to attend the solution of a cubic equation (d), and with new 

verifications for the case of the helix (p. 167). 
ArTIcLE 400.—On Involutes and Evolutes in space, : - 167, 178 
(a). The usual points of Monge’s theory are deduced from the oe Pindamien tal 

quaternion equations (p. 168), 

S(o-p)p =0, V(r— p)o'=0, (H1) 

in which p and o are corresponding vectors of involute and evolute; together with a 

theorem of Prof. De Morgan (p. 169), respecting the case when the evolute is a spherical 
curve. 

(6). An involute in space is generally the only real part (p. 171) of the envelope of a 

certain variable sphere (comp. 398), which has its centre on the evolute, while its radius KR 
is the variable intercept between the two curves: but because we have here the relation 

(p. 169, comp. p. 143), 
R? + 0% =0, (Hy’) 

the circles of contact (398, (0)) reduce themselves each to a point (or rather to a pair of 
imaginary right lines, intersecting in a real point), and the preceding theory (398), of 

envelopes of spheres with one varying parameter, undergoes important modifications in its 
results, the conditions of the applications being different. In particular, the involute is 

indeed, as the equation (H1) express, an orthogonal trajectory to the tangents of the evolute ; 

but not to the osculating planes of that curve, as the singular line (398, (g)) of the former 

envelope was, to those of the curve which was the locus of the centres of the spheres before 
considered, when a certain condition of coincidence or of fusion, 398, ( p)) was satisfied. 

(c). Curvature of hodograph of evolute (p. 173): if Pp, Pi, Pe, . . ands, 81, S2, . . be 

corresponding points of involute and evolute, and if we draw right lines sT1, sTz, . . in the 

directions of s1P1, S2P2, . . and with a common length = sp, the spherical curve PT1T2 . . 

will have contact of the second order at p, with the involute PP1P2 . . (p. 178). 
ARTICLE 401.—Calculations abridged, by the treatment of quaternion differentials 

(which have hitherto been finite, comp. p. xxix, vol. i.) as infinitesimals ;* new deductions 

of osculating plane, circle, and sphere, with the vector equation (392) of the circle; and of 

the first and second curvature of a curve in space, . : : : : ; : «jel gosuhe 

which is precisely the twisted cubic through the six given points. In applying this general (and 
perhaps new) method, to the problem of the osculating twisted cubic to a curve, the osculating 
plane to that curve may be eacluded, as foreign to the question: and then the quartic surface 
(Sz) is reduced to the eubie surface (83), above described. 

* Although, for the sake of brevity, and even of clearness, some phrases have been used in 

the foregoing analysis of the Series 398 and 399, such as fowr-side or jfive-side contact between 
cones, and five-point or six-point contact between curves, or between a curve and a surface, 

which are borrowed from the doctrine of consecutive points and lines, and therefore from that of 

imfinitesimals ; with a few other expressions of modern geometry, such as the plane at infinity, &c. ; 
yet the reasonings in the text of these Elements have all been rigorously reduced, so far, or are all 

obviously reducible, to the fundamental conception of Limits; compare the definitions of the osculating 

circle and sphere, assigned in Articles 389, 395. The object of Art. 401 is to make it visible how, 
without abandoning such ultimate reference to limits, it is possible to abridge calculation, in several 

cases, by treating (at this stage) the differential symbols, dp, dp, &c., as if they represented infinitely 
small differences, Ap, A*p, &c.; without taking the trouble to write these latter symbols jirst, as 
denoting jinite differences, in the rigorous statement of a problem, of which statement it is not always 
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Sxction 7.—On Surfaces of the Second Order; and on Ourvatures of 
Surfaces, . " ; , 4 : : , : ’ ; . 179-283 

ARTICLE 402.—References to some equations of shia! in earlier parts of the 
volume, : : 179, 180 

ARTICLES 403, teeta Beantiar: of the Rains (p? =—- 1, he: se 180, 182 
In some of these equations, the Notation N for norm is weet arth (comp. fre SPs 

li? i. 6,) 

ARTICLE 404.—Quaternion equations of the Eilipsoid, 183, 185 
One of the simplest of these forms is (pp. 325, vol. i., 185) the eration, 

T (ip + pk) =e? — 2, (Ih) 

in which . and « are real and constant vectors, in the directions of the cyclic normals. 

This form (I;) is intimately connected with, and indeed served to suggest, that 
Construction of the Ellipsoid (II. i. 18), by means of a Diacentric Sphere and a Point 

(p. 234, vol. i., comp. fig. 53, pp. 234, vol. i., and 184), which was among the earliest 
geometrical results of the Quaternions. The three semiaxes, a, b, c, are expressed (comp. 

p. 238) interms of 1, « as follows: 

K2 — v? ’ 
a= Ti+ Te; ea TER e=T.-—Tk; (Ty’) 

whence abe = T(t—xk). (11") 

ARTICLE 405.—General Central Surface of the Second Order (or central quadric), 
Spdp = Jaa : A f . 186-189 

ARTICLE 406. — General Cine of the ee One (or nena eons Spop = fp = 0, 189-196 
ARTICLE 407.—Bifocal Form of the equation of a central but non-conical surface of the 

second order: with some quaternion formule, relating to Confocal Surfaces, 196-208 
(a). The bifocal form here adopted (comp. the Section III. ii. 6) is the equation, 

Cfp = (Sap)? — 2eSapSa’p + (Sa'p)? + (1 — e*)p? = C, (Ji) 

in which, C= (e — 1) (¢ + Saa’)/*. (J1’) 

a, a’ are two (real) focal unit-lines, common to the whole system of confocals ; the (real 
and positive) scalar / is also constant for that system: but the scalar e varies, in passing 
from surface to surface, and may be regarded as a parameter, of which the value serves to 

distinguish one confocal, say (e), from another (pp. 196, 197). 
(b). The squares (p. 197) of the three scalar semiaxes (real or imaginary), arranged in 

algebraically descending order, are 

@=(e+1)2%, R=(e+Sae)l, &=(e-1)P; (Ki) 

ee a + 
whence ge te at (Li) 

and the three vector semiaxes corresponding are, 

aU (a +a), bUVaa, cU(a— a’). (Mi) 

(c). Rectangular, unifocal, and cyclic forms (pp. 197, 208, 205) of the scalar function 

Fp, to each of which corresponds a form of the vector function op; deduction, by a new 

easy to assign the proper form, for the case of points, &c., at finite distances: and then having the 

additional trouble of reducing the complex expressions so found to simpler forms, in which differentials 

shall finally appear. In short, it is shown that in Quaternions, as in other parts of Analysis, the 

rigour of limits can be combined with the facility of injinitesimais. 
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analysis, of several known theorems* (pp. 197, 198, 202, 208) respecting confocal 

surfaces and their focal conics; the lines a, a’ are asymptotes to the focal hyperbola 
(p. 202), whatever the species of the surface may be: references (in Notes to pp. 203, 
204) to the Lectures,t for the focal ellipse of the Hilipsoid, and for several different 

generations of this last surface. 
(d). General Exponential Transformation (p. 206) of the equation of any central 

quadrie ; 
p=ta+ yVa'B, (Ni), with vfa+ y*fUVaa' = 1, (N71) 

_ (a — ea) UVaa' | 7 
and B ag e+ Seay’ ’ (Ni ) 

this auxiliary vector B is constant, for any one confocal (e) ; the exponent, t, in (N:), is an 
arbitrary or variable scalar ; and the coefficients, x and y, are two other scalar variables, 
which are however connected with each other by the relation (Ny’). 

(e). If any jixed value be assigned to ¢, the equation (N:) then represents the section 
made by a plane through a (p. 207) which section is an ellipse if the surface be an 
ellipsoid, but an hyperbola for either hyperboloid ; and the cutting plane makes with the 

focal plane of a, a’, or with the plane of the focal hyperbola, an angle = dz. 

(f). If, on the other hand, we allow ¢ to vary, but assign to wand y any constant 
values consistent with (Ni1’), the equation (N:) then represents an ellipse (p. 206) whatever 

the species of the surface may be; x represents the distance of its centre o of the surface, 
measured along the focal line a; y is the radius of a right cylinder, with a for its avis, of 
which the ellipse is a section, or the radius of a circle in a plane perpendicular to a, into 
which that ellipse can be orthogonally projected: and the angle $¢a is now the excentric 
anomaly. Such elliptic sections of a central quadric may be otherwise obtained from the 
unifocal form (c) of the equation of the surface; they are, in some points of view, 
almost as interesting as the known circular sections: and it is proposed (p. 204) to call 
them Centro-Focal Hllipses. 

(g). And it is obvious that, by interchanging the two focal lines a, a’ in (d) a Second 
Exponential Transformation is obtained, with a Second System of centro-focal ellipses, 

whereof the proposed surface is the locus, as well as of the jirst system (f), but which 
have their centres on the line a, and are projected into circles, on a plane perpendicular 

to this latter line (p. 208). 
(h). Equation of Confocals (p. 207). 

Vy,ov, = Vyo,v. (01) 

ARTICLE 408.—On Circumscribed Quadric Cones; and on the Umbilics of a central 

quadric, : : : : ; , : ; : ; : ; ‘ : 
(a). Equations (p. 209) of Conjugate Points, and of Conjugate Directions, with respect to 

the surface fp = 1, 

F(p, p')=1, (Pi), and S (p; p’') = 95 (P1') 

Condition of Contact, of the same surface with the right line Pr’, 

(F(p, p’) — 1? = (fp — 1) (fp — 1); (Q:) 
this latter is also a form of the equation of the Cone, with vertex at Pp’, which is 
circumscribed to the same quadric (fp = 1). 

Pages 
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* For example, it is proved by quaternions (p. 208), that the focal lines of the focal cone, which 
has any proposed point p for vertex, and rests on the focal hyperbola, are generating lines of the 
single-sheeted hyperboloid (of the given confocal system), which passes through that point: and an 
extension of this result, to the focal lines of any cone circumscribed to a confocal, is deduced by a 
similar analysis, in a subsequent Series (408, p. 213). But such known theorems respecting 
confocals can only be alluded to, in those Contents. 

t Lectures on Quaternions (by the present author), Dublin, Hodges and Smith, 1853. 
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(4). The condition (Qi) may also be thus transformed (p. 211) 
’ 

FV pp’ = abe? f(p — p'), (Qy’) 

F being a scalar function, connected with f by certain relations of reciprocity (comp. 
p- 547, vol. i.); and a simple geometrical interpretation may be assigned, for this last 
equation. 

(c). The Reciprocal Cone, or Cone of Normals o at P’ to the circumscribed cone (Q:) or 
(Qi’), may be represented (p. 212) by the very simple equation, 

i (os Soa =1; (Qi’’) 

which likewise admits of an extremely simple interpretation. 

(Z). A given right line (p. 214) is touched by two confocals, and other known results 

are easy consequences of the present analysis ; for example (pp. 216, 217), the cone 
circumscribed to any surface of the system, from any point of either of the two real focal 

curves, is a cone of revolution (real or imaginary): but a similar conclusion holds good, 
when the vertex is on the third (or imaginary) focal, and even more generally (p. 223), 

when that vertex is any point of the (known and imaginary) developable envelope of the 
confocal system. 

(e). A central quadric has in general Twelve Umbilics (p. 218), whereof only four (at 
most) can be real, and which are its intersections with the three focal curves: and these 

twelve points are ranged, three by three, on eight imaginary right lines (p. 222), which 

intersect the circle at infinity, and which it is proposed to call the Hight Umbilicar 

Generatrices of the surface. 

(f). These (imaginary) umbilicar generatrices of a quadric are found to possess several 
interesting properties, especially in relation to the lines of curvature: and their locus, for 
a confocal system, is a developable surface (p. 222), namely the known envelope (d) of that 
system. 

ArticLE 409.—Geodetic Lines on Central Surfaces of the Second Order, 

(a). One form of the general differential equation of geodetics on an arbitrary surface 
being, by III. iii. 5 (p. 29), 

Vvd?p = 0, (Ri), if Tdp =const., (Ri’) 

this is shown (p. 226) to conduct, for central quadrics, to the first integral, 

PP? P= 1T¥ 7 Udp = h= const. ; (Si) 

where P is the perpendicular from the centre 0 on the tangent plane, and D is the 

(real or imaginary) semidiameter of the surface, which is parallel to the tangent (dp) to the 
curve. The known equation of Joachimstal, P. D=const., is therefore proved anew ; 
this last constant, however, being by no means necessarily real, if the surface be not an 
ellipsoid. 

(b). Deduction (p. 227) of a theorem of M. Chasles), that the tangents to a geodetic, 

on any one central quadric (e) touch also a common confocal (e) ; and of an integral 

(p. 228) of the form, 
é) sin? v1 + ¢2 cos? v1 = é, = const., (Si’) 

which agrees with one of M. Liouville. 
(c). Without the restriction (Ri’), the differential of the scalar A in (Si) may be thus 

decomposed into factors (p. 229). 

dh = d. P*D-? = 2Sydvdp-!. Svdp-!d?p ; (S1”) 

but, by the lately cited Section (III. iii. 5, p. 29), the differential equation of the second 

order, ” 
Syvdpd*p = 0, (Ri”) 

with an arbitrary scalar variable, represents the geodetic lines on any surface: the 

theorem (a) is therefore in this way reproduced. 

x1x 
Pages 
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(d). But we see, at the same time, by (81), that the quantity 4, or P. D=/4, is 
constant, not only for the geodetics on a central quadric, but also for a certain other set of 

curves, determined by the differential equation of the jirst order, Svdvdp =0, which 
will be seen, in the next Series, to represent the lines of curvature. 

ArtIcLE 410.—On Lines of Curvature generally ; and in particular on such lines, for 
the case of a Central Quadric, : > : ; : ; : , - . 280-239 

(a). The differential equation joonat 409, (@)), 

Svdvdp = 0, (Ti) 

represents (p. 229) the Lines of Curvature upon an arbitrary surface; because it is a 

limiting form of this other equation, 

SvAvAp = 0, (Ty’) 

which is the condition of intersection (or of parallelism), of the normals drawn at the 

extremities of the two vectors p and p+ Ap. 
(6). The normal vector v, in the equation (Ti) may be multiplied (pp. 237, 275) by 

any constant or variable scalar », without any real change in that equation; but in 
this whole theory, of the treatment of Curvatures of Surfaces by Quaternions, it is 
advantageous to consider the expression Sydp as denoting the exact differential of some 
scalar function of p; for then (by p. 553, vol. i.) we shall have an equation of the form, 

dy = odp =a self-conjugate function of dp, (U1) 

which usually involves p also. For instance, we may write generally (p. 233, comp. (R), 

PeeXXXT fF VOLL 2s); 
dv = gdp + VAdpz ; (U1’) 

the scalar g, and the vectors A, u being real, and being generally* functions of p, but not 
involving dp. 

(c). This being understood, the twot directions of the tangent dp, which satisfy at 
once the general equation (T1) of the lines of curyature, and the differential equation 

Svdp=0 of the surface, are easily found to be represented by the two vector 
expressions (p. 233), . 

UVra + UVyy; (T1") 

they are therefore generally rectangular to each other, | as they have long been known 
to be. 

(d). The surface itself remaining still quite arbitrary, it is found useful to introduce 
the conception of an Awwilhary Surface of the Second Order (p. 2384), of which the 
variable vector is p+’, and the equation is, 

Sp’pp’ = gp"? + Srpiup’ = 1, (Ui") 

or more generally = const.; and it is proposed to call this surface, of which the centre is 
at the given point Pp, the Index Surface, partly because its diametral section, made by the 
tangent plane to the given surface at Pp, isa certain Index Curve (p. 231), which may be 

considered to coincide with the known ‘“ indicatrice’’ of Dupin. 
(e) The expressions (T,”) show (p. 234), that whatever the given surface may be, 

the tangents to the lines of curvature bisect the angles formed by the traces of the two 

* For the case of a central guadric, g, A, m are constants, 

t+ Generally two; but in some cases more. It will soon be seen, that three lines of curvature 

pass through an wmbilic of a quadric. 
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cyclic planes of the Index Surface (d), on the tangent plane to the given surface; these 
two tangents have also (as was seen by Dupin) the directions of the aves of the Index 
Curve (p. 231); and they are distinguished (as he likewise saw) from all other tangents 
to the given surface, at the given point p, by the condition that each is perpendicular to 
its own conjugate, with respect to that indicating curve: the equation of such conjugation, 
of two tangents 7 and 7’, being in the present notation (see again p. 232), 

Stor’ =0, or S7pr=0. (Uy) 

(f). New proof (p. 232) of another theorem of Dupin, namely that if a developable be 
circumscribed to any surface, along any curve thereon, its generating lines are everywhere 
conjugate, as tangents to the surface, to the corresponding tangents to the curve. 

(g). Case of a central quadric; new proof (p. 235) of still another theorem of Dupin, 

namely that the curve of orthogonal intersection (p. 198) of two confocal surfaces, is a line 
of curvature on each. 

(4). The system of the eight umbilicar generatrices (408, (e)), of a central quadric, is 
the imaginary envelope of the lines of curvature on that surface (p. 235) ; and each such 
generatriz is itself an imaginary line of curvature thereon: so that through each of the 
twelve umbilics (see again 408, (e)) there pass three lines of curvature (comp. p. 242) 
whereof however only ome, at most, can be real: namely two generatrices, and a principal 

section of the surface. These last results, which are perhaps new, will be illustrated, 

and otherwise proved, in the following Series (411). 
ARTICLE 411.—Additional illustrations and confirmations of the foregoing theory, for 

the case of a Central* Quadric ; and especially of the theorem respecting the Three Lines 

of Curvature through an Umbilic, whereof two are always imaginary and rectilinear, . 289-245 

(a). The general equation of condition (T1’) or SvAvAp = 0, for the intersection of 

two finitely distant normals, may be easily transformed for the case of a quadric, so as to 
express (p. 240) that when the normals at P and P’ intersect (or are parallel) the chord Pr’ 

is perpendicular to its own polar. 
(5). Under the same conditions, if the point Pp be given, the locus of the chord pr’ is 

usually (p. 241) a quadric cone, say (C’); and therefore the locus of the point P’ is usually 

a quartic curve, with P for a double point, whereat two branches of the curve cut each other 

at right angles, and touch the two lines of curvature. 

(c). If the point Pp be one of a principal section of the given surface, but not an 

umbilic, the cone (C’) breaks up into a pair of planes, whereof one, say (P), is the plane 
of the section, and the other, (P’), is perpendicular thereto, and is not tangential to the 
surface ; and thus the quartic (6) breaks up into a pair of conics through Pp, whereof one 

is the principal section itself, and the other is perpendicular to it. 
(d). But if the given point p be an wmbilic, the second plane (P') becomes a 

tangent plane to the surface; and the second conic (c) breaks up, at the same time, 

into a pair of imaginaryt right lines, namely the two wmbilicar generatrices through P 
(pp. 242, 245). 

(e). It follows that the normal Pn at a real wmbilic P (of an ellipsoid, or a double- 

sheeted hyperboloid) is not intersected by any other real normal, except those which are in 
the same principal section ; but that this real normal pn is intersected, in an imaginary 

sense, by ali the normals P'n', which are drawn at points Pp’ of either of the two 

* Many, indeed most, of the results apply, without modification, to the case of the Paraboloids ; 
and the rest can easily be adapted to this latter case, by the consideration of infinitely distant points. 
We shall therefore often, for conciseness, omit the term central, and simply speak of guadrics, or 
surfaces of the second order. 

¢ It is well known that the single-sheeted hyperboloid, which (alone of central quadrics) has real 
generating lines, has at the same time no real wmbilics (comp. p. 221). 
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imaginary generatrices through the real uwmbilic p; so that each of these imaginary 
right lines is seen anew to be a line* of curvature, on the surface (comp. 410, (A)), 
because all the normals p’n’, at points of this line, are situated in one common 

(imaginary) normal plane (p. 242): and as before, there are thus three lines of curvature 
through an umbilic. 

(f). These geometrical results are in various ways deducible from calculation with 
quaternions ; for example, a form of the equation of the lines of curvature on a quadric 
is seen (p. 242) to become an identity at an umbilic (v||A) : while the differential of that 
equation breaks up into two factors, whereof one represents the tangent to the principal 

section, while the other (SAd?p = 0) assigns the directions of the two generatrices. 

(g). The equation of the cone (C), which has already presented itself as a certain locus 
of chords (6), admits of many quaternion transformations; for instance (see p. 240), it 
may be written thus, 

SapAp Sa’ pAp _ 

Sadp SaAp ’ (Vi) 

p being the vector of the vertex p, and p+ Ap that of any other point p’ of the cone; 
while a, a’ are still, as in 407, (a), two real focal lines, of which the lengths are here 

arbitrary, but of which the directions are constant, as before, for a whole confocal system. 

(hk). This cone (@), or (V1), is also the docus (p. 244) of a system of three rectangular 

lines ; and if it be cut by any plane perpendicular to a side, and not passing through the 

vertex, the section is an equilateral hyperbola. 
(1). The same cone (C) has, for three of its sides pp’, the normals (p. 248) to the three 

confocals (p. 197) of a given system which pass through its vertex P; and therefore also, 

by 410, (g), the tangents to the three lines of curvature through that point, which are the 

intersections of those three confocals. 
(j). And because its equation (Vi) does not involve the constant 7, of 407, (a), (4), we 

arrive at the following theorem (p. 243):—Jf indefinitely many quadrics, with a common 
centre 0, have their asymptotic cones biconfocal, and pass through a common point Pp. their 

normals at that point have a quadric cone (C) for their locus. 
ARTICLE 412.—On Centres of Curvature of Surfaces, é - 246-261 
(a). If o be the vector of the centre s of curvature of a normal Sonic at an ee ee 

* It might be natural to suppose, from the known general theory (410, (c)) of the two 

rectangular directions, that each such generatrix pr’ is crossed perpendicularly, at every one of its 

non-umbilicar points Pv’, by a second (and distinct, although imaginary) line of curvature. But it 

is an almost equally well known and received result of modern geometry, paradoxical as it must 

at first appear, that when a right line is directed to the circle at infinity, as (by 408, (e)) the 
generatrices in question are, then this imaginary line is everywhere perpendicular to itself. Compare 
the Notes to pages 516 vol. i., 236. Quaternions are not at all responsible for the introduction of 

this principle into geometry, but they recognise and employ it, under the following very simple 
form: that if a, non-evanescent vector be directed to the circle at infinity, it is an imaginary value 

of the symbol 0? (comp. pp. 316, 516 vol. i., 222, 236); and conversely, that when this last symbol 

represents a vector which is not null, the vector thus denoted is an imaginary line, which cuts that 

circle. It may be noted here, that such is the case with the reciprocal polar of every chord of a 

guadric, connecting any two umbilics which are not in one principal plane; and that thus the 

quadratic equation (XXI., in p. 233) from which the éwo directions (410, (¢)) can usually be 

derived, becomes an identity for every umbilic, real or imaginary: as it ought to do, for consistency 
with the foregoing theory of the three lines through that umbilic. And as an additional illustration 
of the coincidence of directions of the lines of curvature at any non-umbilicar point pv’ of an umbilicar 
generatrix, it may be added that the cone of chords (C), in 411, (0), is found to touch the quadric 

along that generatriz, when its vertex is at any such point P’. 
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surface, which touches one of the two lines of curvature thereon, at any given point P, 

we have the two fundamental equations (p. 247), 

o=p+RUy, (Wi), and R dp +dUv=0; (W1’) 

whence 
"” Ty dy wt 

VdpdUy =0, (Wi"), and — +8 ~—=0; (Wi'”) 
R dp 

the equation (W1”) being a new form of the general differential equation of the Jines of 

curvature. 

(b). Deduction (pp. 248, 249, &c.) of some known theorems from these equations ; 

and of some which introduce the new and general conception of the Indea Surface 

(410, (d)), as well as that of the known Index Curve. 

(c). Introducing the auxiliary scalar (p. 251), 

gras er tebe Ware (X1) 

in which r (|| dp) is a tangent to a line of curvature, while dy = gdp, as in (Uj), the two 
values of +, which answer to the two rectangular directions (T1") in 410, (¢), are given 

(p. 248) by the expression, 

pang-Tru.cos(4i 322), (X1’) 

in which g, A, w are, for any given point Pp, the constants in the equation (Uj") of the 
index surface ; the difference of the two curvatures R-! therefore vanishes at an umbilic of 

the given surface, whatever the form of that surface may be: that is, at a point, where 

y || A or|| ~, and where consequently the index curve is a cirele. 

(d). At any other p of the given surface, which is as yet entirely arbitrary, the values 

of 7 may be thus expressed (p. 249), 

YU = 81-"4) 72 = 82", (X1") 

ai, a2 being the scalar semiaxes (real or imaginary) of the index curve (defined, comp. 
410, (d), by the equations Sp'pp’=1, Syp' = 0). 

(e). The guadratic equation, of which r; and 72, or the inverse squares of the two last 

semiaxes, are the roots, may be written (p. 252) under the symbolical form, 

Sv} (p+ r)v = 0; (Yi) 

which may be developed (same page) into this other form, 

7 + r8y) xv + Sv! Ww =0, (Yr) 

the linear and vector functions, y and x, being devived from the function ¢, on the plan 
of the Section ITI. ii. 6 (pp. 489, 494, vol. i). 

(f). Hence, generally the product of the two curvatures of a surface is expressed 

(p. 253) by the formula 

RAR = 1172 Ty? =- gt vy . 5 (Zi) 
V Vv 

which will be found useful in the following series (413), in connexion with the theory of 
the Measure of Curvature. 

XXill 
Pages 
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(7). The given surface being still quite general, if we write (p. 256), 

+ = Udp, r' = U (vdp), (Az), and therefore rr’ = Up, (A2’) 

so that 7 and 7’ are unit tangents to the lines of curvature, it is easily proved that 

dr’ = 7 Sr'dr, (Bz), orthat Vrdr’=0; (B2’) 

this general parallelism of dr’ to r being geometrically explained, by obverving that a line 
of curvature on any surface is, at the same time, a line of curvature on the developable 

normal surface, which rests upon that line, and to which 7’ or yt is normal, if + be tangential 

to the line. 
(h). If the vector of curvature (389) of a line of curvature be projected on the normal v 

to the given surface, the projection (p. 257) is the vector of curvature of the normal section 

of that surface, which has the same tangent 7; but this result, and an analogous one (same 
page) for the developable normal surface (g), are virtually included in Meusnier’s theorem, 

which will be proved by quaternions in Series 414. 
(«). The vector o of a centre of curvature of the given surface, answering to a given 

point p thereon, may (by (W;) and (X;)) be expressed by the equation, 

c=ptriyv; (C2) 

which may be regarded also asa general form of the Vector Equation of the Surface of 
Centres, or of the locus of the centre s: the variable vector p of the point P of the given 
surface being supposed (p. 11) to be expressed as a vector function of two independent and 

scalar variables, whereof therefore v, 7, and o become also functions, although the two 

last involve an ambiguous sign, on account of the Two Sheets of the surface of centres. 
(j). The normal at s, to which may be called the First Sheet, has the direction of the 

tangent + to what may (on the same plan) be called the First Line of Curvature at P; and 
the vector v of the point corresponding to s, on the corresponding sheet of the Reciprocal 

(comp. pp. 19, 20) of the Surfaces of Centres, has (by p. 254) the expression, 

v= 7 (Spr)-!; (D2) 

which may also be considered (comp. (i)) to be a form of the Vector Equation of that 
Reciprocal Surface. 

(&). The vector v satisfies generally (p. 254) the equations of reciprocity, 

Svc =Sov=1, Svic=0, Sodv=0, (D2’) 

50, 5v denoting any infinitesimal variations of the vectors o and v, consistent with the 
equations of the surface of centres and its reciprocal, or any dimear and vector elements of 
those two surfaces, at two corresponding points; we have also the relations (p. 255), 

Spyv=1, Syvv=0, Svupu=0. (D2”) 

(2). The equation Su (w —p)= , or more simply, 

Svw = 1, (E) 

in which w is a variable vector, represents (p. 254) the normal plane to the jirst line (7) 
of curvature at P; or the tangent plane at 8 to the jirst sheet of the surface of centres: or 

finally, the tangent plane to that developable normal surface (g), which rests upon the 
the second line of curvature, and touches the jirst sheet along a certain curve, whereof we 
shall shortly meet with an example. And if v be regarded, comp. (#), as a vector 
function of two scalar variables, the envelope of the variable plane (Kz) is a sheet of the 



Arr. 412. | TABLE OF CONTENTS. 

surface of centres; or rather, on account of the ambiguous sign (7), it is that surface of 
centres itse/f; while, in like manner, the recipracal surface (j) is the envelope of this 
other plane, 

Sow =1. (Ee’) 

(m). The equations (W1), (W1’) give (comp. the Note to p. 254), 

dg =dR. Up: (Fe) 

combining which with (Cz), we see that the equations (H;) of p. xvi are satisfied, when 
the derived vectors p’ and o’ are changed to the corresponding differentials, dp and dc. 
The known theorem (of Monge), that each Line of Curvature is generally an involute, with 
the corresponding Curve of Centres for one of its evolutes (400), is therefore in this way 
reproduced: and the connected theorem (also of Monge), that this evolute is a geodetic on 
its own sheet of the surface of centres, follows easily from what precedes. 

(m). In the foregoing paragraphs of this analysis, the given surface has throughout been 
arbitrary, or general, as stated in (d) and (g). But if we now consider specially the case 

of a central quadric, several less general but interesting results arise, whereof many, but 
perhaps not all, are known; and of which some may be mentioned here. 

(0). Supposing, then, that not only dy = gdp, but also vy = pp, and Spy= fp=1, the 
Index Surface (410, (d)) becomes simply (p. 233) the given surface, with its centre 
transported from 0 to P; whence many simplications follow. 

(py). For example, the semiaves aj, a2 of the index curve are now equal (p. 249) to the 

semiaxes of the diametral section of the given surface, made by a plane parallel to the 

tangent plane; and Ty is, asin 409, the reciprocal P-! of the perpendicular, from the centre 

on this latter plane; whence (by (X:) and X:")) these known expressions for the two* 
curvatures result : 

Ryo? = Pays Reh Pag-*. (Ge) 

(q). Hence, by (e), if a new surface be derived from a given central quadric (of any 
species), as the locus of the extremities of normals erected at the centre, to the planes of 

diametral sections of the given surface, each such normal (when real) haying the length of 
one of the semiaxes of that section, the equation of this new surfacet admits (p. 253) of 

being written thus: 

Sp(p — p*)-"p = 0. (He) 

(r). Under the conditions (0), the expression (C2) for o gives (p. 254) the two converse 

forms, 

s=r(ptr)p, (Iz), p=r(otry ro; (L2) 
whence (pp. 254, 260), 

y=r(ptr) too, (Ja), c= (Pi+r) v; (Je') 

and therefore (p. 260), by (d), (»), and by the theory (407) of confocal surfaces, 

v1 = o2!y = poop, (Ke) 

XXV 
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* Throughout the present series 412, we attend only (comp. (@)) to the curvatures of the two 

normal sections of a surface, which have the directions of the two limes of curvature: these being in 
fact what are always regarded as the two principal curvatures (or simply as the two curvatures) of the 
surface. But, in a shortly subsequent Series (414), the more general case will be considered, of the 

curvature of any section, normal or oblique. 

+ When the given surface is an ellipsoid the derived surface is the celebrated Wave Surface of 

Fresnel: which thus has (Hz) for a symbolical form of its equation. When the given surface is an 

hyperboloid, and a semiaxis of a section is imaginary, the (scalar and now positive) square, of the 

(imaginary) xormal erected, is still to be made equal to the square of that semiaxis. 
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if @2 be formed from » by changing the semiaxes abe to azb2ce; it being understood that 
the given quadric (abc) is cut by the two confocals (ab1¢1) and (agbzce), in the first and 
second lines of curvature through the given point p: and that o} is here the vector of that 
first centre s of curvature, which answers to the first line (comp. (7)). Of course, on the 
same plan, we have the analogous expression, 

o2 = ily = gi gp, (Ke2') 

for the vector of the second centre. 
(s). These expressions for o1, o2 include (p. 260) a theorem of Dr. Salmon, namely that 

the centres of curvature of a given quadric ata given point are the poles of the tangent plane, 
with respect to the two confocals through that point ; and either of them may be regarded, 
by an admission of an ambiguous sign (comp. (é)), as a new Vector Form* of the Equation 
of the Surface of Centres, for the case (0) of a given central quadric. 

(t). In connexion with the same expressions for 0}, a2, it may be observed thatif mi, re 
be the corresponding values of the auxiliary scalar r in (c), and if 7, 7’ still denote the 
unit tangents (g) to the first and second lines of curvature, while abe, aidic1, and agb2e2 
retain their recent significations (7), then (comp. pp. 257, 258, see also p. 208), 

rr=frt =f Udp = (a — ao")! = &e., (Le) 

and ra= ft =f Uvde= (ei?) | &.; (L’) 

this association of 7) and o; with a2, &c., and of r2 and o2 with a1, &c., arising from the 

circumstance that the tangents + and 7’ have respectively the directions of the normals v2 
and vj, to the two confocal surfaces, (a2b2c2) and (a1b1¢). 

(u). By the properties of such surfaces, the scalar here called rz is therefore constant, 

in the whole extent of a jirst line of curvature; and the same constancy of 72, or the 

equation, 

df Uvdp = 0, (Ma) 

may in various ways be proved by quaternions (p. 258). 
(v). Writing simply 7 and 7’ for 71 and re, so that 7’ is constant, but r variable, for a 

Jirst line of curvature, while conversely 7 is constant and 7” variable for a second line, it is 

found (pp. 254, 255, 256), that the scalar equation of the surface of centres (i) may be 
regarded as the result of the elimination of 7“! between the ¢wo equations, 

1=S.6(1+7)%¢0, (Ne), and 0=S.0 (1 +9 9)-2920; (N2’) 

whereof the latter is the derivative of the former with respect to the scalar 7-!._ It follows 
(comp. p. 259), that the First Sheet of the Surface of Centres is touched by an Auxiliary 

Quadrie (Nz), along a Quartic Curve (Nz) (N2’), which curve is the Locus of the Centres of 

First Curvature, for all the points of a Line of Second Curvature; the same sheet being also 
touched (see again p. 259), along the same curve, by the developable normal surface (1), 

which rests on the same second line: with permission to interchange the words, jirst and 
second, throughout the whole of this enunciation. 

(w). The given surface being still a central quadric (0), the vectors p, o, v can be 

expressed as functions of v (comp. (/) (#) (/)), and conversely the latter can be expressed 
as a function of any one of the former; we have, for example, the reciprocal equations 

(p. 256), 
g=(1+r'$)? uv, (O2), and v=(1+9r9)*% oc; (O2') 

* Dr. Salmon’s result, that this surface of centres is of the twelfth degree, may be easily deduced 
from this form. 
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from which last the formula (Nz) may be obtained anew, by observing (k) that Sov = 1. 
Hence also, by (r), we can infer the expressions, * 

p=(pl+7") v= o2lv, (Pz), and v=¢2p=; (P2’) 

and in fact it is easy to see otherwise (comp. p. 198), that vz ||7 || v, and Spvz = 1 = Spu, 
whence vz = v as before. 

(x). More fully, the two sheets of the reciprocal (/) of the surface of centres may have 
their separate vector equations written thus, 

vi=Go2p=”, vz=o1p=V1; (P2”) 

and the scalar equationt of this reciprocal surface itself, considered as including both 
sheets, may (by page 255) be thus written, the functions f and F being related as in 
408, (0), ; 

vt = (fu — 1) fo, (Q2) 

with several equivalent forms; one way of obtaining this equation being the elimination 
of 7 between the two following (same p. 256): 

Pu et eels Qa for re 0. (Q2”) 

(y). The two last equations may also be written thus, for the jirst sheet of the 
reciprocal surface, 

Fau1=1, (Re), and fUu =7, (R’) 

in which (comp. pp. 255, 260), 

Fav = Supe} v = Su(p} + 74); (R2") 

and accordingly (comp. pp. 548, vol. i, 199), we have Fave = Fy =1, and fUr2 = fr = 1. 
(2). For a line of second curvature on the given surface, the scalar 7 is constant, as 

before ; and then the two equations (Q2’), (Q2”), or (Re), (Re'), represent jointly (comp. 

the slightly different enunciation in p. 259) a certain quartic curve, in which the quadric 

reciprocal (Rz), of the second confocal (a2 be cz), intersects the first sheet (y) of the Reciprocal 

Surface (Q2); this quartic curve, being at the same time the intersection of the quadric 
surface (Q2’) or (Rez), with the guadric cone (Q2"’) or (Re’), which is diconcyclie with the 
given quadric, fp =1. 

ArticLE 413.—On the Measure of Curvature of a Surface, : : ; , 

The object of this short Series 413 is the deduction by quaternions, somewhat more 

briefly and perhaps more clearly than in the Lectures, of the principal results of Gauss 
(comp. Note to p. 261), respecting the Measure of Curvature of a Surface, and questions 
therewith connected. 

(a). Let P, Pi, P2 be any three near points on a given but arbitrary surface, and 

R, Ri, Re the three corresponding points (near to each other) on the unit sphere, which are 

determined by the parallelism of the radii or, OR1, OR2 to the normals PN, P1Ni, P2Ne ; 

then the areas of the two small triangles thus formed will bear to each other the ultimate 

ratio (p. 262), 
1 

DE re ar tae AID (S2) 
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* The equation v = v2, = the normal to the confocal (a2 2¢z) at v, is not actually given in the 

text of Series 412; but it is easily deduced, as above, from the formule and methods of that Series. 

+ The equation (Qz) is one of the fourth degree; and, when expanded by coordinates, it agrees 

perfectly with that which was first assigned by Dr. Booth (see a Note to p. 255), for the Zi angential 
Equation of the Surface of Centres of a quadric, or for the Cartesian equation of the Reciprocal 

Surface. 
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whence, with Gauss’s definition of the measure of curvature, as the ultimate ratio of 

corresponding areas on surface and sphere, we have, by the formula (Z:) in 412, (f), his 

Sundamental theorem, 

Measure of Curvature = Ri) Re, (S2’) 

= Product of the two Principal Curvatures of Sections. 
(5). If the vector p of the surface be considered as a function of two scalar variables, 

¢and wu, and if derivations with respect to these be denoted by upper and lower accents, 

this general transformation results (p. 263), 

” r\ 2 

Measure of Curvature =S8 as “ - (s e:) (T2) 
V 

in which y=Vp'p; (T2’) 

with a verification for the notation pgrst of Monge. 
(c). The square of a linear element ds, of the given but arbitrary surface, may be 

expressed (p. 263) as follows: 

ds? = (Tdp? =) edt? + 2,fdtdu + gdu?; (U2) 

and with the recent use (d) of accents, the measure (Tz) is proved (same page) to be an 
explicit function of the ten scalars, 

ey a) ; é,f'; on ey o G3 and é,—-2f/ +9" (U2’) 

the form of this function (p. 264) agreeing, in all its details, with the corresponding 

expression assigned by Gauss. * 
(d). Hence follow at once (p. 264) two of the most important results of that great 

mathematician on this subject; namely, that every Deformation of a Surface, consistent 
with the conception of it as an infinitely thin and flexible but inextensibdle solid, leaves 
unaltered, Ist, the Measure of Curvature at any Point, and IInd, the Total Curvature of 

any Area: this last being the area of the corresponding portion (a) of the unit-sphere. 
(e). By a suitable choice of ¢ and u, as certain geodetic co-ordinates, the expression 

(Uz) may be reduced (p. 264) to the following, 

ds? = dé? + n?du? ; (U2") 

where ¢ is the length of a geodetic arc av, from a fixed point a toa variable point P of 
the surface, and « is the angle par which this variable arc makes with a fixed geodetic 

AB: so that in the immediate neighbourhood of a, we have n=¢, and n'=Dm=1. 
(f). The general expression (ec) for the measure of curvature takes thus the very 

simple form (p. 264), 

Ry Re! = — wn" = — nm "Din; (V2) 

and we have (comp. (d)) the equation (p. 265), 

Total Curvature of Area apa = Au—fn'du; (V2’) 

this area being bounded by two geodetics, ap and Aa, which make with each other an 
angle = Au, and by an are Ppa of an arbitrary curve on the given surface, for which 
¢, and therefore m’, may be conceived to be a given function of wu. 

* References are given, in Notes to pp. 261, &c. of the present Series 413, to the pages of 
Gauss’s beautiful Memoir, ‘‘ Disquisitiones generales circa Superficies Curvas,’’ as reprinted in the 

Additions to Liouville’s Monge. 
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(g). If this are Pa be itself a geodetic, and if we denote by v the variable angle 
which it makes at P with ar prolonged, so that tan »=mdu: dt, it is found that 
dv = — n'du; and thus the equation (V2') conducts (p. 266) to another very remarkable 
and general theorem of Gauss, for an arbitrary surface, which may be thus expressed, 

Total Curvature of a Geodetic Triangle apc=a+B+C-7, (V2") 

= what may be called the Spheroidal Excess of that triangle, the total area (4x) of the 
unit-sphere being represented by eight right angles: with extensions to Geodetic Polygons, 

and modifications for the case of what may on the same plan be called the Spheroidal 
Defect, when the two curvatures of the surface are oppositely directed. 

ArticLtE 414.—On Curvature of Sections (Normal and Oblique) of Surfaces; and on 

Geodetic Curvatures, . : é : = , , : ‘ : : ; 

(a). The curvatures considered in the two preceding Series haying been those of the 
principal normal sections of a surface, the present Series 414 treats briefly the more 

general case, where the section is made by an arbitrary plane, such as the osculating 
plane at P to an arbitrary curve upon the surface. 

(6). The vector of curvature (389) of any such curve or section being (p—«)-!=D,’p, 
its normal and tangential components are found to be (p. 267), 

d 
(p-o)t=r8 ip = (p — a1)1 cos? v + (p — a2)! sin? 2, (We) 

and (p — 8)? = dp Sydpd%p ; (We) 
the former component being the Vector of Normal Curvature of the Surface, for the 
direction of the tangent to the curve: and the latter being the Vector of Geodetic 
Curvature of the same Curve (or section). 

(c). In the foregoing expressions, o and é are the vectors of the points s and x, in 

which the axis of the osculating circle to the curve intersects respectively the normal and 
the tangent plane to the surface (p. 267); s is also the centre of the sphere, which 
aseulates to the surface in the direction dp of the tangent; o1, o2 are the vectors of the 
two centres 81, S2, of curvature of the surface, considered in Series 412, which are at 

the same time the centres of the two osculating spheres, of which the curvatures are 

(algebraically) the greatest and /east: and v is the angle at which the curve here con- 
sidered crosses the jirst line of curvature. 

(d). The equation (W2) contains a theorem of Euler, under the form (p. 268), 

R1 = Ry cos? v + Re sin? v; (W2") 

it contains also Meusnier’s theorem (same page), under the form (comp. 412, (A)) that the 
vector of normal curvature (b) of a surface, for any given direction, is the projection on the 
normal y, of the vector of oblique curvature, whatever the inclination of the plane of the 

section to the tangent plane may be. 
(e). The expression (W2’) for the vector of geodetic curvature, admits (p. 271) of 

various transformations, with corresponding expressions for the radius T(p—&) of 

geodetic curvature, which is also the radius of plane curvature of the developed curve, 

when the developable circumscribed to the given surface along the given curve is 
unfolded into a plane: and when this radius is constant, so that the developed curve 
is a circle, or part of one, it is proposed (p. 271), to call the given curve a Didonia 
(as in the Lectures), from its possession of a certain isoperimctrical property, which was 

first considered by M. Delaunay, and is represented in quaternions by the formula (p. 271), 

fS(Uv. dpdp) + cSfTdp = 0; (X2) 

or edp = V(Up . dUdp), (X’2) 

by the rules of what may be called the Calculus of Variations in Quaternions: ¢ being a 

constant, which represents generally (p. 272) the radius of the developed circle, and 

becomes infinite for geodetic lines, which are thus included as a case of Didonias. 

XX1x 
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ARTICLE 415.—Supplementary Remarks, . ‘ ; ‘ é ; 
(a). Simplified proof (referred to in a Note to p. xxxii, vom i.), of the general existence 

of a system of three real and rectangular directions, which satisfy the vector equation 
Vpeop =0, (P), when ¢ is a linear, vector, and self-conjugate function; and of a 

system of three veal roots of the cubic equation I= 0 (p. xxxii, vol. i.), under the same 
condition (pp. 272-274). 

(d). It may happen (p. 276) that the differential equation, 

Svdp = 0, (Y2) 

is integrable, or represents a system of surfaces, without the expression Svdp being an exact 

differential, as it was in 410, (d). In this case, there exists some scalar factor, n, such 

that Sxvdp is the exact differential of a scalar function of p, without the assumption that 

this vector p is itself a function of a scalar variable, t; and then if we write (p. 276, 

comp. p. xx), 

dy=qgdp, d.ny= bdp, (Yo’) 

this new vector function ® will be self-conjugate, although the function ¢ is mot such 
now, as it was in the equation (U1). 

(c). In this manner it is found (p. 277), that the Condition* of Integradility of the 

equation (Yz) is expressed by the very simple formula, 

Syv = 0; (Y2”) 

in which y is a vector function of p, not generally linear, and deduced from @ on the 
plan of the Section III. ii. 6 (p. 492, vol. i), by the relation, 

pdp — ¢'dp = 2Vydp ; (Y2") 

¢' being the conjugate of , but not here equal to it. 
(d). Connexions (pp. 278, 279) of the Mixed Transformations in the last cited Section, 

with the known Modular and Umbilicar Generations of a surface of the second order. 
(e). The equation (p. 279), 

T(p — V. BV ya) = T(a — V. yVBp), (Zz) 

in which a, B, y are any three vector constants, represents a central quadric, and appears 

to offer a new mode of generationt of such a surface, on which there is not room to enter, 
at this last stage of the work. 

(f). The vector of the centre of the quadric, represented by the equation 

Jp — 2Sep = const., with j/p=Spop, is generally n= qd e=m We (p. 280); case 
of paraboloids, and of cylinders. 

(7). The equation (p. 281), 

Sapqpq'p + Sppp + Syp + C= 0, (Z2’) 

represents the general surface of the third degree, or briefly the General Cubie Surface ; 

C being a constant scalar, y a constant vector, and gq, q’, g” three constant quaternions, 
while gp is here again a linear, vector, and self-conjugate function of p. 
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* It is shown, in a Note to p. 278, that this monomial equation (Y2'’) becomes, when expanded, 
the known eguation of six terms, which expresses the condition of integrability of the differential 

equation pdx + gdy + rdz = 0. 

t In a Note to p. 204 (already mentiondn in p. xviii), the reader will find references to the 
Lectures, for several different generations of the ellipsoid, derived from quaternion forms of its 
equation. 
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(2). The General Cubic Cone, with its vertex at the origin, is thus represented in 
quaternions by the monomial equation (same page), 

Sopq’pqp = 0. (Z2") 

(i). Screw Surface, Screw Sections (p. 281); Skew Centre of Skew Arch, with 

illustration by a diagram (fig. 85, p. 283). 

Section 8.—On a few Specimens of Physical Applications of Quaternions, 
with some Concluding Remarks, 283 to the end. 

ARTICLE 416.—On the Statics of a Rigid Body, 
(a). Equation of Equilibrium, 

Vy=B = =VaB ; (As) 

each a is a vector of application; B the corresponding vector of applied force; y an 

arbitrary vector; and this one quaternion formula (A3) is equivalent to the system of 
the siz usual scalar equations (X=0, Y=0, Z=0, L=0, M=0, N=0). 

(6.) When 

S(3B8 . SVaB) = 0, (Bs), but mot =—38=0, (Cs) 

the applied forces have an unique resultant = 3B, which acts along the line whereof (Az) 
is then the equation, with y for its variable vector. 

(c). When the condition (C3) is satisfied, the forces compound themselves generally 
into one couple, of which the avis = 3VaB, whatever may be the position of the 
assumed origin o of vectors. 

(d). When 

=VaB=0, (Ds), with or without (Cs), 

the forces have no tendency to turn the body round that point o ; and when the equation 
(A3) holds good, as in (a), for an arbitrary vector y, the forces do not tend to produce a 

- rotation* round any point c, so that they completely balance each other, as before, and 
both the conditions (C3) and (Ds) are satisfied. 

(c). In the general case, when neither (C3) nor (Ds) is satisfied, if g be an auxiliary 
guaternion, such that 

g2B = 2VaB, (Es) 

then Vq is the vector perpendicular from the origin, on the central axis of the system ; 
and if e=Sg, then ¢3f represents, both in quantity and in direction, the awis of 
the central couple. 

(f). If Q be another auxiliary quaternion, such that 

Q=8 = =aB, : (F3) 

with T=SS8>0, then SQ=c= central moment divided by total force; and VQ is the 

vector y of a point c upon the central axis which does not vary with the origin o, and 
which there are reasons for considering as the Central Point of the system, or as the 
general centre of applied forces; in fact, for the case of parallelism, this point c coincides 

with what is usually called the centre of parallel forces. 
(g). Conceptions of the Total Moment 3a8, regarded as being generally a quaternion ; 

and of the Total Tension, — a8, considered as a scalar to which that quaternion with its 

sign changed reduces itself for the case of equilibrium (a), and of which the value is in 
that case independent of the origin of vectors. 

XxX] 
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* It is easy to prove that the moment of the force B, acting at the end of the vector a from o, 
and estimated with respect to any unit-line . from the same origin, or the exergy with which the 

force so acting tends to cause the body to turn round that line 1, regarded as a fired axis, is 

represented by the scalar, — Sia8, or Si-4a8; so that when the condition (Ds) is satisfied, the 

applied forces have no tendency to produce rotation round any axis through the origin: which origin 

becomes an arbitrary point c, when the equation of equilibriwm (A3) holds good, 
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(h). Principle of Virtual. Velocities, 

=SBda = 0, (Gs) 

ArtIcLE 417.—On the Dynamics of a rigid body, 
(a). General Equation of Dynamics, 

mS (Dea — t) 5a = 0; (Hs) 

the vector & representing the accelerating force, or mé the moving force, acting on a 

particle m of which the vector at the time ¢ is a; and da being any infinitesimal variation 

of this last vector, geometrically compatible with the connexions between the parts of the 
system, which need not here be a rigid one. 

(6). For the case of a free system, we may change each Sato «+ Via, ¢ ands being 

any two infinitesimal vectors, which do not change in passing from one particle m to 

another; and thus the general equation (H3) furnishes two general vector equations, 

namely, 

sm (Dia — &) = 0, (Is), and =mVa (Dia — &) = 0; (J3) 

which contain respectively the law of the motion of the centre of gravity, and the law of 

description of areas. 

(c) If a body be supposed to be rigid, and to have a fixed point o, then only the 

equation (J3) need be retained ; and we may write, 

Dia = Via, (Ks) 

being here a finite vector, namely the Vector Axis of Instantaneous Rotation: its versor 
U. denoting the direction of that axis, and its tensor T: representing the angular velocity 

of that body about it, at the time ¢. 
(d) When the forces vanish, or balance each other, or compound themselves into a 

single force acting at the fixed point, as for the case of a heavy body turning freely about 
its centre of gravity, then 

smVat = 0, (Ls); andifwewrite, = smaVa, (Ms) 

so that » again denotes a linear, vector, and self-conjugate function, we shall have the 
equations, 

Du +Vipi=0, (Na); gi+7=0, (0s); Sipe =A? ; (Ps) 
whence 

Sty + 47=0, (Qs), and Du = Viy; (Rs) 

the vector y being what we may call the Constant of Areas, and the scalar h® being the 
Constant of Living Force. 

(e). One of Poinsot’s representations of the motion of a body, under the circumstances 
last supposed, is thus reproduced under the form, that the Ellipsoid of Living Force (P3), 
with its centre at the fixed point 0, rolls without gliding on the fixed plane (Qs3), which is 
parallel tothe Plane of Areas (Svy = 0); the variable semidiameter of contact, 1, being the 

vector-auis (c) of instantaneous rotation of the body. 

(f) The Moment of Inertia, with respect to any amis 1 through o, is equal to the 
living force (h*) divided by the square (T.2) of the semidiameter of the ellipsoid (Ps), which 

has the direction of that axis ; and hence may be derived, with the help of the first general 

construction of an ellipsoid, suggested by quaternions, a simple geometrical representation 
(p. 290) of the sguare-root of the moment of inertia of a body, with respect to any aais ap 

passing through a given point a, as a certain right line zp, if cp = CA, with the help of 

two other points B and c, which are likewise fixed in the body, but may be chosen in more 
ways than one, 
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(g) A cone of the second degree, 

Sw=0, (S83), with v=y7o: —/’o*%, (Ts) 

is fixed in the body, but roils in space on that other cone, which is the locus of the instan- 

taneous axis 1; and thus a second representation, proposed by Poinsot, is found for the 
motion of the body, as the rolling of one cone on another. 

(h) Some of Mac Cullagh’s results, respecting the motion here considered, are obtained 
with equal ease by the same quaternion analysis ; for example, the line y, although fixed 
in space, describes in the body an easily assigned cone of the second degree (p. 291), which 

cuts the reciprocal ellipsoid, 

Sypy = 1’, (Us) 

in a certain sphero-conie: and the cone of normals to the last mentioned cone (or the locus 
of the line . + h*y"1) rolls on the plane of areas (Svy = 0). 

(i). The Three (Principal) Axes of Inertia of the body, for the given point o, have the 
directions (p. 291) of the three rectangular and vector roots (comp. (P), p. xxxii, vol. i., and 

the paragraph 415, (a), p. xxx) of the equation 

Vigi=0, (Va), because, for each, Du = 0; (V3’) 

and if A, B, C denote the three Principal Moments of inertia corresponding, then the 
Symbolical Cubic in » (comp. the formula (N) in page xxxi, vol. i.) may be thus written, 

(p+ 4) (p+ B) (p+ C)=0. (Ws) 

(7). Passage (p. 292), from moments referred to axes passing through a given point o, 
to those which correspond to respectively parallel axes, through any other point of the 
body. 

ArTICLE 418.—On the motions of a System of Bodies, considered as free particles 
m, m', . . which attract each other according to the law of the Inverse Square, 

(a). Equation of motion of the system, 

smSData+8P=0, (Xs), if P= smm'T(a-—a)"; (Y3) 

a is the vector, at the time ¢, of the mass or particle m; P is the potential (or force- 

function); and the infinitesimal variations da are arbitrary. 
(2). Extension of the notation of derivatives, 

5P= 38 (DP. da). (Zs) 

(c). The differential equations of motion of the separate masses m, .. become thus, 

mDa+D,P=0, -.; (Ag) 

and the laws of the centre of gravity, of areas, and of living force, are obtained under 
the forms, 

SmDia= 8, (Bs); SmVaDa=y: (Cg) 

and = —433m(Da)?=P+ H; (Dz) 

B, y being two vector constants, and H a scalar constant. 
(d). Writing, 

t t 

F=| (P+ 7)dé, (Ey), and v | 2Tdt = F+ tH, (F.) 
0 0 

F may be called the Principal* Function, and V the Characteristic Function, of the 

XXxilll 
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* References are given to two Essays by the present writer, ‘‘On a General Method in 
Dynamics,’’ in the Philosophical Transactions for 1834 and 1835, in which the Action (V), and 

a certain other function (S), which is here denoted by F, were called, as above, the Characteristic 

and Principal Functions. But the analysis here used, as being founded on the Calculus of 

Quaternions, is altogether unlike the analysis which was employed in those former Essays. 
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motion of the system; each depending on the final vectors of position, a, a’, .. and on 
the initial vectors, ao, ao,..3 but F depending also (explicitly) on the time, t, while 

V (= the Action) depends instead on the constant H of living force, in addition to those 
final and initial vectors: the masses m, m’,.. being supposed to be known, or constant. 

(e). We are led thus to equations of the forms, 

mDia+D,F=0,.. (Gs); —mDa+D,F%=0,.. (Ha); (DiF) = - H, (Ii) 

whereof the system (G4) contains what may be called the Intermediate Integrals, while 
the system (H4) contains the Final Integrals, of the differential Equations of Motion (A,). 

(f). In like manner we find equations of the forms, 

D7 =—mDia, -. Jd; DaV = mD,o,-- (Ki);. DeV =2; (La) 

the intermediate integrals (e) being here the result of the elimination of H, between the 
system (J4) and the equation (Iu); and the jinal integrals, of the same system of 
differential equations (A4). being now (theoretically) obtained, by eliminating the same 
constant H between (Kz) and (Lu). 

(g). The functions F and V are obliged to satisfy certain Partial GERI 

Equations in Quaternions, of which those relative to the final vectors a, a’, . . are 

the following, 

(D:F) — $3m7(D,F)? = P, (Ma); $3m"(D,V)?+ P+ H=0; (Na) 

and they are subject to certain Mai conditions, from which can be deduced, in a 
new way, and as new verifications, the law of motion of the centre of gravity, and the 

law of description of areas. 
(m4). General approximate expressions (p. 298) for the functions F and V, and for 

their derivatives H and ¢, for the case of a short motion of the system. 
ARTICLE 419.—On the Relative Motion of a Binary System ; and on the Law of the 

Circular Hodograph, 
(a). The vector of one body fron the othe Heine Oy aid the aii bente r e Ta), 

while the sum of the masses is M, the differential equation of the relative motion is, 
with the law of the inverse square, 

D2a = May; (Oz) 

D being here used as a characteristic of derivation, with respect to the time ¢. 
(d). As a first integral, which holds good also for any other law of central force, we 

have 

VaDa = B = a constant vector; (Ps) 

which includes the two usual laws, of the constant plane (1 B), and of the constant 

areal velocity (5 = sta) : 

(c). Writing + = Da = vector of relative velocity, and conceiving this new vector + 
to be drawn from that one of the two bodies which is here selected for the origin 0, the 
locus of the extremities of the vector 7 is (by earlier definitions) the Hodograph of the 
Relate Motion; and this hodograph is proved to be, for the Law of the Inverse 
Square, a Circle. 

(2). In fact, it is shown (p. 302), that for uny Jaw of central force, the radius of 
curvature of the hodograph is equal to the force, multiplied into the square of the 
distance, and divided by the doubled areal velocity; or by the constant parallelogram ec, 
under the vectors (a and +) of position and velocity, or of the orbit and the hodograph. 

(¢). It follows then, conversely, that the law of the inverse square is the only Jaw 
which renders the hodograph generally a circle; so that the law of nature may be 

characterized, as the Law of the Circular Hodograph ; from which latter law, however, 

it is easy to deduce the form of the Orbit, as a conic section with a focus at o. 
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(f). If the semiparameter of this orbit be denoted, as usual, by p, and if h be the 

radius of the hodograph, then (p. 801), 

h= Me} = ep) = (Mp")?. (Q4) 

(7). The orbital excentricity e is also the hodographic excentricity, in the sense that eh 
is the distance of the centre u of the hodograph, from the point o which is here treated as 
the centre of force. 

(h). The orbit is an el/ipse, when the point 0 is interior to the hodographic circle (e < 1) ; 
it is a parabola, when o is on the circumference of that circle (e=1); and it is an hyperbola, 

when 0 is an exterior point (e>1). And in all these cases, if we write 

a= p(1 — e)-) = ch-“(1 — e)-}, (Ra) 

the constant @ will have its usual signification, relatively to the orbit. 
(1). The quantity Mr! being here called the Potential, and denoted by P, geometrical 

constructions for this quantity P are assigned, with the help of the hodograph (p. 307) ; 

and for the harmonie mean, 2M(r + 7’)-1, between the two potentials, P and P’, which 
answer to the extremities 1, 1’ of any proposed chord of that circle: all which constructions 
are illustrated by a new diagram (fig. 86). 

(7). 1f£u be the pole of the chord Tr’; m, m’ the points in which the line ov cuts the 
circle; ~ the middle point, and n the pole, of the new chord mm’, one secant from which 
last pole is thus the line nr1’; v’ the intersection of this secant with the chord mm’, or 

the harmonic conjugate of the point u, with respect to the same chord ; and wv,r/ any near 
secant from Nn, while v, (on the line ov) is the pole of the near chord 1,1/: then the two 
small ares, T,r and v'r/, of the hodograph, intercepted between these two secants, are proved 

to be ultimately proportional to the two potentials, P and P’; or to the two ordinates 
TV, Tv’, namely the perpendiculars let fall from 7 and 1’, on what may here be called the 
hodographic axis un. Also, the harmonic mean between these two ordinates is obviously 
(by the construction) the line v'L; while ur, ur’, and u,7, v,1/ are four tangents to the 
hodograph, so that this circle is cut orthogonally, in the two pairs of points, T, 1 and 7,, T/, 
by two other circles, which have the two near points vu, v, for their centres (pp. 308, 309). 

(x). In general, for any motion of a point (absolute or relative, in one plane or in space, 
for example, in the motion of the centre of the moon about that of the earth, under the 

perturbations produced by the attractions of the sun and planets), with a for the variable 
vector (418) of position of the point, the time dt which corresponds to any vector-element 
dDa of the hodograph, or what may be called the time of hodographically describing that 
element, is the guotient obtained by dividing the same element of the hodograph, by the 

vector of acceleration Da in the orbit ; because we may write generally (p. 308), 

dDa TdDa . (Ss) 

(2). For the law of the inverse square (comp. (a) and (i)), the measure of the force, is, 

TD%a = Mr? = M-'P?; (Ts) 

the times dt, dt’, of hodographically describing the small circular ares 77 and 1'r, of the 
hodograph, being found by multiplying the lengths (/) of those two arcs by the mass, 

and dividing each product by the square of the potential corresponding, are therefore 
inversely as those two potentials, P, P’, or directly as the distances, 7, 7’, in the orbit: so 

that we have the proportion, 

dé: d¢@:d¢é+d@=r:rird4+7'. (Ua) 

(m). If we suppose that the mass, M, and the five points 0, L, M, U, U, upon the chord 
MM’ are given, or constant, but that the radius, h, of the hodograph, or the position of the 
centre u on the hodographic azis un, is altered, it is found in this way (p. 309) that 
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although the two elements of time, dt, dt’, separately vary, yet their swm remains un- 

changed: from which it follows, that even if the two circular ares, 11, T'T/, be not small, 
but still intercepted (7) between two secants from the pole n of the fixed chord mm’, the 
sum (say, At + At’) of the two times is independent of the radius, h. 

(mn). And hence may be deduced (p. 310), by supposing one secant to become a tangent, 

this Theorem of Hodographie Isochronism, which was communicated without demonstration, 

several years ago, to the Royal Irish Academy,* and has since been treated as a subject 
of investigation by several able writers : 

If two circular hodographs, having a common chord, which passes through, or tends 

towards, a common centre of force, be cut perpendicularly by a third circle, the times of 

hodographically describing the intercepted ares will be equal. 

(0). This common time can easily be expressed (p. 310), under the form of the definite 
integral, 

2M (wv 
Time of tur’ = —> | oo il nen : (V4) 

g® Jo (1—€ cos w)? 

29 being the length of the fixed chord mm’; ¢ the quotient Lo: LM, which reduces itself 

to —1 when o is at Mm, that is for the case of a parabolic orbit ; e lying between + 1 for an 

ellipse, and outside those limits for an hyperbola, but being, in all these cases, constant ; 

while w is a certain auxiliary angle, of which the sine = UT: UF (p. 312), or = s(r + 7’)-}, 
if s denote the length pp’ of the chord of the orbit, corresponding to the chord rr’ of the 

hodograph ; and w varies from 0 to 7, when the whole periodic time 2rn7} for a closed orbit 

is to be computed: with the verification, that the integral (V4) gives, in this last case, 

M = a*n*, as usual. (Wa) 

(p). By examining the general composition of the definite integral (V4), or by more 
purely geometrical considerations, which are illustrated by fig. 87, it is found that, with 
the law of the inverse square, the time ¢ of describing an arc pr’ of the orbit (closed or 
unclosed) is a function (p. 314) of the three ratios, 

a rte’ 8 

Wa? rer? is 
and therefore simply a function of the chord (s, or PP’) of the orbit, and of the swm of 
the distances (r +7", or OP + OP’) when UM and a are given: which is a form of the 
Theorem of Lambert. 

(7). The same important theorem may be otherwise deduced, through a quite 
different analysis, by an employment of partial derivatives, and of partial differential 

equations in quaternions, which is analogous to that used in a recent investigation 
(418), respecting the motions of an attracting system of any number of bodies, m, m', &e. 

(x). Writing now (comp. p. xxxiii) the following expression for the relative living force, 
or for the mass (M = m + m’), multiplied into the square of the relative velocity (TDa), 

27 =— MDe® = 2(P+ H) = M2r3- 3); (Yu) 

introducing the two new integrals (p. 314), 

t t 

Fe | Pa Die (Zi) pend Pe | oTdt = F + tH, (As) 
0 0 

which have thus (comp. (E4) and (F4)) the same forms as before, but with different 
(although analogous) significations, and may still be called the Principal and Characteristic 

Functions of the motion; and denoting by a, a’ (instead of ao, a) the imitial and jinal 
vectors of position, or of the orbit, while 7, rv’ are the two distances, and 7, +’ the 

* See the Proceedings of the 16th of March, 1847. It is understood that the common centre o of 
force is occupied by a common mass, M. 
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two corresponding vectors of velocity, or of the hodograph: it is found that when M 
is given, / may be treated as a function of a, a, ¢, or of 7, 7’, s, t, and V asa 

function of a, a’, a, or of 7, 7”, s, and H; and that their partial derivatives, in the 

first view of these two functions, are (p. 314), 

Def=D.V =7; (Bs) >; Dw F=DwV=-7'; (C5) 

2a? (D)F=-H, (Ds); and DyV=—-DaV=¢; (Es) 

while, in the second view of the same functions, they satisfy the two partial differential 
equations (p. 315), 

D,F=D,F, (Fs), and D,V=DyJ; (Gs) 

along with two other equations of the same kind, but of the second degree, for each of the 
functions here considered, which are analogous to those mentioned in p. xxxiv. 

(s). The equations (F's) (Gs) express, that the two distances, r and 7’, enter into each 
of the two functions only by their sum; so that, if M be still treated as given, / may be 

regarded as a function of the ¢hree quantities, 7 +7’, s, and ¢; while V, and therefore 

also ¢ by (Es), is found in like manner to be a function of the three scalars, r +7’, s, 
and a: which last result respecting the time agrees with (py), and furnishes a new proof — 

of Lambert’?s Theorem. 
(t). The three partial differential equations (r) in V conduct, by merely algebraical 

combinations, to expressions for the three partial derivatives, D,V, Dy V (= D,V), and 
DsV; and thus, with the help of (Es), to two new definite integrals* (p. 317), which 
express respectively the Action and the Time, in the relative motion of a binary system 

here considered, namely, the two following : 

Ei 

v= ['(—- 5) (Hs) 
es\rtr+s 4a 

niet 

taal’ (—-7) Bas; (Is) 
s\r+r+s a 

whereof the latter is not to be extended, without modification, beyond the limits within 

which the radical is finite. 
ARTICLE 420.—On the determination of the Distance of a Comet, or new Planet, 

from the Earth, ; ; ; ‘ é ; , ‘ , : ; 
(a). The masses of earth and comet being neglected, and the mass of the sun being 

denoted by M, let + and w denote the distances of earth and comet from sun, and z 
their distance from each other, while a is the heliocentric vector of the earth (Ta = 7), 
known by the theory of the sun, and p is the unit-vector, determined by observation, 
which is directed from the earth to the comet. Then it is easily proved by quaternions, 

that we have the equation (p. 320), 

slab dishes 8 =) (Js) 
SpDpUa ls ws}? 

with we = 7? + 2 — 2eSap; (Ks) 

XXXVI 
Pages 

* References are given to the First Essay, &c., by the present writer (comp. the Note to 
p. Xxxiii), in which were assigned integrals, substantially equivalent to (Hs) and (Is), but deduced by 

a quite different analysis. It has recently been remarked to him, by his friend Professor Tait of 
Edinburgh, that while the area described, with Newton’s Law, about the full focus of an orbit, has 

long been known to be proportional to the time corresponding, so the area about the empty focus 

represents (or is proportional to) the action. 



XXXvVill TABLE OF CONTENTS. [ Arts. 420, 421. 

eliminating w between these two formule, clearing of fractions, and dividing by z, we 
are therefore conducted in this way to an algebraical equation of the seventh degree, 
whereof one root is the sought distance, 2. 

(6). The final equation, thus obtained, differs only by its notation, and by the facility 
of its deduction, from that assigned for the same purpose in the Mécanique Celeste ; and 
the rule of Laplace there given, for determining, by inspection of a celestial globe, which 
of the two bodies (earth and comet) is the nearer to the sun, results at sight from the 

formula (J5). 

ARTICLE 421.—On the Development of the Disturbing Force of the Sun on the Moon ; 

or of one Planet on another, which is nearer than itself to the Sun, : A 

(2) Let a, o be the geocentric vectors of moon and sun; 7(= Ta), and s(= To), their 

geocentric distances; M the sum of the masses of earth and moon; S the mass of the 
sun ; and D (as in recent Series) the mark of derivation with respect to the time: then 
the differential equation of the disturbed motion of the moon about the earth is, 

D?a = Moa + n, (Ls) if ga = o(a) = a! Tae}, (Ms) 

and n = Vector of Disturbing Force = S(po — o(o — a) ; (Ns) 

g denoting here a vector function, but not a linear one. 

(4). If we neglect 7, the equation (Ls) reduces itself to the form D?a = Mpa; which 
contains (comp. (04)) the laws of undisturbed elliptic motion. 

(c). If we develop the disturbing vector y, according to ascending powers of the 

quotient 7: s, of the distances of moon and sun from the earth, we obtain an infinite series 
of terms, each representing a finite group of partial disturbing forces, which may be thus 

denoted 

N= m1 + n2 + nat Ke. ; (Os) 

M1 = M,1 + M152 2 = N21 + N22 + N23 Ke. ; (Ps) 

these partial forces increasing in number, but diminishing in intensity, in the passage from 
any one group to the following ; and being connected with each other, within any such 

group, by simple numerical ratios and angular relations. 
(d). For example, the two forces 71,1, 1,2 of the jfirst growp are, rigorously, 

proportional to the numbers 1 and 3; the ¢hree forces 72,1, 72,2, N23 Of the second group 

are as the numbers 1, 2, 5; and the four forces of the third group are proportional to 

5, 9, 15, 35: where the separate intensities of the jirst forces, in these three jirst group, 

have the expressions, 

5Sr8 

1635" 
Sr 38Sr2 

Im,1= =; Ln2,1 = er T73,1 = (Qs) 
283’ 

(e). All these partial forces are conceived to act at the moon; but their directions may 

be represented by the respectively parallel unit-lines Um,1, &c., drawn from the earth, 

and terminating on a great circle of the celestial sphere (supposed here to have its radius 
equal to unity), which passes through the geocentric (or apparent) places, © and ), of the 

sun and moon in the heavens. 
(f). Denoting then the geocentric elongation ©) of moon from sun (in the plane of the 

three bodies) by + 0; and by ©1, ©2, and 1, )z, )3 what may be called two fictitious 

suns, and three fictitious moons, of which the corresponding elongations from ©, in the 

same great circle are + 20, — 20, and — 0, + 30, — 30, as illustrated by fig. 88 (p. 322) ; 

it is found that the directions of the two forces of the first group are represented by the 
two radii of this wnit-circle, which terminate in ) and )1; those of the ¢hree forces of the 
second group, by the three radii to ©1, ©, and ©2; and those of the four forces of the 
third group, by the radii to )2, ), )1, and 93; with facilities for extending all those results 

(with the requisite modifications), to the fourth and subsequent groups, by the same 

quaternion analysis. 

Pages 
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(g). And it is important to observe, that mo supposition is here made respecting any 
smallness of excentricities or inclinations (p. 323) ; so that all the formule apply, with the 
necessary changes of geocentrie to heliocentric vectors, &c., to the perturbations of the 
motion of a comet about the sun, produced by the attraction of a planet, which is (at the 
time) more distant than the comet from the sun. 

ARTICLE 422.—On Fresnel’s Wave, 

(a) If p and w be two corresponding vectors of Aft spernetis Yy oad wave Gaunn. or 

briefly Ray and Index, in a biaxal crystal, the velocity of light in a vacuum being unity ; 
and if dp and du be any infinitesimal variations of these two vectors, consistent with the 
equations (supposed to be as yet unknown), of the Wave (or wave-surface), and its 
reciprocal, the Index-Surface (or surface of wave-slowness): we have then first the 

fundamental Equations of Reciprocity (comp. p. 461, vol. i.), 

Sup=—1, = (Rs); Sudp=0,  — (Ss) ; Spdiu=0, (Ts) 

which are independent of any hypothesis respecting the vibrations of the ether. 
(b). If dp be next regarded as a displacement (or vibration), tangential to the wave, and 

if de denote the elastic force resulting, there exists then, on Fresnel’s principles, a relation 

between these two small vectors; which relation may (with our notations) be expressed 
by either of the two following equations, 

de = p dp, (Us), or <dp= ode; (Vs) 

the function » being of that linear, vector, and self-conjugate kind, which has been 

frequently employed in these Elements. 

(ec). The fundamental connexion, between the functional symbol ¢, and the optical 
constants abe of the crystal, is expressed (p. 330, comp. the formula (Ws) in p. xxxiii) by 
the symbolic and cubie equation, 

(p + @*) (p + b*) (p+ c?) =0; (Ws) 

of which an extensive use is made in the present Series. 

(d). The normal component, pw Spde, of the elastic force de, is ineffective in Fresnel’s 

theory, on account of the supposed incompressibility of the ether; and the tangential 
component, 5p — w'Syude, is (in the same theory, and with present notations) to be 
equated to w*dp, for the propagation of a rectilinear vibration (p. 324); we obtain 

then thus, for such a vibration or tangential displacement, 5p, the expression, 

Sp = (p? — we?) tw Spde ; (Xs) 

and therefore by (Ss) the equation, 

0 = Sept — wy, (Ys) 
which is a Symbolical Form of the scalar Equation of the Index-Surface, and may be thus 
transformed, 

1 = Sy (u? — )""u. (Zs) 

(e). The Wave-Surface, as being the reciprocal (a) of the index-surface (d), is easily 
found (p. 326), to be represented by this other Symbolical Equation, 

0 = Spl(p — p*)-"p" (As) 

or 1 = Sp(p? — 9° it (Be) 

(f). In such transitions, from one of these reciprocal surfaces to the other, it is found 

convenient to introduce two auxiliary vectors, v and w (=v), namely the lines ov and 

ow of fig. 89; both drawn from the common centre o of the two surfaces; but v 

terminating (p. 325) on the tangent plane to the wave, and being parallel to the direction 
of the elastic force Se; whereas w terminates (p. 328) on the tangent plane to the indexr- 

surface, and is parallel to the displacement dp. 

XXX1X 
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(g). Besides the relation, 
w= ov, or v=o a, (Ce) 

connecting the two new vectors (f) with each other, they are connected with p and » by 

the equations (pp. 325, 328), 

Suv=—1, (Ds); Spu=0; (Ee) 

[AER ycR pe meee (Ge) 
and generally (p. 328), the following Rule of the Interchanges holds good: In any formula 

involving p, “4, v, w, and ¢, or some of them, it is permitted to exchange p with uw, 

v with w, and @ with »+; provided that we at the same time interchange 5p with de, but 

not generally* 84 with 5p, when these variations, or any of them occur. 
(2). We have also the relations (pp. 328, 329), 

~plavlVuy=etu; (He) 

—pt=w!Vwp =ptow; (Ie) 

with others easily deduced, which may all be illustrated by the above-cited fig. 89. 
(i). Among such deductions, the following equations (p. 330) may be mentioned, 

(Vudu)? + Supu=0, (Je); (Vwod='w)* + Swop-lw = 0; (Ke) 

which show that the Locus of each of the two Auxiliary Points, v and w, wherein the 
two vectors v and w terminate (/), is a Surface of the Fourth Degree, or briefly, a Quartic 

Surface; of which two loci the constructions may be connected (as stated in p. 330) with 
those of the two reciprocal ellipsoids, 

Spop =1, (Le), and Spgp'p=1; (Me) 

p denoting, for each, an arbitrary semidiameter. 

(j). It is, however, a much more interesting use of these two ellipsoids, of which (by 
(Ws), &c.) the scalar semiawres are a, b, ¢ for the first, and a}, b+, c for the second, 
to observe that they may be employed (p. 327) for the Constructions of the Wave and the 

Index- Surface, respectively, by a very simple rule, which (at least for the jirst of these 
two reciprocal surfaces (2)) was assigned by Fresnel himself. 

(&). In fact, on comparing the symbolical form (Ae) of the equation of the Wave, with 
the form (Hz) in p. xxv, or with the equation 412, XLI., in p. 253, we derive at once 
Fresnel’s Construction: namely, that if the ellipsoid (abe) be cut, by an arbitrary plane 
through its centre, and if perpendiculars to that plane be erected at that central point, 

which shall have the lengths of the semiaxes of the section, then the locus of the extremities, 
of the perpendiculars so erected, will be the sought Wave-Surface. 

(2). A precisely similar construction applies, to the derivation of the Index- Surface 

from the ellipsoid (a-18-1¢1) : and thus the two aumwiliary surfaces, (Ls) and (Me), may be 
briefly called the Generating Ellipsoid, and the Reciprocal Ellipsoid. 

(m). The cubic (Ws) in ¢ enables us easily to express (p. 831) the inverse function 
(p + e)-1, where ¢ is any scalar; and thus, by changing e to — p*, &c., new forms of 
the equation (Ags) of the wave are obtained, whereof one is, 

0 = (gp)? + (9? + + 0 + 2) Spprlp — a°DAe?; (Ne) 
with an analogous equation in « (comp. the rude in (g)), to represent the index-surface : 
so that each of these two surfaces is of the fourth degree, as indeed is otherwise known. 

* This apparent exception arises (pp. 328, 329) from the circumstance, that 5p and de have their 
directions generally fixed, in this whole investigation (although subject to a common reversal by +), 
when p and mw are given; whereas du continues to be used, as in (a), to denote any infinitesimal 
vector, tangential to the index-surface at the end of um. 
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(n). If either Spp'p or p? be treated as constant in (Ne), the degree of that equation 
is depressed from the fourth to the second; and therefore the Wave is cut, by each of the 
two concentric quadrics, 

Spp''p=h*, (Oc), p? +7 =0, (Pe) 

in a (real or imaginary) curve of the fourth degree: of which two quartic curves, answering 

to all scalar values of the constants 2 and r, the wave is the common locus. 

(0). The new ellipsoid (Og) is similar to the ellipsoid (Mg), and similarly placed, while 

the sphere (Pe) has r for radius; and every quartic of the second system (n) is a sphero-conic, 

because it is, by the equation (Ag) of the wave, the intersection of that sphere (P¢) with the 
concentric and qguadric cone, 

0 = Sp(p + 1°*)-1p ; (Qe) 

or, by (Be), with this other concentric quadric,* 

~1=Sp(¢? + °)p, (Be) 
whereof the conjugate (obtained by changing — 1 to + 1 in the last equation) has [p. 346] 

a—r, br, or, (Se) 

for the squares of its scalar semiaxes, and is therefore confocal with the generating 
ellipsoid (Le). 

(p). For any point P of the wave, or at the end of any ray p, the tangents to the two 
curves (n) have the directions of w and uw; so that these two quartics cross each other at 
right angles, and each is a common orthogonal in all the curves of the other system [p. 3465]. 

(q). But the vibration 5p is easily proved to be parallel to w; hence the curves of the 
Jirst system (n) are Lines of Vibration of the Wave: and the curves of the second system 
are the Orthogonal Trajectoriest to those Lines. 

(r). In general, the vibration Sp has (on Fresnel’s principles) the direction of the 
projection of the ray p on the tangent plane to the wave ; and the elastic force S¢ has in like 

manner the direction of the projection of the index-vector uw on the tangent plane to the 

index-surface: so that the ray is thus perpendicular to the elastic force corresponding. 

9 August 25, 1865. 

(s). When a given or first ray, p, prolonged or shortened, becomes a second ray, pi, at 
the same side of the centre 0, so that Up1 = Up, we can easily derive from LXIII. the 
expression [p. 349] 

T, = Tp1 = abch-*, (Te) 

or 
ri? = ab%e? (Spp"lp) ; (Us) 

so that the two quantities, A and r, are constant together or variable together: similarly 

for the two other quantities, 2 and 7, which are obtained from these by interchanging sheets. 
(¢). It follows, then, that one sheet of the cone (Qe), which has its surface at the centre 

of the wave, and rests on a sphero-conic (71) traced on the wave-sheet, contains also, 

or may be considered as likewise resting upon, a line of vibration (h) on the other sheet, 

and reciprocally ; so that each of these two curves is projected into the other, by rays 

from 0, and one would appear as superposed on the other, if we imagine them to be seen 

by an eye placed at that point. As a limiting case, when the projecting cone reduces 
itself to one of the two principal planes—for example, to the plane (a)—then the ellipse 
(2) in that plane may be represented by the equation /? = be, and the circle (a) has for 

equation 7; = a; so that the condition (T¢) is satisfied [p. 350]. 

* For real curves of the second system (n), this new quadric (Re) is an hyperboloid, with one sheet 

or with ¢wo, according as the constant 7 lies between a and 4, or between d and ¢; and, of course, 

the conjugate hyperboloid (0) has two sheets or one, in the same two cases respectively. 

t In a different theory of light (comp. the next Series, 423), these sphero-conics on the wave are 
themselves the dines of vibration. 
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(w). In fact the guadric cone (Qs) must cut the quartic wave in an octic curve, or else in 

a system of curves, of which the product of the dimensions is eight; and accordingly we 
find, as above, that the complete intersection, here considered, of the two surfaces, consists 

of a system of two quartic curves, namely, a sphero-conic (71) on one sheet, and a line of 

vibration (h) on the other [p. 349]. 
(v).* [The section of the wave by a principal plane of the generating ellipsoid (Le) 

breaks up into a circle and an ellipse (p. 332) 

p2+a-* = 0, (Ve) ; 1 — b-%c2Sppp = 0, (We) 

which we may refer to as the circle (a) and the ellipse (a). The intersections of a circle 
and the corresponding ellipse are nodal points on the wave. Those on the circle (b) and 
the ellipse (0) alone are real, and may be called by pre-eminence the Wave-Cusps. And 
the vectors (+ po, + pi) drawn from the centre o to these four cusps may be termed Lines 

of Single Ray-Velocity, or briefly Cusp-Rays (p. 332). Ata wave-cusp the vector m is 

indeterminate (p. 334) but it is an edge of the cone (p. 336) 

uw? + SupoSupmo = 0 (Xs) 

where po corresponds to po as terminating on the ellipse (4) (p. 334). Analogous cusps lie 
on the Index Surface at the ends of the vectors (+ vo, + 7) of Single Normal Slowness 
(p. 835). The tangent cone to a wave-cusp (p. 335) may be thus briefly written (p. 341) 

(Suopop)* = 48popSu p (Yo) 

with various other transformations (pp. 342-4). | 
[(w). There are four real Circular Ridges on the wave along which it is touched by 

the four planes 
Spr=tl1, Spr=+1 (Ze) 

+ yo and + v1 being the vectors thus designated in the last paragraph. The common 

length of the diameters of these circles is 0-1(a* — b2)3 (b? — 2)? and each diameter in the 

principal plane subtends at the wave centre the angle tan-!d-?(a? — b2)2 (2? — o2)8 (p. 337). 
In virtue of the law of reciprocity these ridges correspond to the conical points on the 
Index Surface. New determination of a circular ridge by means of its vector equation 
and without assuming any knowledge of the existence of a wave-cusp. ‘The relation 

(> — p*) (w+ pj? = p? (A7) 

* [The paragraphs (s), (¢) and (w), accidentally omitted in the First Edition, were first printed by 
the Rev. R. P. Graves in the Appendix to the Third Volume of his Life of Hamilton p. 640. They 
are of peculiar interest as they show that in spite of severe illness Hamilton was occupied in his work 

until a few days before his death which took place on the 2nd of September. In the manuscript-book 

nothing follows after (v). The Rev. Charles Graves in his Presidential éloge delivered to the Royal 
Irish Academy referred to Hamilton’s labours in the following terms :—‘‘ It will be a satisfaction to 
the members of this Academy to be told that his Elements of Quaternions—the work upon which he 
was engaged with most unceasing activity for the last two years—is all but complete. I have reason 
to know that at no period of his life—not even when he was in the prime of health and youthful 
vigour—did he apply himself to his mathematical labours with more devoted diligence. Those who 

did not actually know how he was employed, or who had formed a false estimate of his character, 

might imagine him indolently reposing upon his laurels, or pursuing his studies in a desultory way. 

Such a conception of them would be the very opposite to the true one. His diligence of late was 

even excessive—interfering with his sleep, his meals, his exercise, his social enjoyments. It was, I 
believe, fatally injurious to his health.’’—Proceedings, Royal Irish Academy, vol. ix., p. 315, and 
Grayes’s Life of Sir W. R, Hamilton, vol, iii., p. 224.] 
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generally determines the index-vector «4 when the ray-vector p is given, but when ¢ — p-? 

is a binomial the vector u becomes indeterminate provided p is perpendicular to the 
direction B satisfying (@ — p-)B=0. The vector equation of the Index-Ridge is then 
(p. 338) 

VB(u + po!)-! — VB(uo + po!) = 0 (Bz) 

and the vector equation of the Wave-Ridge is (p. 339) 

VB(p + vo )-! — VB (a0 + 071)! = 0 (C1) 

where oo = — a’c?pvo (CXIII., p. 337). The existence of the circular ridges may also be 
manifested (p. 344) by reducing the equation of the wave-surface to 

(2p? — (a? — ¢?) SyopSvip + a? + 0)? = (a? — 02)? {1 — (Svop)?} {1 — (Svip)?}  (Dz).] 

[(z). The laws of the two sets of vibrations, at a cusp and on a.ridge, are illustrated 
by fig. 89 and are intimately connected with the two Conical Refractions, external and 

internal, in a biaxial crystal (p. 841). In the first case the vibration is in the tangent 
plane at the cusp P to the ellipsoid (4) (compare We) and has the direction of a chord Pr 
of the cone resting upon the index-ridge. In the second case the vibration at r has the 
direction of the chord r@’ of the wave-ridge through the point on the circle (4) (p. 340). ] 

[(y). In addition to the symbolic forms of the equation of the wave (Ags) and (Be) 

(paragraph e) and (Ne) (paragraph m) the cyclic transformation is employed to derive this 
new equation (p. 332) 

gp? = 1+ SapSa’p + TVApTVa'p (E7) 

(the upper sign belonging to one sheet, and the lower to the other sheet) with several other 

expressions. The bifocal transformation affords the equation (p. 344) 

(2p? — (a? — &) SvopSvip + a? + c2)® = (a — e2)? {1 — (Svop)*} {1 — (Srip)*} (Es) 
already referred to (w), and the equation T (1p + px)* = (x? — .”)? has been selected by 
Professor Tait as the basis of his paper on ‘‘Quaternion Investigations connected with 

Fresnel’s Wave-Surface ’’ (p. 350). Some leading expressions are written down showing 
the Cartesian equivalents of quaternion forms (p. 352). | 

[(z). Although the italic letters i, 7, & are not now much used having been superseded 
by general signs of operation such as S, V, T, U, K, they may be supposed to be still 
familiar to the student as links between quaternions and coordinates, p. 351. ] 

ARTICLE 423.—Mac Cullegh's Wiggs of the Polar Plane, 
[(a). The vectors p, p’ and p” representing respectively the ray- Keloctiies of light 

incident on, and refracted and reflected by, a biaxial crystal, and yw’ being the index-vector 

for the retracted light, by all wave theories of light (p. 353) 

pe =Su'p'=p®=-1, (Gr); p’=—yvpev', (Hr); yv=u-—p, (Jr) 

where y is a normal to the face. The corresponding vectors of vibration being 7, 7’, 7”, 

by all theories of tangential vibration 

Spr=0, (Kx); Su'r’=0, (Ln); Sp’r”=0 — (Mr).] 
[(2). To these Mac Cullagh adds I. that the vibration in the crystal is perpendicular 

to p’, or 
Spr = 0 ; (Nz) 

he also assumes II. the Principle of Equivalent Vibrations expressed by 

r-7+7’=0, (O7) 

III. the Principle of Vis Viva and IV. the Principle of constant Density of the Ether, 

jointly expressed by 
Sy (pr? — p'r? + p'r”) = 0 (P1)-] 

f2 
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[(e). Eliminating p” and +” and solving for 7 it is found (p. 354) that 

2rSpy = Vopr'r' (Q7) if v= p—p (Rz) 

which includes one form of the enunciation of the Theorem of the Polar Plane as ex- 

pressed by the equation (p. 355) 

Sy'r7’ = 0. (S7)] 

[(@). If w is an arbitrary vector (p. 356) the equations had to 

WV { (p — w)4 — (p' — wr + (p"— w)r"} = 0 (T7) 

and this equation combined with the principle of Rectangular Vibrations contained in 

equations (Ky), (M7) and (N7) is sufficient to give the same direction of 7’ and the same 
dependencies of + and 7” thereon as those expressed by (07), (P7), (Q7) and (87). Equation 

(T7) expresses that three forces 7, — 7’, 7" applied at the extremities of p, p’, p’ would be 
equivalent to a couple having its axis parallel to v.] 
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CHAPTER III. 

ON SOME ADDITIONAL APPLICATIONS OF QUATERNIONS, 

WITH SOME CONCLUDING REMARKS. 

SECTION 1. 

Remarks Introductory to this Concluding Chapter. 

3866. WueEn the Third Book of the present Elements was begun, it was 

hoped (277) that this Book might be made a much shorter one, than either 

of the two preceding. That purpose it was found impossible to accomplish, 

without injustice to the subject; but at least an intention was expressed 

(317), at the commencement of the Second Chapter, of rendering that Chapter 

the /ast: while some new Examples of Geometrical Applications, and some few 

Specimens of Physical ones, were promised. 

3867. The promise, thus referred to, has been perhaps already in part 

redeemed; for instance, by the investigations (315) respecting certain tan- 

gents, normals, areas, volumes, and pressures, which have served to illustrate 

certain portions of the theory of differentials and integrals of quaternions. 

But it may be admitted, that the six preceding Sections have treated chiefly 

of that Theory of Quaternion Differentials, including of course its Principles 

and Rules; and of the connected and scarcely less important theory of Linear 

or Distributive Functions, of Vectors and Quaternions: Hxamples and Appl- 

cations having thus played hitherto a merely subordinate or illustrative part, 

in the progress of the present Volume. 

068. Such was, indeed, designed from the outset to be, woon the whole, the 

result of the present undertaking : which was rather to teach, than to apply, 

the Calculus of Quaternions. Yet it still appears to be possible, without quite 

exceeding suitable limits, and accordingly we shall now endeavour, to con- 

dense into a short Third Chapter some Additional Haamples, geometrical and 
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physical, of the application of the principles and rules of that Calculus, sup- 

posed to be already known, and even to have become by this time fumiliar* 

to the reader. And then, with a few general remarks, the work may be 

brought to its close. 

SECTION 2. 

@n Tangents and Normal Planes to Curves in Space. 

369. It was shown (100) towards the close of the First Book, that if the 

equation of a curve in space, whether plane or of double curvature, be given 

under the form, 

I... p=9(t) = ot, 

where ¢ is a scalar variable, and ¢ is a functional sign, then the derived vector, 

Lane Dos Doieaid' t= ps=do.:.di, 

represents a dine which is, or is parallel to, the tangent to the curve, drawn 

at the extremity of the variable vector p. If then we suppose that T is a 

point situated upon the tangent thus drawn to a curve Pq at P and that v is 

a point in the corresponding normal plane, so that the angle rpv is right, 

and if we denote the vectors op, ot, ou by p, 7, v, the equations of the tangent 

line and normal plane at P may now be thus expressed : 

TUT Vp) p= 06 IV...S(v-p)p =90; 

the vector + being treated as the only variable in III., and in like manner v as 

the only variable in 1V., when once the curve Pa is given, and the point P is 

selected. 

(1.) It is permitted, however, to express these last equations under other 

forms ; for example, we may replace p’ by dp, and thus write, for the same 

tangent line and normal plane, 

Vieses¥ (r—o)do=:03 VI... 8(v—p)dp=0; 

where the vector differential dp may represent any line, parallel to the tangent 

to the curve at P, and is not necessarily small (compare again 100). 

(2.) We may also write, as the equation of the tangent, 

VII...7=p+ 4p’, where z is a scalar variable ; 

* Accordingly, even references to former Articles will now be supplied more sparingly than before. 
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and as the equation of the normal plane, 

VITI...d.T(v-p)=90, or VIII’...dL(u-p)=0, if du=0; 

because this partial differential of T(v — p), or of PU, is (by 384, XII, &c.), 

Exe Ob pe Up) ele 

(3.) For the circular locus 314, (1.), or 337, (1.), of which the equation is, 

Ace. peap, win Taql, iand «Sap.= 0; 

the equation of the tangent is, by VII., and by the value 837, VI. of p’, 

XI...7=p+yap, where y is a new scalar variable ; 

the perpendicularity of the tangent to the radius being thus put in evidence. 

(4.) For the plane but elliptic locus, 314, (2.), or 337, (2.), for which, 

XII...p=V.aB, with Ta=1, but not SaG=0, 

the value 337, VIII. of p’ shows that the tangent, at the extremity of any 

one semidiameter p, is parallel to the conjugate semidiameter of the curve ; 

that is, to the one obtained by altering the ewcentric anomaly (314, (2.) ), by 

a quadrant: or to the value of p which results, when we change ¢ to ¢+ 1. 

(d.) For the helix, 314, (10.), of which the equation is, 

MUL asp Clotan’ (5, witha aml Ange aj) =U) 

c being a scalar constant, we have the derived vector, 

XIV... p’=ca+5 a8; whence XV... Sa%p’=c, 

b Ve Var ; Tp, and AVIE YTV Sap = ae, 

the tangent line (p’) to the helix is therefore inclined to the awis (a) of the 

* [Again we may write, as the equation of the normal plane, 

(VII.) v=p-+ ép’, where é is a variable vector at right angles to p’ ; 

and as the equation of the tangent, 

(VIII.) d,U(r—p)=0, or (VIII’.) dU(r-p) = 9, i dr = 9. 

Geometrically, VIII. expresses that the length of the line joining a point in the normal plane to the 
corresponding point on the curve does not vary when we pass to a consecutive point on the curve, 

and (VIII.) expresses that the direction of the line joining a point on the tangent to the corresponding 

point on the curve does not change when we pass to a consecutive point on the curve. | 



6 ELEMENTS OF QUATERNIONS. [IIT. ur. § 2. 

cylinder whereon that curve is traced, at a constant angle (a), whereof the 

trigonometrical tangent (tan a) is given by this formula XVII.; and accord- 

ingly, the numerator 7T'3 of that formula represents the semicircumference of 

the cylindric base; while the denominator 2c is an expression for half the 

interval between two successive spires, measured in a direction parallel to the 

axis. We may then write, 

XVIII. .. rT = 2c tan a = 2c cot 8, 

if a thus denote the constant inclination of the helix to the axis, while } 

denotes the constant and complementary inclination of that curve to the 

base, or to the circles which it crosses on the cylinder. 

(6.) In general, the parallels p’ to the tangents to a curve of double curva- 

ture, which are drawn from a fixed origin o, have a certain cone for their 

locus; and for the case of the helix, the equation of this cone is given by the 

formula XVII., or by any legitimate transformation thereof, such as the 

following, 
XIX... S8Ua'p’ = + cosa =+ sin 0; 

it is therefore, in this case, a cone of revolution, with its semiangle = a. 

(7.) As an example of the determination of a normal plane to a curve of 

double curvature, we may observe that the equation XIII. of the helix gives, 

XX... p’?=(8?-c, and therefore XXI...Spp’=- ct; 

the equation LV. becomes therefore, for the case of this curve, 

XXII... 0 =Sp’u + ct, with the value XLV. of p’. 

(8.) If then it be required to assign the point uv in which the normal 

plane to the helix meets the axis of the cylinder, we have only to combine 

this equation XXII. with the condition v||a, and we find, by XIII. 

and XIV., 

XXIII... ou =v =~ eta: Sap’ = eta, XXIV... Sa(u - p) = 0; 

the line pu is therefore perpendicular to the axis, being in fact a normal to 
the cylinder. 

370. Another view of tangents ana normal planes may be proposed, which 

shall connect them in calculation with Zaylor’s Series adapted to quaternions 

(342), as follows, 



Arts, 369, 370. | CONNEXION WITH TAYLOR’S SERIES. 7 

(1.) Writing 

be Pt = Po + urtp'o, or briefly, Lire: pr= pir utp’, 

the coefficient u, or wu will generally be a quaternion, but its limiting value will 

be positive unity, when ¢ tends to sero as its limit; or in symbols, 

ID... uv = lim. w = 1. 

(2.) Admitting this, which follows either from Taylor’s Series, or (in so 

simple a case) from the mere definition of the derived vector p’, we may con- 

ceive that vector p’ to be constructed by some given line pr, without yet 

supposing it to be known that this line is tangential at Pp to the curve Pa, 

of which the variable vector is 0a = p, while oP = py = p, so that the line 

PQ = utp’ is a vector chord from P, which diminishes indefinitely with the 

scalar variable, t, and is small, if ¢ be small. 

(3.) Conceiving next that w = or = the vector of some new and arbitrary 

point R, we may let fall a perpendicular am on the line pr, and so decompose 

the chord Pa into the two rectangular lines, pM and mq; which, when divided 

by the same chord, give rigorously the two (generally) guaternion quotients, 

PM Suwp’(w — p) MQ Vup(w—p) eas aE edo ace 

the variable ¢ thus disappearing through the divisions, except so far as it 

enters into uv, which ¢ends as above to 1.* 

(4.) Passing then to the Uimits, we have these other rigorous equations, 

Pog Sele SP ly ‘na tyre es Vier lim 5 Pree Te 
PQ p(w —p) PQ p (w—p) 

* [Here pa = PM + MQ = PQ.PR.PR-!, and separately (vol. I. p. 194) pm = B(PQ. PR). PR-} 

and ma = V(pq.PrR). PR}. So we have 

PM S(PQ . PR) MQ V(PQ.PR 
— = §(Pq.Pr).pR i PQ i= and — = V(Pq.PrR). PR}. PQ?) = ( 
PQ PQ. PR PQ PQ.PR 

The formule of these sub-articles may be easily deduced from the consideration of the versor 

PQ Uu' 
ea — ae 2 

PR U (p—o)’ 
or in the limit 

lim.U—= = vu. 
PR p- 

This reduces to a scalar when x is on the tangent, and to a right versor when it is in the normal 

plane. Observe that Utup’ = + Uup’.] 
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by comparing which with 369, ITI. and IV., we see that those two equations 
represent respectively, as before stated, the tangent and the normal plane to 

the proposed curve at Pp; because, if Vp’(w-p) = 0, the chord Pa tends, by 

V. or VI., to coincide, both in length and in direction, with its projection PM 

on the line pr; while on the other hand, if Sp’(w -p) = 0, that projection 

tends to vanish, even as compared with the chord pa; which chord tends now 

to coincide with its other projection ma, or with the perpendicular to the 

line PR, erected so as to reach the point @: whence PR must, in this last 

case, be a normal to the curve at P. 

(5.) We may also investigate an equation for the normal plane, by con- 

sidering it as the /imiting position of the plane which perpendicularly bisects the 

chord. If R be supposed to be a point of this last plane, then, with the 

recent notations, the vector w = or must satisfy the condition, 

VII... T(w-p:)) =T(w-p.), or VIII... (w-p wip’)? = (w-p)’, 

US i D.OghS 28up’ (w —p) = t(up’)*, 

in which it may be noted that wp’ is a vector (in the direction of the chord, PQ), 
although w itself is generally a quaternion, as before: such then is the 

equation of the bisccting plane, with w for its variable vector, and its limit is, 

X. . . Sp’(w — p) = 0, as before. 

(6.) The last process may also be presented under the form, 

Al... 0 =lim.¢-"{T(w — p:) - T(w - po)} = D:T(w — pt), when ¢ = 0; 

and thus the equation 3869, VIII. may be obtained anew. 
(7.) Geometrically, if we set off on re a portion rs equal in length 

to RP, as in the annexed fig. 76, we shall have the limiting equation, 

XII... +sa: Pa = (RQ- RP): PQ = (ultimately) — cos RPT; 

which agrees with 869, [X.* 

(8.) If then the point r be taken owt of the normal plane 

at p, this limit of the quotient, Ra—- RP divided by pa, has a 

finite value, positive or negative; and if the chord pe be 

called small of the first order, the difference of distances of its 

extremities from r may then be said to be small of the same (first) order. 

But if r be taken in the normal plane at p (and not coincident with that 

Fig. 76. 

* [sq denotes the length of the vector sa. | 
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point P itself), this difference of distances may then be said to be small, of 

an order higher than the first: which answers to the evanescence of the first 

differential of the tensor, T(w—p) in XI., or T(v—p) in 369, VIII’. 

3871. A curve may occasionally be represented in quaternions, by an 

equation which is not of the form, 369, I., although it must always be con- 

ceived capable of reduction to that form: for instance, this new equation, 

I... Vap. Vpa’ = (Vaa’)*?, with TVaa’ > 0, 

is not immediately of the form p = $f, but it is reducible to that form as 

follows, 
18#tiee p = ta+ feta 

An equation such as I. may therefore have its differential or its derivative 

taken, with respect to the scalar variable ¢ on which p is thus conceived to 

depend, even if the exact /aw of such dependence be unknown: and dp, or 

p, may then be changed to the tangential vector w — p to which it is parallel, 

in order to form an equation of the tangent, or a condition which the vector 

w of a point on that sought line must satisfy. 

(1.) To pass from I. to II., we may first operate with the sign V, which 

ives ; hes eee IIE ea pSanip =\0/woreimplyy! LLL. a s8acp.2 Os 

whence, ¢ and ¢ being scalars, we may write, 

LV too oe vdp = i Vad). Viog =-2 ) doe eel 

and the required reduction is effected: while the retwrn from II. to I., or 

the elimination of the scalar ¢, is an even easier operation. 

(2). Under the form II., it is at once seen that p is the vector of a 

plane hyperbola, with the origin for centre, and the lines a, a’ for asymptotes ; 

and accordingly all the properties of such a curve may be deduced from 

the expression II., by the rules of the present Calculus. 

(3.) For example, since the derivative of that expression is, 

Meee =so3b ja", 

the tangent may (comp. 369, VII.) have its equation thus written : 

VL... w= (¢+a)a+t°(t-a)q; 

it intersects therefore the lines a, a’ in the points of which the vectors are 

2ta, 2t 1a’; so that (as is well known) the intercept, upon the tangent, 
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between the asymp/(otes, is bisected at the point of contact: and the intercepted 

area is constant, because V(ta.t a’) = Vaa’, &e. 

(4.) But we may also operate immediately, as above remarked, on the 

Jorm I.; and thus arrive (by substitution of w - p for dp, &c.) at the 

equation of conjugation, 

Nila Vas Vpa’ o Vap Sn who Cenc (Vaa’)’, 

which expresses (comp. 215, (13.), &c.) that if p = op, and w = or, as 

before, then either r is on the tangent to the curve, at the point vr, or at 

least each of these two points is situated on the polar of the other, with 

respect to the same hyperbola. 

(5.) Again, it is frequently convenient to consider a curve as the inter- 

section of two surfaces; and, in connexion with this conception, to represent 

it by a system of two scalur equations, not explicitly involving any scalar 

variable: in which case, both equations are to be differentiated, or derivated, 

with reference to such a variable wnderstood, and dp or p’ deduced, or 

replaced by w — p as before. 

(6.) Thus we may substitute, for the equation I., the system of the 

two following (whereof the first had occurred as III’.): 

VIII... Saa’p = 0, p?Saa’ — SapSa’p = (Vaa’)’*; 

and the derivated equations peat are, 

IX... Saa’p’ = 0, 28Saa’Spp’ — Sap’Sa’p — SapSa’p’ = 0; 

or, with the substitution of w -p for p’, &e., 

X... Saa’w = 0, 2Saa’Sopw ~SawSa’p — SapSa’w = 2 (Vaa’)?; 

the last of which might also have been deduced from VII., by operating 

with 8. 

(7.) And it may be remarked that the two equations VIII. represent re- 

spectively in general a plane and an hyperboloid, of which the intersection (5.) 

is the Ayperbola I. or II.; or a plane and an hyperbolic cylinder, if Saa’ = 0.* 

t ; ; F ; ; 
iin BE Sy p=: ie where $(¢) is a rational.and integral vector function of degree m in ¢, and 

f(t) a rational and integral scalar function of degree m, the degree of the curve is equal to the 

ereater of the two integers mand. This is evident when we substitute for p in the equation of an 

arbitrary plane, SAp = 1, for we obtain a scalar equation in ¢ whose roots determine the points 

in which the curve cuts the plane. Curves of this kind are unicursal. In general there is some 
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SECTION 3. 

On Normals and Tangent Planes to Surfaces. 

372. It was early shown (100, (9.)), that when a curved surface is repre- 
sented by an equation of the form, 

I... p = 9(@y), 

in which ¢ is a functional sign, and 2, y are two independent and scalar 

variables, then either the two partial differentials, or the two partial derivatives, 

of the first order, 

j SASS yg Birr ering = (ORES Shr a ab eae 

represent two tangential vectors, or at least vectors parallel to two tangents 

to the surface, drawn at the extremity or term P of p3; so that the plane 

of these two differential vectors, or of lines parallel to them, is (or is 

parallel to) the dangent plane at that point: and the principle has been 

since exemplified, in 100, (11.) and (12.), and in the sub-articles to 345, &e. 

It follows that any vector v, which is perpendicular to both of two such 

non-parallel differentials, or derivatives, must (comp. 345, (11.)) be a normal 

vector at P, or at least one having the direction of the normal to the surface 

at that point; so that each of the two vectors, 

TY es Vcd o dun) tans pe pl ps 
if actual, represents such a normal. 

(1.) As an additional example, let us take the case of the ruled paraboloid, 

on which a given gauche quadrilateral aBcp is superscribed. ‘The expression 

for the vector p of a variable point p of this surface, considered as a 

function of two independent and scalar variables, x and y, may be thus 

written (comp. 99, (9.)): 

VI... p=aya+ (l-a)yB + (1-a#)(l-y)y+e(l-y)é; 

where the supposition y = 1 places the point Pp on the line aB; x = 0 places 

it on Bc; y=0, on cp; and #=1, on Da. 

irrationality in the functions of ¢, and the result of substitution in the equation of the plane must 
be rationalized before the degree of the curve can be. determined. 

As examples of the equations of curves :— 

at® + 2B¢+ y 

at* + 2bt+e 

p = (p+%)™a, in which ¢ is a linear vector function and m a constant scalar, represents a right line 

when m = 1, a twisted cubic when m =—1, and a twisted quartic when m = 3. ] 

p= is a conic provided there is no common factor in the numerator or denominator ; 
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(2.) We have here, by partial derivations, 

VIL... Dep = y(a-8)+(L-y)(8-y); Dyp = #(a- 8) + (L-2)(B-y); 

these then represent the directions of two distinct tangents to the paraboloid 

VI., at what may be called the point (x, y); whence it is easy to deduce the 

tangent plane and the normal at that point, by constructions on which we 

cannot here delay, except to remark that if (comp. fig. 31, Art. 98) we draw 

two right lines, as and rv, through p, so as to cut the sides AaB, BC, cD, DA 

of the quadrilateral in points a, rk, s, T, we shall have by VI. the vectors, 

og@=aa+(l-2)B, or=y8+(1-y)y, ce (1-2) 6 yB+(l-y)y 
os =ad4+(l-w)y, otr=ya + (L-y)d, 

and therefore, by VIL., 

es LonsoRT LoS 

so that these two tangents are simply the ¢wo generating lines of the surface, 

which pass through the proposed point pP.* 

(3.) For example, at the point (1, 1), or a, the tangents thus found are 

the sides BA, DA, and the tangent plane is that of the angle BaD, as indeed 

is evident from geometry. 

(4.) Again, the equation of the screw surface (comp. 314, XVI.), 

Ney Dr Ord yar, ee Witlie ar, ean ed oeerU): 

gives the two tangents, 

a. 6 oe D.p = Ca + sue", D,p Ea a*B, 

whereof the latter is perpendicular to the former, and to the axis a of the 

cylinder; so that the corresponding normal to the surface X. at the point 

(x, y) is represented by the product, 

DING SA SID Py eee Gy Sy Bra. 

373. Whenever a variable vector p is thus expressed or even conceived to 

be expressed, as a function of two scalar variables, « and y (or s and ¢, &c.), 

* [In VIII, a and s are two variable points dividing homographically AB and pc, and R and tT 

divide nc and ap homographically. The ruled paraboloid is the locus of lines joining corresponding 

points of the homographic divisions on AB and pc, or on Bc and Ap, for VI. may be written in either 

of the forms 
p= yoat+(l—y)os, or p = cor+(l—2z) or.] 
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if we assume any ¢hree diplanar vectors, such as a, (3, y (ors, x, A, &c.), the 

three scalar expressions, Sap, SBp, Syp (or Sip, S«p, SAp, &e.), will then be 

functions of the same two scalar variables; and will therefore be connected 

with each other by some one scalar equation, of the form, 

I... F (Sap, SPp, Syp) = 0, 
or briefly, 

1G end fe Oe 

where C is a scalar constant, introduced (instead of zero) for greater 

generality of expression; and F, f are used as functional but scalar signs. 

If then (comp. 361, XIV.) we express the first differential of this scalar 

function fp under the form, 

100 Re ee srl 

in which p is a certain derived vector, and is here considered as being (at least 

implicitly) a vector function (like p) of the two scalar variables above mentioned, 

we shall have the two equations, 

Vie: Svdzp == 0, Svdyp = 0, 

or these two other and corresponding ones, 

Vek SL) pee) et Loe Oye 

from which it follows (by 372) that v has the direction of the normal to the 

surface I. or II., at the point Pp in which the vector p terminates. Hence 

the equation of that normal (with w for its variable vector) may, under these 

conditions, be thus written : 

VEO Velo p) 0 5 

and the corresponding equation of the tangent plane at the same point P is, 

Willen 3: SV Lire ple U. 

(1.) For example, if we take the expression 308, XVIII., or 345, XII, 

namely 
BV Ue OR ley lee 1h Weach ae hie 9 oe CL. 

treating the scalar 7 as constant, but s and ¢ as variable, we have then (comp. 

345, XIY.), the equations, a denoting any unit-vector, 

Tee Sip =rS.a%S. qt, Sip = 78. a8, a8}, Skp = 78. a; 
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between which s and ¢ can be eliminated, by simply adding their squares, 

because (Sa‘)? + (Sa‘)? = 1, by 315, V., if Ta =1. In this manner then we 

arrive at equations of the forms I. and II., namely (comp. 357, VII., and 

308, (10.) and (13.)), 

arn (S¢p)? 9 (Syp)? + (Skp)? —-yp= 0, 

and 
Al... fp =p’ =— 77 = const, or XI’... To= 7; 

which last results had indeed been otherwise obtained before.* 

(2.) With this form XI. of fp, we have the differential expression of the 

first order, 

XII... d fo = 28rdo = 28pdp, whence XIII... v= ; 

and if we sti/l conceive that p is, as above, some vector function of two scalar 

variables, s and ¢, although the particular law VIII. of its dependence on 

them may now be supposed to be wnknown (or to be forgotten), we may 

write also, 

EAE she 3d fp = Svdp = Spdp = Spo(ds + di)p = SpD,sp .ds + SpDipe ; dis 

if then the function fp have (as above) a value, = — r*, which is constant, or 

is independent of both the variables, s and ¢, while them differentials are 

arbitrary, and are independent of each other, we shall thus have separately 

(comp. V., and 337, XIII., X VII.), 

RV SoD oe Ose lipe tl 

The radius p of the sphere XI. is therefore in this way seen to have the 
direction of the normal at its own extremity, because it is perpendicular to 

two distinct tangents, Dp and Dy, at that point; which are indeed, in the 

present case, perpendicular to each other also (387, (8.)). 

(3.) Instead of treating the two scalar variables, x and y, or s and ¢, &c., 

as both entirely arbitrary and independent, we may conceive that one is an 

arbitrary (but scalar) function of the other; and then the vector v, determined 

by the equation III., will be seen anew to be the normal at the extremity 

p of p, because it is perpendicular to the tangent at P to an arbitrary curve 

upon the surface, which passes through that point: or (otherwise stated) 

* [Of course p? = rktjshy-sh-t + Ktyjshy-sk-t = 92h? = —7%,] 
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because it is a line in an arbitrary normal plane at p, if a normal plane to a 

curve on a surface be called (as usual) a normal plane to that surfuce also. 

(4.) For example, if we conceive that s in VIII. is thus an arbitrary 

function of ¢, the last expression XIV. will take the form, 

AVI... 0 =gd jp =S. p(s Dio + Dio)dé, if. ds = s'dt; 

whence, dé being still arbitrary, we have the one scalar equation, 

XVII. ate S. p(s’ Dsp se Dip) = 0, or POCA BEE oe pls’ Dsp ar Dip, 

and although, on account of the arbitrary coefficient s’, this one equation 

XVII. is equivalent to the system of the two equations XV., yet it cmmediately 

signifies, as in XVIII., that the directed radius p, of the sphere XI., is 

perpendicular to the arlitrary tangent, s'Dso + Dip; or to the tangent to an 

arbitrury spherical curve through p, the centre o and tensor T'p (or undirected 

radius, r) remaining as before. 

(5.) As regards the /ogic of the subject, it may be worth while to read 

again the proof (331), of the validity of the rule for differentiating a function 

of a function; because this rule is virtually employed, when after thus 

reducing, or conceiving as reduced, the scalar function fp of a vector p, to 

another scalar function such as Ft of a scalar t, by treating p as equal to 

some vector function ¢/ of this last scalar, we infer that 

XIX... dF#=d/ot=28.vdgt, if dyp = 2Svdp, as before. 

(6.) And as regards the applications of the formule VI. and VII., or 

of the equations given by them for the normal and tangent plane to a surface 

generally, the difficulty is only to select, out of a multitude of examples 

which might be given: yet it may not be useless to add a few such here, 

the case of the sphere having of course been only taken to illustrate the 

theory, because the normal property of its radi was manifest, independently 

of any calculation. 

(7.) Taking then the equation of the eddipsoid, under the form, 

XX... Tlip'+ px) = «* - v’, 282, AIX, 

of which the first differential may (see the sub-articles to 836) be thus written, 

XXI...0=8.{(t — x)’o + 2(SKp + KSip)}dp = Svdp, 
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and introducing an auxiliary vector, on or &, such that 

XXII... on = €=—- 2(1 — x)? (Sp + «Sip), 

we have v || p-—&, and may write, as the equation of the normal at the 

extremity P of p, the following, 

XX, WN. (8 p)'(w -p) = 0, vor XXIV Say aor ele 0), 

in which # is a scalar variable (comp. 869, VII.) ; making then «# = 1, 

we see that € is the vector of the point n in which the normal intersects 

the plane of the two fixed lines 1, x, supposed to be drawn from the origin, 

which is here the centre of the ellipsoid. 

(8.) If we look back on the sub-articles to 216 and 217, we shall see 

that these lines 1, « have the directions of the two real cyclic normals, or 

of the normals to the two (real) cyclic planes; which planes are now repre- 

sented by the two equations, 

OK Ve Giaie Ol Seo0. 

Accordingly the equation XX. of the ellipsoid may be put (comp. 386, 

357, 3859) under the cyclic forms, 

XXXVI... Spda = (0? + K’)p° + 2Sipxp 

7 (é a K)"p° + 48 ipSkp = (K° ~ igi = CONS 

hence each of the two diametral planes XXYV. cuts the surface in a circle, 

the common radius of these two circular sections being 

Te? = Te? 
XXVIII. ..Tp = =~. = 8 Vv Pp Te — «) b) 

where 6 denotes, as in 219, (1.), the length of the mean semiawis of the 

ellipsoid ; and in fact, this value of Tp can be at once obtained from the 

equation XX., by making either 1p = — pi, or px = — xp, in virtue of XXV. 

(9.) By the sub-article last cited, the greatest and Jcast semiaxes have 

for their lengths, 

XXIV eras Dyce ee en ace iee 

and the construction in 219, (2.) shows (by fig. 53, annexed to 217, (4.)) 

that these three semiaxes a, 6, c have the respective directions of the lines, 

AXAXIX, ..0Tk — «Ti, Vee, (Te + «Ti; 
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all which agrees with the rectangular transformation, 

TREK So eee a (=e eee (x? 74 2)? eae 

2 (- .pUrTk - ays (= —k)\S. ro) 4 (- purl. + «Ti? 

Ti+ Tk Te’ - Tk? Te - Tk ‘ 

in deducing which (comp. 859, (1.)) from 357, VIII., by means of the 

formule 357, XX. and XXI., we employ the values (comp. XXVI.), 

B.D. OG res Maa he ce oe dF {L =k. 

(10.) The fixed plane (7.), of the cyclic normals « and « (8.), is therefore 

also the plane of the extreme semiawes, a and e (9.), or that which may be 

called perhaps the principal plane* of the ellipsoid: namely, the plane of 

the generating triangle (218, (1.)), in that construction of the surface (217, 

(6.) or (7.)) which is illustrated by fig. 53, and was deduced as an inéer- 

pretation of the quaternion equation XX., or of the somewhat less simple 

form 217, XVI., with the value Ti’? — Tx’ of #. 

(11.) Let n denote the length of that portion of the normal, which is 

intercepted between the surface and the principal plane (10.), so that, by (7.), 

XXXII...n=NeP=T(p-&), n?=-(p-&)?, 

with the value XXII. of § Let « = os be the vector of a point s on the 

surface of a new or auxiliary sphere, described about the point n as centre, 

with a radius = », and therefore tangential to the ellipsoid at P; and let us 

inquire in what curve or curves, real or imaginary, does this sphere cué the 

ellipsoid. 

(12.) The equations (comp. 371, (5.)) of the sought intersection are the 

two following, 

ROOM, (eee eg= 0, wand XXXL Veen amare = ees 

whereof the first expresses that s is a point of the sphere, and the second 

that it is a point of the ellipsoid; while p or op enters virtually into 

XXXIII., through € and n, but is here treated as a constant, the point P 

being now supposed to be a given one. 

* This plane may also be said to be the plane of the principal elliptic section (219, (9.)); or it 
may be distinguished (comp. the Note to page 240, vol. i.) as the plane of the focal hyperbola, of 
which important curve we shall soon assign the equation in quaternions. 



18 ELEMENTS OF QUATERNIONS. (IIL. rr. § 3. 

(13.) We shall remove (18.) the origin to this point Pp of the ellipsoid, 

if we write, 

MANN sco = p te, OF BAR NIV ee tay ates ; 

and thus we obtain the new or transformed equations, 

XXXVI...0=67+28(p-&)o’", XXXVIT...0= N(to’+ o’x) + 28vo’; 

in which (as in (7.), comp. also 210, XX.), 

XXXVIII. .. v = (¢— «)?p + 2(iSko + «Sip) = (t — x}? (p - &), 

XXXIX. .. N(to’ + o’k) = (¢ — k)?o? + 48c0’Sko’. 
and 

(14.) Eliminating then o”, we obtain from the two equations XXXVI. 

and XX XVII. this other, 

PLR eniy Soca: 

which like them is of the second degree in o’, but breaks up, as we see, into 

two linear and scalar factors, representing two distinct planes, parallel by XXY. 

to the two diametral and cyclic planes of the ellipsoid. The sought intersection 

consists then of a pair of (real) circles, upon that given surface; namely, 

two circular (but not diametral) sections, which pass through the given point P. 

(15.) Conversely, because the equations XX XVII. XXXVIII. XXXIX. 

XL. give XXXVI. and XXXIII., with the foregoing values of € and n, 

it follows that these ¢wo plane sections of the ellipsoid at Pp are on one 

common sphere, namely that which has n for centre, and n for radius, as 

above; and thus we might have found, without differentials, that the line pn 

is the normal at Pp; or that this normal crosses the principal plane (10.), in 

the point determined by the formula XXII. 

(16.) In general, the cyclic form of the equation of any central surface of 

the second order, namely the form (comp. 357, IT.), 

XLI. . . Spdp = gp? + 2WApSup = C = const., 

shows that the ¢wo circles (real or imaginary) in which that surface is cut by 

any two planes, 

KLIP MBS. 1A eSip eens 

drawn parallel respectively to the two real cyclic planes, which are jointly 

represented (comp. XL., and 216, (7.)) by the one equation, 

XLIII. . . SrpSup = 0, 
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are homospherical, being both on that one sphere of which the equation is, 

XLIV... 9p? + 2(Sup + mSXp) = 2im + C. 

(17.) But the centre (say n) of this new sphere, has for its vector (say &), 

XLYV...0on=€ =-9"(Ju+ mA); 

it is therefore situated in the plane of the two real cyclic normals, X and p; 

and if Zand m in XLY. receive the values XLII., then this new & is the 

vector of intersection of that plane, with the normal to the surface at P: because 

it is (comp. (15.)) the vector of the centre of a sphere which fouches (though 

also cutting, in the two circular sections) the surface at that point. 

(18.) We can therefore thus infer (comp. again (15.)), without the differen- 

tial calculus, that the line, 

XLVI... 9 (0 — €) = 9’p + Sup + wSAp = gp, 

as having the direction of np, is the normal at p to the surface XLI.; which 

agrees with, and may be considered as confirming (if confirmation were 

required), the conclusion otherwise obtained through the differential ex- 

pression (361), 

lV Lees dSp¢p = 28vdp = 2Spodp : 

the linear function ¢p being here supposed (comp. 861, (8.)) to be self- 

conjugate. 

(19.) Hence, with the notation 362, I., the equation of the tangent plane to 

a central surface of the second order, at the same point p, may by VII. be 

thus written, 

XLVIII...f(w, p) =C, if Spdp = C = const. ; 

in which it is to be remembered, that 

XLIX. .. f(w, p) = f(p, w) = Swop = Spdw. 

(20.) And if we choose to interpret this equation XLVIII., which is only 

of the first degree (862) with respect to each separately of the two vectors, 

p and w, or op and or, and involves them symmetrically, without requiring 

that P shall be a point on the surface, we may then say (comp. 215, (13.), and 

316, (31.)), that the formula in question is an equation of conjugation, which 

expresses that each of the two points Pp and R, is situated in the polar plane of 

the other. 
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(21.) In general, if we suppose that the Jength and direction of a line v 

are so adjusted as to satisfy the ¢wo equations (comp. 836, XII. XIII. XIV.), 

L...Svp=1, Svdoe=0, and therefore also LI...Spdv=0; 

then, because the equation VII. of the tangent plane to any curved surface may 

now be thus written, 

WIRE sigs = mash el) 

it follows that v? represents, in length and direction, the perpendicular from 

o on that tangent plane at P; so that v ctseif represents the reciprocal of that 

perpendicular, or what may be called (comp. 336, (8.)) the vector of proximity, 

of the tangent plane to the origin. And we see, by LI., that the two vectors, 

p and v, if drawn from a common origin, terminate on two swfaces which are, 

in a known and important sense (comp. the sub-arts. to 361), reciprocals* of 

one another : the line p™, for instance, being the perpendicular from o on the 

tangent plane to the second surface, at the extremity of the vector v. 

374. In the two preceding Articles, we have treated the symbol dp as 

representing (rigorously) a tangent to a curve on a given surface, and therefore 

also to that surface dtse/f; and thus the formula Sydp = 0 has been considered 

as expressing that v has the direction of the normal to that surface, because 

it is perpendicular to two tangents (872), and therefore generally to every 

tangent (373), which can be drawn at a given point p. But without at 

present introducing any othert signification for this symbol dp, we may 

interpreé in another way, and with a reference to chords rather than to 

curves, the differential equation, 

I... d fp = 28rdp, 

* Compare the Note to page 549, vol. i. 

t It is permitted, for example, by general principles above explained, to treat the differential dp 

as denoting a chordal vector, or to substitute it for Ap, and so to represent the differenced equation of 

the surface under the form (comp. 342), 

0 = Afp = (et —1)fp = dfp + 3d°fp + &e.; 
but with this meaning of the symbol dp, the equation dfp=0, or Svdp = 0, is no longer rigorous, and 

must (for rigour) be replaced by such an equation as the following, 

0 = 2Svdp + Sdydp +R, if dfp = 2Srdp, as before ; 

the remainder R vanishing, when the surface is only of the second order (comp. 362, (3.) ). Accord- 

ingly this last form is wseful in some investigations, especially in those which relate to the curvatures 

of normal sections: but for the present it seems to be clearer to adhere to the recent signification of 
dp, and therefore to treat it as still denoting a tangent, which may or may not be small. 
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supposed still to be a rigorous one (in virtue of our definitions of differentials, 

which do not require that do should be smad/); and may stil/ deduce from it 

the normal property of the vector v, but now with the help of Taylor’s Series 

adapted to quaternions (comp. 342, 370). In fact, that series gives here a 

differenced equation, of the form, 

Il... Afp = 28vAp+ &; 

where J is a scalar remainder (comp. again 342), having the property that 

Lee eli. lace Ape Sti euite A pte. 
whence 

LV. HMA Aso Ap) = 2 lim-bvU Ap, 

whatever the ultimate direction of Ap may be. If then we conceive that Ap 

represents a smal/ and indefinitely decreasing chord Pa of the surface, drawn 

from the extremity P of p, so that 

V...Afp=f(p+Ap)-fo=0, and lim, TAp = 0, 

the equation LV. becomes simply, 

VI... lim. 8yUAp = 0; 

and thus proves, in a new way, that v is normal to the surface at the proposed 

point P, by proving that it is ultimately perpendicular to all the chords Pa from 

that point, when those chords become indefinitely small, or tend indefinitely 

to vanish. 

(1.) For example, if 

etree Ode oti Oe SLUR N  Vil se NG AT Ceg fee LN eNO 

thus, for every point of space, we have rigorously, with this form of Jp, 

IX... A/p: TAp = 28pUAp - TAp ; 

and for every point a of the spheric surface, Jp = const., we have with equal 

rigour, 

Be OO Ap se LAD Or lou. PE 2 OP oCus OU 5 

in fact, either of these two last formule expresses simply, that the projection 

of a diameter of a sphere, on a conterminous chord, is equal to that chord itself, 

and of course diminishes with tt. 
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(2.) Passing then to the “mit, or conceiving the point @ of the surface 

to approach indefinitely to p, we derive the limiting equations, 

ALL... lim. dpUAp.=0;) ALT. slim, cosora =: 

either of which shows, in a new way, that the radii of a sphere are its 

normals; with the analogous result for other surfaces, that the vector v in 

I. has a normal direction, as before: because its projection on a chord Pa tends 

indefinitely to diminish with that chord. 

(3.) We may also interpret the differential equation I. as expressing, 

through II. and III., that the plane 373, VII., which is drawn through 

the point P in a direction perpendicular to v, is the tangent plane to the 

surface: because the projection of the chord Ap on the normal v to that plane, 

or the perpendicular distance, 

Ghee S(Uvr. Ap) eat ins Aes 

of a near point a from the plane thus drawn through P, is smad/ of an order 

higher than the first (comp. 370, (8.)), if the chord Pa itself be considered 

as small of the first order. 

3875. This occasion may be taken (comp. 374, I. II. III.) to give a 

new Enunciation of Taylor’s Theorem, in a form adapted to Quaternions, which 

has some advantages.over that given (342) in the preceding Chapter. We 

shall therefore now express that important Theorem as follows :— 

“ Tf none of the m+1 functions, 

td; C/G [olan On serine Wilco Gm anUs 

become infinite in the immediate vicimty of a given quatermon q, then the 

quotient, 

TL... Q@= f(g + dg) — 9 - Afg - > - aWg - Ke. 

can be made to tend indefinitely to zero, for any ultimate value of the versor 

Udg, by indefinitely diminishing the tensor Tdg.” 

(1.) The proof of the theorem, .as thus enunciated, can easily be supplied 

by an attentive reader of Articles 341, 342, and their sub-articles; a few 

hints may however here be given. 
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(2.) We do not now suppose, as in 842, that d”/y must be different from 
sero; we only assume that it is not infinite: and we add, to the expression 
342, VI. for Fx, the term, 

— gm q” tg 

p08 SORE, 

(3.) Hence each of the expressions 342, VII., for the successive derivatives 

of Fx, receives an additional term; the last of them thus becoming, 

IV... D® i = Fie = d™f(q + adz) - d"/7; 

so that we have now (comp. 342, X.) the values 

View 0 30 20 = 0 B70 H Oy Oe. RU ee Dean: 

(4.) Assuming therefore now (comp. 342, XII.) the new auxiliary function, 

Vien tai a Dae oe. with Tdg > 0, 

which gives, 

VIE. p0=0, PO0=0, ~O=0,.. P20 =0, Weld = dg”, 

we find (by 341, (8.), (9.), comp. again 342, XII.) that 

VALE es lim. ia brea), 

(5.) But these two new functions, Fv and yw, are formed from the 

dividend and the divisor of the quotient Q in II., by changing dg to adq; 

and (comp. 342, (3.)) instead of thus multiplying a given quaternion differential 

dg, by a small and indefinitely decreasing scalar, x, we may indefinitely 

diminish the tensor, 'T'dq, without changing the versor, Udq. 

(6.) And even if Udg be changed, while the differential dg is thus made 

to tend to sero, we can always conceive that it tends to some limit; which 

limiting or ultimate value of that versor Udg may then be treated as # it 

were a constant one, without affecting the /imit of the quotient Q. 

(7.) The theorem, as above enunciated, is therefore fully proved; and 

we are at liberty to choose, in any application, between the two forms of 

statement, 342 and 375, of which one is more convenient at one time, and 

the other at another, 
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SECTION 4. 

On Osculating Planes, and Absolute Normals, to Curves of 

Double Curvature. 

376. The variable vector p; of a curve in space may in general be thus 

expressed, with the help of Taylor’s Series (comp. 370, (1.)) : 

I... pr=ptip + 3’up, with w=1; 

p, p', p’, & being here abridged symbols for po, p’o, po, uz; and the product 

up” being a vector, although the factor wu is generally a quaternion (comp. 

370, (5.)). And the different terms of this expression I. may be thus con- 

structed (compare the annexed fig. 77) : 

ys Om OF vee ock-amb iis meat Ug nes TOs 
while 

Lee, pt = 0Q, and tp’ gUup” = PQ; 

the line re, or the term 3/up”, being thus what may be 

called the deflexion of the curve Par, at e, from its tangent 

pT at P, measured in a direction which depends on the daw 
Fig. 77. 

according to which p; varies with ¢, and on the distance 

of qa from pv. The equation of the plane of the triangle pre is rigorously 

(by IT.) the following, with w for its variable vector, 

TV... 0 = Supp’ (w — p) ; 

this plane TV. then touches the curve at Pp, and (generally) cuts it at a; so 

that if the point @ be conceived to approach indefinitely to Pp, the resulting 

formula 
( Vices Sep (w —p)s On eee Sp’p”’ (w —p}, 

is the equation of the plane pre in that Mmiting position, in which it is called 

the osculating plane, or is said to osculate to the curve Par, at the point p. 

(1.) If the variable vector p be immediately given as a function ps of a 

variable scalar, s, Which is itse/f a function of the former scalar variable ¢, 

we shall then have (comp. 331) the expressions, 

Wolo O18, eoemo., =S inet sp. E WIL een oon lop de 

4} 
thus the vector p” may change, even in direction, when we change the 

independent scalar variable; but p” will always be a line, either in or parallel 
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to the osculating plane; while p’ will always represent a tangent, whatever 

scalar variable may be selected. 

(2.) As an example, let us take the equation 314, XV., or 369, XIII, 

of the helix. With the independent variable ¢ of that equation, we have 

(comp. 869, XIV.) the derived expressions, 

Wel Tiree be cat 5a’! Ors -(5 5) a3.= (= 5) (cla p e 

ep has therefore here (comp. 369, (8.)) the direction of the normal to the 

cylinder; and consequently, the osculating plane to the helix 1s a normal 

plane to the cylinder of revolution, on which that curve is traced: a result 

well known, and which will soon be greatly extended. 

(3.) When a curve of double curvature degenerates into a plane curve, its 

osculating plane becomes constant, and reciprocally. The condition of planarity 

of a curve in space may therefore be expressed by the equation, 

VIII... UVp’p” = + a constant unit line ; 

or, by 338d, II., and 338, VIIL., 

IX...0=V——>; = 
pp 

or finally, 
Xe 0 eC Ore Lem ere Fie Me 

(4.) Accordingly, for a plane curve, if X be a given normal to its plane, 

we have the three equations, 

Ae Ap- = Use SApue= 0, VAD © r= 05 

which conduct, by 294, (11.), to X. 

(5.) For example, if we had not otherwise known that the equation 

337 (2.) represented a plane ellipse, we might have perceived that it was the 

equation of some plane curve, because it gives the three successive derivatives, 

which are complanar lines, the third having a direction opposite to the first. 

(6.) And generally, the formula X. enables us to assign, on any curve of 

double curvature, for which p is expressed as a function of ¢, the points* at 

* Namely, in a modern phraseology, the places of fowr-point contact with a plane. The equation, 

Vp'p” = 0, indicates in like manner the places, if any, at which a curve has three-point contact with a 

right line. For curves of double curvature, these are also called points of simple and double inflexion. 
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which it most resembles a plane curve, or approaches most closely to its own 

osculating plane. 

877. An important and characteristic property of the osculating plane 

to a curve of double curvature, is that the perpendiculars let fall on it, 

from points of the curve near to the point of osculation, are small of an 

order Aigher than the second, if their distances from that point be considered 

as small of the first order. 

(1.) To exhibit this by quaternions, let us begin by considering an 

arbitrary plane, 

To SAU pO, e WILDS een 

drawn through a point P of the curve. Using the expression 376, L., for 

the vector 0a, or p;, of another point a of the same curve, we have, for the 

perpendicular distance of a from the plane L., this other rigorous expression, 

if, tite SA (pz _ p) = tSAp’ qe 3PSdup” : 

which represents, i general, a small quantity of the first order, if ¢ be 

assumed to be such. 

(2.) The expression II. represents however, generally, a small quantity 

of the second order, if the direction of X satisfy the condition, 

Telarc aes Oe 

that is, if the plane I. touch the curve. 

(3.) And if the condition, 

Lycans a0, 

be also satisfied by A, then, but not otherwise, the expression II. tends to bear 

an evanescent ratio to t’, or 18 smad/ of an order higher than the second. 

(4.) But the combination of the two conditions, III. and IV., conducts 

to the expression, 
MRED ey BCA RA eC 

comparing which with 376, V., we see that the property above stated is one 

which belongs to the osculating plane, and to no other. 

378. Another remarkable property* of the oscu/ating plane to a curve is, 

that it is the tangent plane to the cone of parallels to tangents (3869, (6.)), 

which has its verter at the point of osculation. 

* The writer does not remember seeing this property in print; but of course it is an easy conse- 
quence from the doctrine of injinitesimals, which doctrine however it has not been thought convenient 
to adopt, as the dasis of the present exposition. 
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(1.) In general, if p = ox be (comp. 369, I.) the equation of a curve in 
space, the equation of the cone which has its vertex at the origin, and passes 

through this curve, is of the form, 

I... p= ype; 

in which w and y are two independent and scalar variables, 

(2.) We have thus the two partial derivatives, 

gee Dz = yp @, Dyp = Pv; 

and the tangent plane along the side (x) has for equation, 

Dine () ee S(w pu. pa) a aye briefly, lids) Oe Swod’. 

(3.) Changing then a, ¢, ¢’, w to Z, p’, p’, w — p, we see that the equation 

376, V., of the osculating plane to the curve 376, I., is also that of the tangent 

plane to the cone of parallels, &c., as asserted. 

3879. Among all the normals to a curve, at any one point, there are two 

which deserve special attention; namely the one which is 7 the osculating 

plane, and is called the absolute (or principal) normal; and the one which is 

perpendicular to that plane, and which it has been lately proposed to name 

the binormal.* It is easy to assign expressions, by quaternions, for these two 

normals, as follows. 

(1.) The absolute normal, as being perpendicular to p’, but complanar 

with p’ and p”, has a direction expressed by any one of the following 

formule (comp. 203, 334): 

Lao OP aceon ALL pend ov ects lle mec: 

(2.) There is an extensive classt of cases, for which the following 

equations hold good: 

DY -f:elp = const, ; V..n pp = const Vigra p= Us 

and in all such cases, the expression I. reduces itself to p’’, which is therefore 

then a representative of the absolute normal. 

* By M. de Saint-Venant, as being perpendicular at once to tao consecutive elements of the curve, 
in the infinitesimal treatment of this subject. See page 261 of the very valuable Treatise on Analytic 

Geometry of Three Dimensions (Hodges and Smith, Dublin), by the Rey. George Salmon, D.D., 
which has been published in the present year (1862), but not till after the printing of these Llements 

of Quaternions (begun in 1860) had been too far advanced, to allow the writer of them to profit by the 

study of it, so much as he would otherwise have sought to do. 

+ Namely, those in which the are of the curve, or that arc multiplied by a scalar constant, is 

taken as the independent variable. 
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(3.) For example, in the case of the heliw, with the equation several times 

before employed, the conditions (2.) are satisfied; and accordingly the abso- 

lute normal to that curve coincides with the normal p” to the cylinder, on 

which it is traced: the /ocus of the absolute normal being here that screw 

surface or Helicoid, which has been already partially considered (comp. 314, 

(11.), and 372, (4.)}). 

(4.) And as regards the binormal, it may be sufficient here to remark, 

that because it is perpendicular to the osculating plane, it has the direction 

expressed by one or other of the two symbols (comp. 377, V.), 

VidGeeV OD Goer ny Lit waicev ao ae 

(5.) There exists, of course, a system of three rectangular planes, the 

osculating plane being one, which are connected with the system of the three 

rectangular lines, the tangent, the absolute normal, and the binormal, and 

of which any one who has studied the Quaternions so far can easily form 

the expressions. 

(6.) And a construction* for the absolute normal may be assigned, ana- 

logous to and including that lately given (378) for the oscudating plane, as 

an interpretation of the expression LI. or III., or of the symbol dUp’ or dUdp. 

From any origin 0 conceive a system of unit lines (Up’ or Udp) to be 

drawn, in the directions of the successive tangents to the given curve of 

double curvature; these lines will terminate on a certain spherical curve; 

and the tangent, say ss’, to this new curve, at the point s which corresponds 

to the point Pp of the o/d one, will have the direction of the absolute normal 

at that old point. 

(7.) At the same time, the plane oss’ of the great circle, which touches 

the new curve upon the unit sphere, being the tangent plane to the cone of 

parallels (378), has the direction of the osculating plane to the old curve ; 

and the radius drawn to its pole is parallel to the binomial. 

(8.) As an example of the auxiliary (or spherical) curve, constructed as 

in (6.), we may take again the helix (869), XIII., &c.) as the given curve 

of double curvature, and observe that the expression 869, XIV., namely, 

2 1 (3° 

4 
VLU Os oi nca' + ao gives IX... p?=-@ + = const. (comp. (8.)) ; ° 

\ 

* This construction also has not been met with by the writer in print, so far as he remembers ; 

but it may easily have escaped his notice, even in the books which he has seen. 
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whence ‘I'p’ is constant (as in IY.), and we have the equation (comp. 869, 
REVS XY 

X...8aUp’ =-¢ (e- — ue cos @ = const., 

a being again the inclination of the helix to the axis of its cylinder; which 
shows that the new curve is in this case a plane one, namely a certain small 
cirele of the unit sphere. 

(9.) In general, if the given curve be conceived to be an orbit described 
by a point, which moves with a constant velocity taken for unity, the ausiliary 
or spherical curve becomes what we have proposed (100, (5.)) to call the 
hodograph of that motion. 

(10.) And if the given curve be supposed to be described with a variable 

velocity, the hodograph is still some curve upon the cone of parallels to tangents. 

—— 

SECTION 5. 

@n Geodetic Lines, and Families of Surfaces. 

380. Adopting as the definition of a geodetic ine, on any proposed curved 

surface, the property that is one of which the osculating plane is always a 

normal plane to that surface, or that the absolute normal to the curve is also 

the normal to the surface, we have two principal modes of expressing by 

quaternions this general and characteristic property. For we may either 

write, 
LNs, Svp’p” = 0, eprd PERS Svdpd’p = 0, 

to express that the normal v to the surface (comp. 373) is perpendicular to 

the binormal Vp’p” or Vdpd’p to the curve (comp. 879, VII. VIV’.); or 

~ else, at pleasure, 

Daa VARGO Do) G10 5. GOR el nee VU tg 

to express that the same normal » has the direction of the absolute normal 

(Up’)’ or dUdp (comp. 379, II. III.), to the same geodetic line. And thus it 

becomes easy to deduce the known relations of such lines (or curves) to some 

important families of surfaces, on which they can be traced. Accordingly, 

after beginning for simplicity with the sphere, we shall proceed in the 

following sub-articles to determine the geodetic lines on cylindrical and 

conical surfaces, with arbitrary bases; intending afterwards to show how 
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the corresponding lines can be investigated, upon developable surfaces, and 

surfaces of revolution. 

(1.) On a sphere, with centre at the origin, we have v || p, and the 

differential equation IV. admits of an immediate integration ;* for it here 

becomes, 
Vee 0 ee Vet Udores dVpUdp, 

whence 
Vi... . VolUldp =.u, and) Vil. eigen: 

w being some constant vector; the curve is therefore in this case a great 

circle, as being wholly contained in one diametrical plane. 

(2.) Or we may observe that the equation, 

WNT Op) 06 =U, 8On tL Ae eins ee, 

obtained by changing v to p in I. or IIL., has generally for a first integral 

(comp. 335, (1.)), whether Tp be constant or variable, 

xX... UVpp’ = UVpdp = w.= const. ; 

it expresses therefore that p is the vector of some curve (or line) in a plane 

through the origin; which curve must consequently be here a great circle, 

as before. 

(3.) Accordingly, as a verification of X., if we write 

XI... p = ax+ By, wand y being scalar functions of ¢, 

where ¢ 1s still some independent scalar variable, and a, DB are two vector 

constants, we shall have the derivatives, 

Nel] ae p’ = ag’ + By’, p” a av” + By” II dy 0; 

so that the equation VIII. is satisfied. 

(4.) For an arbitrary cylinder, with generating lines parallel to a fixed 

line a, we may write, 

XIII. ..Sav=0; XIV...SadUdp=0, XY. ..SaUdp = const. ; 

a geodetic on a cylinder crosses therefore the generating lines at a constant 

angle, and consequently becomes a right line when the cylinder is unfolded 

* We here assume as evident, that the differential of a variable cannot be constantly zero (comp. 

335, (7.)); and we employ the principle (comp. 338, (5.)), that V.dpUdp = — VTdp = 0. 
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into a plane: both which known properties are accordingly verified (comp. 
369, (5.), and 3876, (2.)) for the case of a cylinder of revolution, in which 
case the geodetic is a hel. 

(5.) Foran arbitrary cone, with vertex at the origin, we have the equations, 

VY Sip te Ue PERV Le Nadtid ot 10. 

XVIII... dSpUdp = S(dp . Udp) = - Tap; 

multiplying the last of which equations by 2SpUdp, and observing that 
— 2S8pdp = —d.p’, we obtain the transformations, 

XIX. ..0=d{(SpUdp)’ + p?} =d.(VpUdp)*, XX... TVpUdp = const. ; 

the perpendicular from the vortex, on a tangent to any one geodetic upon a cone, 

has therefore a constant length; and all such tangents touch also a concentric 

sphere,* or one which has its centre at the vertex of the cone. 

(6.) Conceive then that at each point p or P’ of the geodetic a tangent 

pT or PT’ is drawn, and that the angles orp, or’P’ are right; we shall have, 

by what has just been shown, 

XXI... or = or = const. = radius of concentric sphere ; 

and if the cone be developed (or unfolded) into a plane, this constant or 

common length, of the perpendiculars from o on the tangents, will remain 

unchanged, because the length op and the angle 

opr are unaltered by such development; the 

geodetic becomes therefore some plane line, with the 

same property as before; and although this property 

would belong, not only to a right line, but also to 

a circle with o for centre (compare the second part 

of the annexed figure 78), yet we have in this 

result merely an effect of the foreign factor Sp Udp, 

which was introduced in (5.), in order to facilitate 

the integration of the differential equation XVIIL., Fig. 78. 

and which (by that very equation) cannot be con- 

stantly equal to zero. We are therefore to exclude the curves in which the 

cone is cut by spheres concentric with it: and there remain, as the sought 

geodetic lines, only those of which the developments are rectilinear, as in (4.). 

*% When the cone is of the second order, this becomes a case of a known theorem respecting geodetic 

lines on a surfuce of the same second order, the tangents to any one of which ewrves touch also a 

confocal surface. 
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(7.) Another mode of interpreting, and at the same time of integrating, the 

equation XVIII., is connected with the interpretation of the symbol Tdp; 

which can be proved, on the principles of the present Calculus, to represent 

rigorously the differential ds of the arc (s) of that curve, whatever it may be, 

of which p is the variable vector; so that we have the general and rigorous 

equation, 
XXII... Tdp =ds, if s thus denote the arc: 

whether that arc7tse//, or some other scalar, ¢, be taken as the independent variable; 

and whether its differential ds be smad/ or large, provided that it be positive. 

(8.) In fact if we suppose, for the sake of greater generality, that the 

vector p and the scalar s are thus both functions, pz and s;, of some one 

independent and scalar variable, ¢, our principles direct us first to take, or 

to conceive as taken, a submultiple, n dl, of the finite differential dt, considered 

as an assumed and arbitrary increment of that independent variable, t; to 

determine next the vector psn a, and the scalar 84424, which correspond to 

the point Prsn-q, of the curve on which p; terminates in P;, and of which s; is 

the are, PoPyy measured to P; from some fixed point P) on the same curve; to 

take the differences, 

Pt+n tat — Pty and Santa — Sty 

which represent respectively the directed chord, and the length, of the are 

PyPiinae, Which are will generally be small, if the number n be large, and will 

indefinitely diminish when that number tends to infinity ; to multiply these two 

decreasing differences, of p; and s; by »; and finally to seek the dimits to 

which the products tend, when n thus tends to o: such limits being, by our 

definitions, the values of the two sought and simultaneous differentials, dp and 

ds, which answer to the assumed values of ¢ and dé. And because the smad/ 

arc, As, and the length, 'TAp, of its small chord, in the foregoing construction, 

tend indefinitely to a ratio of equality, such must be the rigorous ratio of ds 

and ‘T'dp, which are (comp. 820) the dimits of their equimultiples. 

(9.) Admitting then the exact equalty XXII. of Tdp and ds, at least 

when the latter like the former is taken positively, we have only to substitute 

—ds for - Tdp in the equation XVIII., which then becomes immediately 

integrable, and gives, 

XXIII. ..s+S8pUdp =s — S(p : Udp) = const. ; 

where S(o : Udp) denotes the projection Tp, of the vector p or op, on the 

tangent to the geodetic at Pp, considered as a positive scalar when p makes an 
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acute angle with dp, that is, when the distance Tp or op from the vertex is 

increasing ; while s denotes, as above, the Jength of the arc P,P of the same 

curve, measured from some fixed point P, thereon, and considered as a scalar 

which changes sign, when the variable point P passes through the position Py. 

(10.) But the Jength of rp does not change (comp. (6.)), when the cone is 

developed, as before ; we have therefore the equations (comp. again fig. 78), 

ee = vr eT, Se 
XXIV... P,P — Te = const. = P,P’ — TP’, XXYV... Pp = TP — TP, 

which must hold good both before and after the supposed development of the 

conical swface ; and it is easy to see that this can only be, by the geodetic on 

the cone becoming a right line, as before. In fact, if or’ in the plane be 

supposed to intersect the tangent TP in a point T’, and if P’ be conceived to 

approach to p, the second member of XXV. bears a limiting ratio of equality 

to the first member, increased or diminished by tr; which latter /ine, and 

therefore also the angle vor’ between the perpendiculars on the two near 

tangents, or the angle between those tangents themselves, if existing, must 

bear an indefinitely decreasing ratio to the arc Pp?; so that the radius of 

curvature of the swpposed curve is infinite, or T’ coincides with tT, and the 

development is rectilinear as before. 

(11.) The important and general equation, Tdo = ds (XXII.), conducts 

to many other consequences, and may be put under several other forms. 

For example, we may write generally, 

OY IearerD p= by XXVILi sp)? +1210; 
also 

DX LL, e 34(Dyo} + (8)? = 07, tor XXX. p13" = 0, 

if p’ and s’ be the first derivatives of p and s, taken with respect to any 

independent scalar variable, such as ¢; whence, by continued derivation, 

MERON. RAN Preah, RRR Sy Bee meee” pw NOs, 

(12.) And if the arc s be tfse/f taken as the independent variable, then 

(comp. 379, (2.)) the equations XXIX., &e., become, 

XXXIT...p?+1=0, Sp’p”=0, Sopp” + p?=0, &e. 

381. In general, if we conceive (comp. 372, I.) that the vector p of a given 

surface is expressed as a given function of two scalar variables, « and y, whereof 
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one, suppose y, is ‘regarded at first as an wnknown function of the other, so 

that we have again, 

I...p=9(@, y), but now with Il... y=jz, 

where the form of @ is known, but that of fis sought; we may then regard 

p as being wmplicitly a function of the single (or independent) scalar variable, x, 

and may consider the equation, 

LU ph play ey; 

as being that of some curve on the given surface, to be determined by 

assigned conditions. Denoting then the wnknown total derwative doa, fe) 

by p’, but the known partial derivatives of the same first order by Dp and Dy®, 

with analogous notations for orders higher than the first, we have (comp. 

376, VI.) the expressions, 

IV...p' =Dsp + YDyp, p’ = Dh + 2y'DzDyp + Y* Dy p + Y Dyp, KC. ; 

in which 7’ = Day = fa, y” =D,y = fa, &e. Hence, writing for the normal 

v to the surface the expression, 

Voru y=) Vil Dap. Ddyo3¥ eb ODEG (comp. 372, V.), 

or this vector multiplied by any scalar, the equation 380, I. of a geodetic line 

takes this new form, 

V2 oe 0 z= Svp'p” = S(Y. DrpDyp -Vp'p”’) } 

or, by a general transformation which has been often employed already 

(comp. 352, XXXIJ., &e.), 

VII... 0 = Sp’p,$ . Sp’’Drg — Sp’Dzg . Sp’ Dy@ ; 

and thus, by substituting the expressions TV. for p’ and p”, we obtain an 

ordinary (or scalar) differential equation, of the second order, in # and y, which 

is satisfied by all the geodetics on the given surface, and of which the complete 

integral (when found) expresses, with two arbitrary aud scalar constants, the 

form of the scalar function f in II., or the /aw of the dependence of y on 2, 

for the geodetic ewrves in question. 

(1.) As an example, let us take the equation, 

VII oe O47) = ye (comp. 378, I.), 

of a cone with its vertex at the origin; which cone becomes a known one, 

when the /orm of the vector function ~ is given, that is, when we know a 
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guiding curve p = x, through which the sides of the cone all pass. We have 

here the partial derivatives, 

IX... Dg@=yoAue=y), Dyp=%e=y (comp. 378, IL); 
and 

See DAN Ope esa. Deby — Ws Dy b =10's 

the expressions IV. become, then, 

XI... p =yV + yd, pe) = yh" + Qy'W' + yD; 

and since only the direction of the normal is important, we may divide V. by 

— y, and write, 
at sale 

(2.) The expressions XI. and XII. give (comp. VI. and VII.) for the 

geodetics on the cone VIIL., the differential equation of the second order, 

Ube Oe S(ViyW’. Vp'p”) = Se’ PSp’p’ = Se’ W’Sp’b 

= (ySpb” + 2ySdh' + WV’) (yl? + SW’) 
— (YSPp" + 2yrp? + SW’) (ySd’ + y'V), 

in which yy? and y” are abridged symbols for (pr)? and (p’x)*; but this 

equation in « and y may be greatly simplified, by some permitted sup- 

positions. 

(3.) Thus, we are allowed to suppose that the guiding curve (1.) is the 

intersection of the cone with the concentric unit sphere, so that 

XIV...Tuv=1, W=-1, SWW=0, SWW’+y"=0; 

and if we further assume that the arc of this spherical curve is taken as the 

independent variable, x, we have then, by 380, (12.), combined with the last 

equation XLV., 

AV atl ye al? a1, ASO sy Bee PF So 

(4.) With these simplifications, the differential equation XIII. becomes, 

NEL I) eal yh cootayie)) Cg) i AYR eee eee 

and its complete integral is found by ordinary methods to be, 

XVII...y=06sec (w+ oc), 

in which b and ¢ are two arbitrary but scalar constants. 
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(5.) To interpret now this integrated and scalar equation in # and y, of the 
geodetics on an arbitrary cone, we may observe that, by the suppositions (3.), 
y represents the distance, 'l'p or op, from the vertex 0, and w + ¢ represents 
the angle aop, in the developed state of cone and curve, from some fixed line oA 
in the plane, to the variable line op; the projection of this new op on that 
fived line oa is therefore constant (being = b, by XVII.), and the developed 
geodetic is again found to be a right line, as before. 

382. Let ancpE... (see the annexed figure 79) be any given series of 
points in space. Draw the successive right lines, aB, Bc, CD, DE, .. and 

prolong them to points B’, c’, p’, x’, ... the lengths 

of these prolongations being arbitrary ; join also 

Bc’, CD’, DE’,.... We shall thus have a series of ee eure i 

plane triangles, BBC’, CCD’, D’DE’,... all generally ° Fig. 79. as 
YAW pee A in different planes; so that Bop’c’B’, cpE’D’C,... are 

generally gauche pentagons, while Bopx’p’c’B’ is a gauche heptagon, &c. But 

we ean conceive the first triangle B’Bc’ to turn round its side Bcc’, till it comes 

into the plane of the second triangle ccp’; which will transform the first 

gauche pentagon into a plane one, denoted still by Bcp’c’B’. We can then 

conceive this plane figure to turn round its side cpp’, till it comes into the 

plane of the third triangle, p’pr’ ; whereby the first gauche heptagon will have 

become a plane one, denoted as -before by pcpr’p’c’B’: and so we can proceed 

indefinitely. Passing then to the “mit, at which the points aBcDE ... are 

conceived to be each indefinitely near to the one which precedes or follows it in 

the series, we conclude as usual (comp. 98, (12.)) that the locus of the tangents 

to a curve of double curvature is a developable surface: or that it admits of being 

unfolded (like a cone or cylinder) nto a plane, without any breach of continuity. 

It is now proposed to transiate these conceptions into the language of quater- 

nions, and to draw from them some of their consequences: especially as 

regards the determination of the geodetic lines, on such a developable surface. 

(1.) Let y., or simply y, denote the variable vector of a point upon the 

curve, or cusp-edge, or edge of regression of the developable, to which curve the 

generating lines of that surface are thus tangents, considered as a function w of 

its are, z, measured from some fixed point a upon it; so that while the 

equation of the surface will be of the form (comp. 100, (8.)), 

I... p = o(¢,y) = vet ye = Pty, 

y being a second scalar variable, we shall have the relations (comp. 381, XV.), 

TL) Dyan pe Say Sean A eee aif ae = 



Arts. 381, 382. | DIFFERENTIAL AND SCALAR EQUATION. 387 

(2.) Hence Ti Die =a hel” Dy = W/: 

IV... p= (L4y)¥ +, p’= y+ (14 2y) 0" + yh 
VV... v= VW” = WW”, multiplied by any scalar. 

and 

(3.) The differential equation of the geodetics may therefore be thus 
written (comp. 881, XIII.), 

VI... 0 = S(WWW". Vp'p”) = Sp'W’Sp"W! - Sp"W'Sp'y’; 
in which, by (1.) and (2.), 

(Spy = — yz, Spy! = — y+ yz, 

| (Sp’y"= -(L+2y/)et— ys’, Sp’ = - (1+); 
the equation becomes therefore, after division by - g, 

VIII... 0 = s{(L+y’)?4+ (yz)?} + (1 +7’) (ys) -y’yz, 

WEL. 

or simply, 

PA eso cs Wl, (Ore EXT 4 Lddvendoai0 ua qekas tale = a pe Jeve 
Ll+y l+4+y 

(4.) To interpret now this very simple equation IX. or IX’., we may 

observe that s, or TW’, or Tdy’: dz, expresses the limiting ratio, which the 

angle between two near tangents ’ and wW’+ Ay’, to the cusp-edge (1.), bears 

to the small arc Aw of that curve which is intercepted between their points 

of contact; while v is, by LV., that other angle, at which such a variable 

tangent, or generating line of the developable, crosses the geodetic on that 

surface; and therefore its derivative, v’ or dv: dx, represents the limiting 

ratio, which the change Av of this last angle, in passing from one generating 

line to another, bears to the same small arc Aa of the curve which those 

lines touch. 

(5.) Referring then to fig. 79, in which, instead of two continuous curves, 

there were two gauche polygons, or at least two systems of successive right lines, 

connected by prolongations of the lines of the first system, we see that the 

recent formula IX. or IX’. is equivalent to this limiting equation, 

XI... lim. ————_ = —l; 

but these three angles remain unaltered, in the development of the surface: 

the bent line »’c’p’ for space becomes therefore ultimately a straight line in 
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the plane, and similarly for al/ other portions of the original polygon, or 

twisted line, B’c’D’H’..., of which B’c’D’ was a part. 

(6.) Returning then to curves and surfaces in space, the quaternion 

analysis (3.) is found, by this simple reasoning,* to conduct to an expression 

for the known and characteristic property of the geodetics on a developable: 

namely that they become right lines, as those on cylinders (380, (4.)), and on 

cones (880, (6.) and (10.), or 3881, (5.)), were lately seen to do, when the 

surface on which they are thus traced is unfolded into a plane. 

383. This known result, respecting geodetics on developables, may be very 

simply verified, by means of a new determination of the absolutet normal 

(379) to a curve in space, as follows. 

(1.) The are s of any curve being taken for the independent variable, we 

may write (comp.376,I.), by Taylor’s Series, the following rigorous expressions, 

I... p.s=p-—sp +98Usp > Ppo=p, pPs=ptsp +3eusp, With wm =1, 

for the vectors of three near points, P_; Po, Ps, on the curve, whereof the 

second bisects the arc, 2s, intercepted between the first and third. 

(2.) If then we conceive the parallelogram P_sPoPsRs to be completed, we 

shall have, for the two diagonals of this new figure these other rigorous 

expressions, 
44 

IT... PisPs = ps— pus = 28p' + 38" (Us — Us) 0” 5 

IIT... PyRs = ps + p-s — 20 = 38° (Us + tbs) p° $ 

which give the limiting equations, 

TiVo, 2 lim, Spiraea Viae 2. lim. s~*PoRs =e 

(3.) But the length p_,p, of what may be called the long diagonal, or the 

chord of the double arc, 2s, is ultimately equal to that double arc; we have 

therefore by IV., the equation, 

VI...Tp’=1, If p’ = Dp, and if s denotes the are, 

considered as the scalar variable on which the vector p depends: a result 

agreeing with what was otherwise found in 380, (12.). 

* In the Lectures (page 581), nearly the same analysis was employed, for geodetics on a 
developable; but the interpretation of the result was made to depend on an equation which, with 

the recent significations of y and v, may be thus written, as the integral of IX’., v + f/Tdy’ = const. ; 
where {Tdy’ represents the jinite angle between the extreme tangents to the jinite arc [Tdy, or Aa, 

of the cusp-edge, when that curve is developed into a plane one. 

+ Called also, and perhaps more usually, the principal normal. 
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(4.) At the same time, since the wltimate direction of the same long 

diagonal is evidently that of the fangent at P.. we see anew that the same 

Jirst derived vector p’ represents what may be called the umit tangent* to 
the curve at that point. 

(5.) And because the /engths of the two sides P_sP) and PyPs, considered 

as chords of the two successive and equal arcs, s and s, are ultimately equal 

to them and to each other, it follows that the parallelogram (2.) is ultimately 
equilateral, and therefore that its diagonals are ultimately rectangular; but 

these diagonals, by IV. and V., have ultimately the directions of p’ and 
p ; we find therefore anew the equation, 

VII... Sp’p” = 0, if the are be the independent variable, 

which had been otherwise deduced before, in 380, (12.).t 

(6.) But under the same condition, we saw (879, (2.)) that the second 

derwed vector p” has the direction of the absolute normal to the curve; such 

then is by V. the ultimate duwrection of what we may call the short diagonal 

PoRs, constructed as in (2.); or, ultimately, the direction of the bisector of 

the (obtuse) angle P_sPoPs, between the two near and nearly equal chords 

from the point Po: while the plane of the parallelogram becomes ultimately 

the osculating plane. 

(7.) All this is quite independent of the consideration of any surface, 

on which the curve may be conceived to be traced. But if we now conceive 

that this curve is formed from a right line B’c'y’... (comp. fig. 79), by 

wrapping round a developable surface a plane on which the dine had been 

drawn, and if the successive portions Bc’, c’D’,. . of that line be supposed 

to have been equal, then because the two right lines c’B’ and cD’ originally 

made supplementary angles with any other line c’c in the plane, the two chords 

cB’ and cp’ of the cwve on the developable tend to make supplementary 

angles with the generatriv c’c of that surface; on which account the bisector 

(6.) of their angle w’c'p’ tends to be perpendicular to that generating line cc, as 

well as to the chord B’p’, or ultimately to the tangent to the curve at oc’, when 

chords and arcs diminish together. The absolute normal (6.) to the curve 

thus formed is therefore perpendicular to two distinct tangents to the surface 

at c’, and is consequently (comp. 872) the normal to that sumface at that 

point; whence, by the definition (3880), the curve is, as before, a geodetic 

on the developable. 

* Compare the first Note to page 152, Vol. I. + [See note to 396 (19.), p. 88.] 
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(8.) As regards the asserted rectangularity (7.), of the bisector of the 

angle B’c’D’ to the line c’c, when the angles cc's’ and cc’D’ are supposed 

to be supplementary, but not in one plane, a simple proof may be given by 

conceiving that the right line B’c’ is prolonged to co”, in such a manner 

that o’c” = cp’; for then these two equally long lines from c’ make equal 

angles with the line c’c, so that the one may be formed from the other 

by a rotation round that line as an awis; whence o’p’, which is evidently 

parallel to the bisector of p’c’n’, is also perpendicular to c'c. 

(9.) In quaternions, if a and p be any two vectors, and if ¢ be any 

scalar, we have the equation, 

VTS: a(a’‘pa’—p) = 0% 

which is, by 308, (8.), an expression for the geometrical principle as stated. 

384. The recent analysis (382) enables us to deduce with ease, by 

quaternions, other known and important properties of developable surfaces : 

for instance, the property that each such surface may be considered as the 

enmelope of a series of planes, involving only one scalar and arbitrary constant 

(or parameter) in their common equation; and that each plane of this series 

osculates to the cusp-edge of the developable. 

(1.) The equation of the developable suvface being still, 

To mep = O20, ).= Weil = beng, (as in 382, I.), 

its normal v is easily found to have, as in 382, V., the direction of VW'W", 

whether the scalar variable z be, or be not, the arc of the cusp-edge, of 

which curve the equation is, 

TUS ee pezeaale. 

(2.) Hence, by 3738, VII., the equation of the tangent plane takes the 

form, 
LEO email ie: 

from which the second scalar variable y thus disappears: this common equation, 

of all the tangent planes to the developable, involves therefore, as above 

stated, only one variable and scalar parameter, namely x; and the envelope 

of all these planes is the developable surface itself. 

(3.) The plane III., for any given value of this parameter x, that is, 

for any given point of the cusp-edge, touches the surface along the whole 

extent of the generating line, which is the tangent to this last curve. 
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(4.) And by comparing its equation III. with the formula 876, V., we 
see at once that this plane oscwlates to the same cusp-edge, at the point 
of contact of that curve with the same generatrix of the developable. 

385. If the reciprocals of the perpendiculars, let fall from a given origin, 

on the tangent planes to a developable surface, be considered as being 
themselves vectors from that origin, they terminate on a curve, which is 
connected with the cusp-edge of the developable by some interesting relations 

of reciprocity (comp. 373, (21.)): in such a manner that if this new curve 

be made the cusp-edge of a new developable, we can return from it to the 

former surface, and to its cusp-edge, by a similar process of construction. 

(1.) In general, if y, and x,, or briefly ~ and x, be two vector functions 

of a scalar variable x, such that x may be deduced from w by the three 

scalar equations, 

Tet Sb s,” BY ps 0, © SU = 0 

in which Spx is written briefly for S(W,.y.), and c is any scalar constant, 

we have then this reciprocal system of three such equations, 

a Reape queen om Meni teal, tebe ges Vi 

an intermediate step being the equation, 

LED, 8 8k Syd 0: 

(2.) Hence, generally, 

EN als yer ae Eien Vee oe gtk 

(3.) But if p be the variable vector of a curve in space, and p’, p” its 

first and second derivatives with respect to any scalar variable, then, by the 

equation 376, V. of the osculating plane to the curve, we have the general 

expression, 

Vee See = perpendicular from origin on osculating plane ; 
pp | 

so that if ~ and y be considered as the vectors of two curves, each vector is 

ex the reciprocal of the perpendicular, thus let fall from a common point, on 

the osculating plane to the other. 
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(4.) We have therefore this Theorem :— 

Tf, from any assumed point, 0, there be drawn lines equal to the reciprocals of 

the perpendiculars from that point, on the osculating planes to a gwen curve of double 

curvature, or to those perpendiculars multiplied by any given and constant scalar ; 

then the locus of the extremities of the lines so drawn will be a second* curve, 

Jrom which we can return to the first curve by a precisely similar process. 

386. The theory of developable surfaces, considered as envelopes of planes 

with one scalar and variable parameter (884), may be additionally illustrated 

by connecting it with Tuylor’s Series, as follows. 

(1.) Let a; denote any vector function of a scalar variable ¢, so that 

Der aij = Oy + Cilia =at tua’, with Uy = 1 3 

or, by another step in the expansion, 

II... ag = a, + ta’, + 4000", = at ta’ + $hva", » = 1; 

where w and v are generally quaternions, but ua’ and va” are vectors. 

(2.) Then, as the rigorous equation of the variable plane, the reciprocal 

of the perpendicular on which from the origin is — a;, we have either, 

III...-—1=Saip = Sap + tSua’p, 
or 

IV¥...-1=Sap+ tSa’p + LPSva"p, 

according as we adopt the expression I., or the equally but not more rigorous 

expression II., for the variable vector a;. 

(3.) Hence, by the form III., the dine of intersection of the two planes, 

which answer to the two values 0 and ¢ of the scalar variable, or parameter, t, 

is rigorously represented by the system of the two scalar equations, 

Nice Sap +1=0, Sua’p =U. 

(4.) And the dimiting position of this right line V., which answers to the 

conceived indefinite approach of the second plane to the jirst, is given with 

equal rigour by the equations, 

Vite Sane cea U 

* The two curves may be said to be polar reciprocals, with respect to the (real or imaginary) 

sphere, p?=c; and an analogous relation of reciprocity exists generally, when the points of one curve 

are the poles of the osculating planes of the other, with respect to any surface of the second order : 
corresponding tangents being then reciprocal polars. Compare the theory of developables reciprocal to 

curves, given in Salmon’s Analytical Geometry of Three Dimensions, page 89; see also Chapter XI. 
(page 224, &c.), of the same excellent work, 
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whereof it is seen that the second may be formed from the first, by derivating 

with respect to ¢, and treating p as constant: although no such rule of 

calculation had been previously laid down, for the comparatively geometrical 

process which is here supposed to be adopted. 

(5.) The Jocus of all the dines VI. is evidently some ruled surface; to 

determine the normal v to which, at the extremity of the vector p, we may 

consider that vector to be a function (372) of two independent and scalar 

variables, whereof one is ¢, and the other may be called for the moment w ; 

and thus we shall have the two partial derivatives, 

Vit. Sabin =0,a8aDio='0; siving® - y [la 

(6.) Hence the dine a has the direction of the required normal v; the 

plane Sap + 1 =0 touches the surface (comp. 384, (3.)) along the whole extent 

of the limiting line VI.; and the docus of all such lines is the envelope of all 

the planes, of the system recently considered. 

(7.) The dine VI. cuts generally the plane LV., in a point which is rigor- 

ously determined by the three equations, 

MANEKG Sap then kas 0, Sa’p = 0, Sea’’p = 0; 

and the Limiting position of this intersection is, with equal rigour, the point 

determined by this other system of equations, 

Der Sap + l= 0, Sa’p = 0, Sap = US 

in which it may be remarked (comp. (4.)), that the third is the derivative of 

the second, if p be treated as constant. 

(8.) The docus of all these points LX. is generally some curve upon the 

surface (5.), which is the locus of the dines VI., and has been seen to be the 

envelope (6.) of the planes III. or IV.; and to find the tangent to this curve, 

at the point answering to a given value of t, or to a given line VI., we have 

by IX. the derived equations, 

X...Sap’=0, Sa’p’=0, whence pp’ || Vad’; 

comparing which with the equations VI. we seo that the lines VI. touch the 

curve, which is thus ther common envelope. 

(9.) We see then, in a new way, that the envelope of the planes IIL, 

which have one scalar parameter (t) in their common equation, and may repre- 

sent any system of planes subject to this condition, is a developable surface : 
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because it is in general (comp. 882) the locus of the tangents to a curve in space, 

although this curve may reduce itself to a point, as we shall shortly see. 

(10.) We may add that if a; in III. be considered as the vector of a given 

curve, this curve is the locus of the poles* of the tangent planes to the developable, 

taken with respect to the unit sphere; and conversely, that the developable 

surface is the envelope of the polar planes of the points of the same given curve, 

with respect to the same sphere. 

(11.) If then it happen that this given curve, with a; for vector, is a plane 

one, so that we have this new condition, 

XI...SSa;+1=0, £ being any constant vector, 

namely the vector of the pole of the supposed plane of the given curve, the 

variable plane III., or Spa; + 1 = 0, of which the surface (5.) is the envelope, 

passes constantly through this fived pole; so that the developable becomes in 

this case a cone, with @ for the vector of its vertex: the equations LX. giving 

now p = [3. 

(12.) The same degeneration, of a developable into a conical surface, may 

also be conceived to take place in another way, by the cusp-edge (or at least 

some finite portion thereof) tending to become indefinitely small, while yet the 

direction of its tangents does not tend to become constant. For example, with 

recent notations, the developable which is the locus of the tangents to the heh 

may have its equation written thus: 

XII... p = o(#, y) = ¢(#a + z tan a.a7Uf) + ya(1 + tan a. a*UB); 
Tv 

which when the quarter interval, c, between the spires, tends to zero, without 

their inclination a to the avis a being changed, tends to become a cone of 

revolution round that axis, with its semiangle = a. 

387. So far, then, we may be said to have considered, in the present 

section, and in connexion with geodetic fines, the four following families of 

surfaces (if the first of them may be so called). First, spherical surfaces, of 

which the characteristic property is expressed by the equation, 

I... Vv(o — a) = 0, if a be vector of centre ; 

second, cyndrical surfaces, with the property, 

II...Sva=0, if abe parallel to the generating lines ; 
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third, comical surfaces, with the property, 

IIT... Sv(o - a) =0, if a be vector of vertex ; 

and fourth, developable surfaces, with the distinguishing property expressed 

by the more general equation, 

IV...Vvdv=0, if dp have the direction of a generatriz ; 

v being in each the normal vector to the surface, so that 

V...Svdp =0, for all tangential directions of dp ; 

and the fowrth family including the thwd, which in its turn includes the 

second. A few additional remarks on these equations may be here made. 

(1.) The geometrical signification of the equation I. (as regards the radii) 

is obvious; but on the side of calculation it may be useful to remark, that 

elimination of v between I. and V. gives, for spheres, 

VI. ..8(p=a)dop=0, or VII... T(o - a) = const. 

(2.) The equations IT. and V. show that dp, and therefore Ap, may have 

the given direction of a; for an arbitrary cylinder, then, we have the vector 

equation (372), 
VIED DT p = $(@, y) = be + Ya, 

where y, is an arbitrary vector function of w.* 

(3.) From VIII. we can at once infer, that 

IX... SBp =SBix, Syp =Syt., if a=VBy; 

the scalar equation (373) of a cylindrical surface is therefore generally of the 

form (comp. 371, (6.), (7.) ), 

3, GEARS FI’ (SBp, Syp) ; 

B and y being two constant vectors, and the generating lines being perpen- 

dicular to both. 

(4.) The equation III. may be thus written, 

XI...SvUa=TaSvp; whence XIJ...SvUa=0, if a too 

* [In general dp = Dep. dx + Dyp.dy, and as one direction of dp is parallel to a, we may write 

without loss of generality, dp = Dip dw + ady. Moreover, since a is constant, Dzp must be a function 

of x, so on integration p = Wz + ya. | 
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the equation for*cones includes therefore that for cylinders, as was to be 

expected, and reduces itself thereto, when the vertex becomes infinitely 

distant. 

(5.) The same equation III., when compared with V., shows that do may 

have the direction of p — a, and therefore that p —a may be multiplied by 

any scalar; the vector equation of a conical surface is therefore of the form, 

XIII... p=a+yiz, Wz being an arbitrary vector function.* 

(6.) The scalar equation of a cone may be said to be the result of the 

elimination of a scalar variable ¢, between two equations of the forms, 

TVA SSO wire 0 Steen ear 

which express that the cone is the envelope (comp. 386, (11.)) of a variable 

plane, which passes through a fixed point, and involves only one scalar 

parameter in its equation: with a new reduction to a cylinder, in a case on 

which we need not here delay. 

(7.) The equation IV. implies, that for each poiné of the surface there 

is a direction along which we may move, without changing the tangent plane ; 

and therefore that the surface is an envelope of planes, &ec., a8 in 886, and 

consequently that it is developable, in the sense of Art. 382.T 

(8.) The vector equation of a general developable surface may be written 

under the form, 
XVo op Paley eres 

the sign of a versor being here introduced, for the sake of facilitating the 

passage, at a certain limit, to a cone (comp. 386, (12.) ). 

(9.) And the scalar equation of the same arbitrary developable may be 

represented as the result of the elimination of ¢, between the two equations, 

XVISoSpy~elis= 0, Spyp= 03 

in which x; is an arbitrary vector function of ¢. 

* [As in the last note, because one direction of dp is parallel to p — a, we may take 

dp = (p—a)y3dy+ Dip.dz, or d.y'Mp—a)=y'!Drp.dx=d. vz. 

Hence, p=at ybz. | 

+ [The normal at any point of the ruled surface p = Wz + yox is parallel to V(W'2 + yp'x)px. IE 
the direction of the normal does not change as we pass along a generator, either Vi'r¢z = 0, or 

Vo'2¢x = 0. The first of these conditions requires the surface to be a developable. The second 
requires all the generators to be parallel, so that the surface is a cylinder. See Tait’s Quaternions, 

Art. 311.] 
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(10.) The envelope of a plane with two arbitrary and scalar parameters, 

¢ and wu, is generally a curved but undevelopable surface, which may be repre- 

sented by the system of the three scalar equations, 

XVII. ner Sexes ut 1 = ie SeDix = 0, SpLix = 0 ; 

where — y denotes the reciprocal of the perpendicular from the origin on the 

tangent plane to the surface, at what may be called the point (t, wu). 

388. It remains, on the plan lately stated (380), to consider briefly 

surfaces of revolution, and to investigate the geodetic lines, on this additional 

Jamily of surfaces; of which the equation, analogous to those marked I. IT. 

III. LY. in 387, for spheres, cylinders, cones, and developables, is of the form, 

Eis Sapv Oe 

if a be a given line in the direction of the avis of revolution, supposed for 

simplicity to pass through the origin ; but which may also be represented by 

either of these two other equations, not involving the normal », 

Deol 7 (Pag) ete) Mevtel Van 2h Sap). 

where f and Fare used as characteristics of two arbitrary but scalar functions: 

between which Sap may be conceived to be eliminated, and so a third form of 

the same sort obtained. 

(1.) In fact, the equation I. expresses that v ||| a, p, or that the normal to 

the surface intersects the axis; while II. expresses that the distance from a 

fixed point upon that axis is a function of its own projection on the same fixed 

line, or that the sections made by planes perpendicular to the axis are circles ; 

and the same circularity of these sections is otherwise expressed by IIL., 

since that equation signifies that the distance from the axis depends on the 

position of the cutting plane, and is constant or variable with it : while the two 

last forms are connected with each other in calculation, by means of the 

general relation (comp. 204, XXI.), 

IV... (Tap)? = (Sap)? + (T'Vap)’. 

(2.) The equation I. is analogous, in guaternions, to a partial differential 

equation of the first order, and either of the two other equations, II. and IIL., 

is analogous to the integral of that equation, in the wswal differential calculus 

of scalars. 
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(3.) To accomplish the corresponding tntegration in quaternions, or to pass 

from the form I. to II., whence III. can be deduced by IV., we may observe 

that the equation I. allows us to write (because Srdp = 0), 

Vii evi va. + Ys VI... aSadp + ySpdp = 0, 

so that the two scalars Sap and Tp are together constant, or together variable, 

and must therefore be functions of each other. | 

(4.) Conversely, to eliminate the arbitrary function from the form ILI., 

quaternion differentiation gives, 

VIT...0=8(Up.dp) + f’(Sap) .Sadp =8S. (Up + af’Sap)dp ; 

hence 

Vitis ey | Up a af’Sap, and LEX oey || a, p, as before ; 

so that we can return in this way to the equation I., the functional sign f 

disappearing. 

(5.) We have thus the germs of a Calculus of Partial Differentials in 

Quaternions,* analogous to that employed by Monge, in his researches re- 

specting families of surfaces: but we cannot attempt to pursue the subject 

farther here. 

(6.) But as regards the geodetic nes upon a surface of revolution, we 

have only to substitute for v, in the recent formula I., by 380, LY., the 

expression dUdp, which gives at once the differential equation, 

X...0=SapdUdp = d.SapUdp (because S(adp .Udp) = - SaTdp = 0); 

whence, by a first integration, c being a scalar constant, 

XL were Sao Uloe tuapes Liveomial 

* The same remark was made in page 574 of the Lectures, in which also was given the 
elimination of the arbitrary function from an equation of the recent form III. It was also observed, 

in page 578, that geodetics furnish a very simple exainple of what may be called the Caleulus of 
Variations in Quaternions ; since we may write, 

dfds = 6fTdp = f 5Tdp = —[8(Udp. ddp) 

= —|S(Udp. ddp) = — AS (Udp. 5p) + fS(dUdp. dp), 

and therefore dUdp || v, or Vvd Udp = 0, as in 380, LY., in order that the expression under the last 
integral sign may vanish for all variations 5p consistent with the equation of the surface: while the 

evanescence of the part which is outside that sign { supplies the equations of limits, or shows that the 
shortest line between two curves on a given surface is perpendicular to both, as usual. 
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(7.) The characteristic property of the sought curves is, therefore, that 

for each of them the perpendicular distance from the axis of revolution varies 

inversely as the cosine* of the angle, at which the geodetic crosses a parallel, or 

circular section of the surface: because, if Ta = 1, the line Vap has the length 

of the perpendicular let fall from a point of the curve on the axis, and has the 

direction of a tangent to the parallel. 

(8.) The equation XI. may also be thus written, 

XII. ..cT'p’ =Sapp’, where p’ =n; 

and if the independent variable ¢ be supposed to denote the time, while the 

geodetic is conceived to be a curve described by a moving point, then while Tp’ 

evidently represents the linear velocity of that point, as being = ds: dé, if 

s denote the arc (comp. 100, (5.), and 380, (7.), (11.)), it is easy to prove that 

Sapp’ represents the double areal velocity, projected on a plane perpendicular to 

the axis; the one of these two velocities varies therefore directly as the other: 

and in fact, it is known from mechanics, that each velocity would be constant,t 

if the point were to describe the curve, subject only to the normal reaction of 

the surface, and undisturbed by any other force. 

(9.) As regards the analysis, it is to be observed that the differential 

equation X. is satisfied, not only by the geodetics on the surface of revolution, 

but also by the parallels on that surface: which fact of calculation is connected 

with the obvious geometrical property, that every normal plane to such a 

parallel contains the axis of revolution. 

(10.) In fact if we draw the normal plane to any curve on the surface, at 

a point where it crosses a parallel, this plane will intersect the avis, in the point 

where that axis is met by the normal to the surface, drawn at the same point 

of crossing; but ¢Ais construction fails to determine that normal, if the curve 

coincide with, or even touch a parallel, at the point where its normal plane 

is drawn. 

* Unless it happen that this cosine is constantly zero, in which case ¢ = 0, and the geodetic isa 
meridian of the surface. 

t This remark is virtually made in page 443 of Professor De Morgan’s Differential and Integral 
Calculus (London, 1842), which was alluded to in page 578 of the Lectures on Quaternions. [If p is 
the normal reaction of the surface, the differential equation of motion of the particle is p'’ = pUr. 

From this equation the mechanical properties may be at once deduced. | 
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SECTION 6. 

On Osculatimg Cireles and Spheres, to Curves in Space ; 

with some connected Constructions. 

389. Resuming the expression 376, I. for p;, and referring again to 

fig. 77 [p. 24], we see that if a circle pap be described, so as to touch a 

given curve Par, or its tangent pr, at a given point P, and to cut the curve 

at a near point a, and if pn be the projection of the chord Pa on the diameter 

PD, or on the radius cp, then because we have, rigorously, 

[en POs to Palio , With w= tor 2 =U, 
we have also 

Dire Sr Viup ot: ps 
and 

FL giey eee eee 
(p+ atup’ )’p FO FD. PQ" 

Conceiving then that the near point a approaches indefinitely to the given 

point Pp, in which case the wltimate state or limiting position of the circle Pap 

is said to be that of the osculating circle to the curve at that point P, we see 

that while the plane of this last circle is the oscwlating plane (376), the vector 

k of its centre K, or of the limiting position of the point c, is rigorously 

expressed by the formula: 

TV. ek = 0 + el 28 

NORD 
which may however be in many ways transformed, by the rules of the 

present Calculus. 

(1.) Thus, we may write, as transformations of the expression IV., 

the following : 
, Tp’ 33 Tip’ 

Micclet er afi etieen > aN Mas heshexg Tear \1) Vp/peasunpivio pid phx eats) 

or introducing differentials instead of derivatives, but leaving still the inde- 

pendent variable arbitrary, 

dp* dp Tdpo ds NEsLs Gade e aes Ga a tec altel a i ca le 
Seba GEL Cu mire m En? AVERY 

if s be the arc of the curve; so that the last expression gives this very simple 



Art. 389. | OSCULATING CIRCLES TO CURVES IN SPACE. 51 

formula, for the reciprocal of the radius of curvature, or for the ultimate value 
of 1: cr; 

VII... (9 - x)? =D;Up’, where Up’ = Udo, as before. 

(2.) To méerpret this result, we may employ again that auwiliary and 
spherical curve, upon the cone of parallels to tangents, which has already served 
us to construct, in 379, (6.) and (7.), the osculating plane, the absolute normal, 
and the dinormal, to the given curve in space. And thus we see, that while 

the semidiameter pc has ultimately the direction of dUp’, and therefore that of 

the absolute normal (379, II.) at p, the length of the same radius is ultimately 

equal to the ac pa (or As) of the given curve, divided by the corresponding arc 

of the auaihary curve; or that the radius of curvature, or radius of the osculating 

circle at P, is equal to the w/timate quotient of the arc pa, divided by the angle 

between the tangents, pr and (say) au, to that arc pa itself at Pp, and to its 

prolongation QR at a, although these two tangents are generally in different 

planes, and have no common point, so long as Ppa remains finite: because we 

suppose that the given curve is in general one of double curvature, although the 

Jormule, and the construction, above given, are applicable to plane curves also. 

(3.) For the heliz, the formula IV. gives, by values already assigned for 

p,p,p , and a, the expression, 

VIII... « = cla - a8 cot? a, whence IX... p-—«=a' cosec’ a, 

a being the inclination of the given helix to the axis; the /ocus of the centre 

of the osculating circle is therefore in this case a second helix, on the same 

cylinder, if a= x but otherwise on a co-aaal cylinder, of which the radius = the 

given radius T3, multiplied by the square of the cotangent of a; and the 

radius of curvature = 'T'(p - x) = TB x cosec® a, so that this radius alwavs 

exceeds the radius of the cylinder, and is cwt perpendicularly (without being 

prolonged) by the azis. 

(4.) In general, if Tp’ = const., and therefore Sp’p” = 0 (comp. 379, (2.) ), 

the expression IV. becomes,* 

/9 

K...c=p+&; whenes, Str hie ton, Cello ps eal, 
p 

* The expressions X. XI. may also be easily deduced by limits, from the construction in 383, (2.). 
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that is, if the are be taken as the independent variable (380, (12.) ). Under 

this last condition, then, the formula VII. reduces itself to the following, 

XII... (9 — xk) =p” =D ultimate reciprocal of radius cr ; 

so that p” (for Tp’ =1) may be called the Vector of Curvature, because its 

tensor Tp” is a numerical measure for what is usually called the curvature™ at 

the point p, and its versor Up” represents the ultimate direction of the semt- 

diameter po, of the circle constructed as above. 

(5.) As an example of the application (2.) of the formula LV. for x, to a 

plane curve, let us take the ellipse, 

XIII...p=Va'S, Ta=1, Saz0, 837, (2.), 

considered as an obdique section (314, (4.)) of a right cylinder. The expressions 

376, (5.) for the derivatives of p, combined with the expression XIII. for 

that vector itself, give here the relations, 

XIV... Vpp =0; “Vpp = 90; 

and therefore comp. (388, (5.) ), 

OV. Vop = const.| = 5By: Vp'p” = const. = 3) By, if y= Vaf; 

hence for the present curve we have by TVe 

XVI... «=p ~a 7 = Va'B - (Vai)? (By). 
p'p 

(6.) To interpret this result, we may write it as follows, 

2 

STU: pO A SE SENN Se dea taped an? ATL AE: 
Vpp’. pe 7 

so that p, is the conjugate semidiameter of the ellipse (comp. 369, (4.)), and 

Vpp’: p is the perpendicular from the centre of that curve on the tangent. We 

recover then, by this simple analysis, the known result, that the radius of 

curvature of an ellipse is equal to the square of the conjugate semidiameter, 

divided by the perpendicular. 

* It may be remarked that the quantity z, or Ty’, in the investigation (382) respecting geodetics 

on a developable, represents thus the curvature of the cusp-edge, for any proposed value of the are, 2, 

of that curve. 

+ These values XV. might have been obtained without integrations, but this seemed to be the 
readiest way. [The constants may be determined by putting ¢ = 0.] 
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(7.) We may also write the equation XVI. under the form, 

3 

RR ge = bm Sat where XX... Vpp: = By = const. ; 
pp 

and may interpret it as expressing, that the radius of curvature is equal to 

the cube of the conjugate semidiameter, divided by the constant parallelogram 

under any two such conjugates; or by the rectangle under the maor and 

minor semiaxes, which are here the vectors B and y (comp. 3814, (2.) ). 

(8.) The expression XVI. or XIX. for « is easily seen to vanish, as it 

ought to do, at the dimit where the ellipse becomes a circle, by the cylinder 

being cut perpendicularly, or by the condition Sa =0 being satisfied; and 

accordingly if we write, 

XXII... e = SUafd = excentricity of ellipse, or XXII... y’ = (L-@)p’, 

we easily find the expressions, 

XX WW. p= BS .a' + ya, pr = — BS. a?) + v5 uo's 

t-1 

XXIV... p? = 61 - &(S.a’)), Foo, 2 By = 6° [BS.« + ee ) 

so that the formula XIX. becomes, 

RK hess “(BE Bie. we = #(B(8. af) - 

thus containing e’ as a factor. 

(9.) And it may be remarked in passing, that the expression X VL, or its 

recent transformation XXV., for x as a function of ¢, may be considered as 

being in quaternions the vector equation (comp. 99, I., or 369, I.) of the 

evolute* of the ellipse, or the equation of the docus of centres of curvature of 

that plane curve; and that the last form gives, by elimination of ¢ (comp. 

315, (1.), and 371, (5.)), the following system of two scalar equations for the 

same evolute, 

XXVI... (85) + (si) - Ae icetmeie 

* That is to say, of the plane evolute ; for we shall soon have occasion to consider briefly those 

evolutes of double curvature, which have becn shown by Monge to exist, even when the given curve 

is plane. 
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or XXVI’... (8Bx)* + (Syx)? = (¢8)%, &e. ; 

which will be found to agree with known results.* 

(10.) As another example of application to a plane curve, we may con- 

sider the hyperbola, 

De Vile p= ta + iB; (comp. ov], II.), 

with a and (3 for asymptotes, and with its centre at the origin. In this case 

the derived vectors are, 

eV Le po =a- ras: op” x 2¢ 9, 

whence 

AXIX. .. Vp'p’ = 22° VBa = t* Vp, 

and the formula IV. becomes, 

a a 
pe :p OV 

where ov is the perpendicular from the centre o on the tangent to the curve 

at p, and pr is the portion of that tangent, intercepted between the same 

point Pp and an asymptote (comp. (6.) and 371, (3.) ). 

(11.) We may also interpret the denominator in XXX. as denoting the 

projection of the semidiameter op on the normal, or as the line np where N is 

the foot of the perpendicular from the centre on that normal line; if then k 

be the sought centre of the osculating circle, we have the geometrical equations, 

ROXOCS Sein Prpry bt ay EXOKOUl Dee an anes 5 

whereof the last furnishes evidently an extremely simple construction for the 

centre of curvature of an hyperbola, which we shall soon find to admit of being 

extended, with little modification, to a spherical conict and its cyclic ares. 

(12.) The logarithmic spiral with its pole at the origin, 

XXXIII...p=a'B, SaB=0, Tall, (comp. 314, (5.)) 

* [The expression (ep)? is perhaps a little inaccurate. The cube-root of (¢8)* is meant. | 

t It was in fact for the spherical curve that the geometrical construction alluded to was jist 
perceived by the writer, soon after the invention of the quaternions, and as a consequence of calcu- 
lation with them: but it has been thought that a sub-article or two might be devoted, as above, to 
the plane case, or hyperbolic limit, which may serve at, least as a verification. 
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may be taken as a third ewample of a plane curve, for the application of the 

foregoing formule. A first derivation gives, by 333, VII., 

XXXIV. reer e = (c 1 Y)p = plc = Ys pp. SCA Vs if c= IT a, and Y =5Ua; 

the constant quaternion quotient, p’: p, here showing that the prolonged vector 

op makes with the tangent pt a constant angle, n, which is given by the formula, 

RXV, co tang CPV 8) (p52) Dy, ator deett = “Ta * 
T 

and a second derivation gives next, 

XXXVI... p" = (C+ )’p, Vee = (8 — 7°)p*y = py. 

The formula LV. becomes therefore, in this case, 

21Ta 

wla 
XXXVIT...«8=p+py' = pty =—-cy"'p = ALS GSS 

the evolute is therefore a second spiral, of the same kind as the first, and the 

radius of curvature KP subtends a right angle at the common pole. But we 

cannot longer here delay on applications within the plane, and must resume the 

treatment by quaternions of curves of double curvatwre.t 

390. When the Jogic by which the expression 389, [V. was obtained, for 

the vector x of the centre of the osculating circle, has once been fully wnder- 

stood, the process may be conveniently and safely abridged, as follows. 

Referring still to fig. 77 [p. 24], we may write briefly, as equations which 

are all ultimately true, or true at the limit, in a sense which is supposed to be 

now distinctly seen : 

Vd’odp 
20 

I 24. Pri=do,, Ta = 30’p,. PN = (part Of Po 1 Pr =) 

by 203, &c.; whence, ultimately, 

EO ope RE lg ee at, 

2pn _2pn_ Vd?odo’ 
gi bev here EO 

as before: this Jast expression, in which Vd’odp denotes briefly V(d’p. dp), 

* If r be radius vector, and @ polar angle, and if we suppose for simplicity that Tf =1, the 

ordinary polar equation of the spiral becomes r = a’, with a = Tom, and cot n = la, as usual. 

+ [The differential equations p’’ = cp, compare (5.); VBp’ = 0 (10.); p’= 9p and p” = gp (12.) 

will afford useful exercises in integration and in geometrical and dynamical interpretation. | 
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being rigorous, and permitting the choice of any scalar, to be used as the 

independent variable. And then, by writing, 

Tard on= pi did't =), ud’*p:-=ior di, 

the factor dé* disappears, and we pass at onze to the expression, 

Vee eee Oss cali 389, TV. ; SOs Vp"p ( ) 

which had been otherwise found before. 

(1.) When the are of the curve is taken for the independent variable, 

then (comp. 380, (12.) &c.) the expression II. reduces itself to the following, 

Wo because Sd’pdp = 0; 
dp? 

KE Sia as ane 

and accordingly the angle pra in fig. 77 is then ultimately right (comp. 383, 

(5.) ), so that we may at once write, with ¢his choice of the scalar variable, 

Wil ig Kye Ls) PC. nl eee) — = ie as above. 

(2.) Suppose then that we have thus geometrically (and very simply) deduced 

the expression V. for.«-—p, for this particular choice of the scalar variable ; 

and let us consider how we might thence pass, in calculation, to the more 

general formula II., in which that variable is left arditrary. For this purpose, 

we may write, by principles already stated, 

d*p 1 dp_ _ dUdp mn Vd’pdp!.Udp 
VU ee Ol Uk) © ~ (Td) Tap Ties Tide. 4 Tdp 

__ Vapdp — Vdpdo _ 
s dp x dp* 

and the required transformation is accomplished. 

(3.) And generally, if s denote the are of any curve of which p is the 

variable vector, we may establish the symbolical equations, 

1 eal Pie NAD M beri Pere Pav yey ome abe a se Beer 
Yau iii (aad): e 

(4.) For example (comp. 889, XII.), the Vector of Curvature, pp, admits 

of being expressed generally under any one of the five last forms VII. 



Arts, 390, 391. | POLAR AXIS, POLAR DEVELOPABLE. 57 

391. Instead of determining the vector « of the centre of the osculating 

circle by one vector expression, such as 389, IV., or any of its transformations, 

we may determine it by a system of three scalar equations, such as the following, 

dP eirs ¢ aieays yy cpa IT... S(« — p)p” = p* =0; 

IIT... S(« — p)p’p” = 0, 

of which it may be observed that the second is the derivative of the first, if « 

be treated as constant (comp. 386, (4.)); and of which the first expresses 

(369, IV.) that the sought centre is in the normal plane to the curve, while the 

third expresses (376, V.) that it is in the osculating plane; and the second 

serves to fix its position on the absolute normal (3879), in which those two 

planes intersect. 

(1.) Using differentials instead of derivatives, but leaving still the inde- 

pendent variable arbitrary, we may establish this equivalent system of three 

equations, 

IV... S(« - p)dp =0; V...S(« —p)d’o — dp? = 0; 

VI... S(« — p)dpd’p = 0; 

of which the second is the differential of the first, if ck be again treated as 

constant. 

(2.) It is also permitted (comp. 369, (2.), 376, (8.), and 380, (2.)), with the 

same supposition respecting «, to write these equations under the forms, 

VIL... dT (x=) = 0; VIII... PT (x- p) = 0; 

IX... dUV(« - p)dp = 0; 

and to connect them with geometrical interpretations. 

(3.) For instance, we may say that the centre of the osculating circle is 

the point, in which the osculating p/ane, III. or VI. or IX., is intersected by 

the avis of that circle; namely, by the righ¢ dine which is drawn through its 

centre, at right angles to its plane: and which is represented by the two 

scalar equations, 

eande ll, ptr ey talc ays ih Ore ey cheat lade 

(4.) And we may observe (comp. 370, (8.)), that whereas for a point R 

taken arbitrarily in the normal plane to a curve at a given point P, we can 
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only say in general, that if a chord pa be called small of the first order, then 

the difference of distances, RQ — Rp, is small of an order Aigher than the first ; 

yet, if the point rx be taken on the awis (3.) of the osculating circle, then this 

difference of distance is small, of an order higher than the second, in virtue of 

the equations VII. and VIII. 

(5.) The right line I. II., or IV. V., or VII. VIII., as being the /ocus of 

points which may be called poles of the osculating circle, on all possible spheres 

passing through it, is also called the Polar Amis of the curve itself, corre- 

sponding to the given point of osculation. 

(6.) And because the equation II. is (as above remarked) the derivative 

of I., the known theorem follows (comp. 386), that the Jocus of all such polar 

axes is a developable surface, namely that which is calied the Polar Developable, 

or the envelope of the normal planes to the given curve; of which surface we 

shall soon have occasion to consider briefly the cusp-edge. 

392. The following is an entirely different method of investigating, by 

quaternions, not merely the radius or the centre of the osculating circle to a 

curve in space, but the vector equation of that circle itself: and in a way which 

is applicable ahke, to plane curves, and to curves of double curvature. 

(1.) In general, conceive that or =r is a given tangent to a circle, at a 

given point which is for the moment taken as the origin; and let pp’ = p’ 

represent a variable tangent, drawn at the extremity of the variable chord 

op = p: also let vu be the intersection, or: pp’, of these two tangents. Then 

the isosceles triangle ovp, combined with the formula 324, XI. for the 

differential of a reciprocal, gives easily the equations, 

ree Di OF Iles Vio to p= ape 

ITI. . . Vrp™! = const. = Vra™, as in 296, IX.”, 

if a be the vector oa of any second given point a of the circumference. 

(2.) The vector equation of the circle pap (389) is therefore, 

2p" 20° 2 ”? Eee MNS, LV, oe Ww Dr a er = gale al a gtup Oar =e V. up p rad a 3tup p nee } 

whence, passing to the limit (¢=0, w= 1), the analogous equation of the 
osculating circle is at once found to be, 

99)’ A 2 

Nile) Viet Sea Va or VI... V(8 + 52) =0; 
wp p wp dp 
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with the verification (comp. 296, (9.) ), that when we suppose, 

VII... w-p=2(k-p) Lp’, 

the vector x cf the centre is seen to satisfy the equation, 

F tag d 

per Dit Are eis aOR Wie GALE on. Ait 
kK —p p k-p — dp 

which agrees with recent results (3889, [V., &.). 

(3.) Instead of conceiving that a circle is described (389), so as to fouch a 

given curve (fig. 77) at Pp, and to cut it at one near point a, we may conceive 

that a circle cuts the curve in the given point P, and also in two near points, 

qa and R, unconnected by any given /aw, but both tending together to coinci- 

dence with P: and may inquire what is the limiting position (if any) of the 

circle Par, which thus intersects the curve in three near points, whereof one 

(P) is given. 

(4.) In general, if a, 3, p be three co-initial chords, oA, 0B, oP, of any one 

circle, their reciprocals a, 3", p, if still co-initial, are ¢ermino-collinear (260) ; 

applying which principle, we are led to investigate the condition for the three 

co-initial vectors, 

pe (w — oe (sp’ nF Z8'Usp), (tp’ as alu)”, 

with uw, = 1, thus wltimately terminating on one right line; or for our having 

ultimately a relation of the form, 

xs+yt x y 
2 ae? canta 7 Tf,”? 

: aaa 6) p + 9S p + 3to 

or 

(ws + yt)p" _ x y DM al pees 
Se S SO 

WwW — p 1+2sp'p' 1+ 4tp'p 

=a+y-3(us+yt)p p+ &.: 

in which last equation, both members are generally guaternions.* 

(5.) The comparison of the scalar parts gives here no useful information, 

on account of the arbitrary character of the coefficients x and y; but these 

1 1 1 
* [Observe that —— 

{Pe 
en and f are any two vectors. 

a+B (1+Ba')a «a iver 2 y ] 
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disappear, with the two other scalars, s and ¢, in the comparison of the vector 

parts, whence follows the determinate and limiting equation, 

XIII... 2Vp’(w — p)t =—- Vp"p™, 

which evidently agrees with V. 

(6.) It is then found, by this little quaternion calculation, as was of course 

to be expected,* that the circle (3.), through any three near points of a curve 

in space, coincides ultimately with the osculating circle, if the latter be still 

defined (389) with reference to a given tangent, and a near point, which tends to 

coincide with the given point of contact. 

393. An osculating circle to a curve of double curvature does not generally 

meet that curve again; but it intersects generally a plane curve, of the 

degree », to which it osculates, in 2n — 8 points, distinct from the point P of 

osculation, whereof one at least must be rea/, although it may happen to 

coincide with that point p: and such a circle intersects also generally a 

spherical curve of double curvature, and of the degree », in n-8 other 

points, namely in those where the osculating plane to the curve meets it 

again. An example of each of these two last cases, as treated by quaternions, 

may be useful. 

(1.) In general, if we clear the recent equation, 392, V. or XIII, of 

fractions, it becomes, 

I... 0 = 20"Vp'(w — p) + (w - p) Vee ; 

in which p = op = the vector of the given point of osculation, and p’, p” are 

its first and second derivatives, taken with respect to any scalar variable 7, 

and for the particular value (whether zero or not) of that variable, which 

answers to the particular point Pp; while w denotes generally the vector of 

any point upon the circle, which osculates to the given curve at that point Pp. 

(2.) Writing then (comp. 389, (10.)), 

Ie peta PES, op =a; p= ea, 
and 

IT w= 00 =2a4-2 1, 

to express that we are seeking for the remaining intersection a of a plane 

- * This conclusion is indeed so well-known, and follows so obviously from the doctrine of infinite- 
simals, that it is only deduced here as a verification of previous formule, and for the sake of practice 
in the present Calculus. 
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hyperbola with its osculating circle at P, the equation J. becomes, after a few 
easy reductions, including a division by Vaf3, the following biguadratic in a, 

IWS or) Ole (a te aw — (37) : 

in which the cubic factor is to be set aside, as answering only to the point 
P itself. 

(3.) Substituting then, in III., the remaining value IV. of x, we find the 
expression, 

(ta)? (9B)? ((2ta)*  (eB)") 
Be hte (268 Oras ye 

comparing which with 371, (38.), we see that if the tangent to the hyperbola 

at the given point P intersects the asymptotes in the points a, B, then the 

tangent at the sought point a meets the same lines oA, oB in points a’, B’, 

such that 

V...w=0Q= =4 

View OAS OA OB (OR.OB. = OA": 

whence Q is at once found, as the bisecting point of the line a’p’. 

(4.) A still more simple construction, and one more obviously agreeing 

with known results, may be derived from the following expression for the 

chord PQ: 

Vite. PQ=w-p= (Fo- 184 ta”) (ta? a ta(3°) 

= (£8? — Ha~)ap’ || ap ; 

whence it follows (comp. 226) that if this chord pa, both ways prolonged, 

meets the two asymptotes op and oa in the points rR and s, we have then the 

inverse similitude of triangles (118), 

VILE Ve AROS ooenOn) 

(5.) As regards the equality of the intercepts, RP and qs, it can be verified 

without specifying the second point @ on the hyperbola, or the second scalar, 2, 

by observing that the formula IIJ., combined with the first equation II., 

conducts to the expressions, 

tw tp — tw a, — 

IX... on = = = (o + #8, rece are a 

which give, generally, 

X... RP = Q8 = fa — wf. 

DAVIS MEMORIAL LIBRARY 

Fayetteville, N. C. 

Sou oe 
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(6.) And as regards the general reduction, of the determination of the 

osculating circle to a spherical curve of double curvature, to the determination 

of the osculating plane, it is sufficient to observe that when we take the centre 

of the sphere for the origin, and therefore write (comp. 381, XIYV.), 

Xl wp const. Mopi= Us Sop emp, 

then if we operate on the vector equation I. with the symbol V.p, and divide 

by - p®%, there results the scalar equation, 

XII... 0 = 28p(w — p) + (w — p)? = w’ - p’; 

which expresses that the circle is entirely contained on the same spheric” 

surface as the curve; while the other scalar equation, 

ORIN: DIR RAGA eee 

obtained by operating on I. with S.p”, expresses (comp. 376, V.) that the 

same circle is in the osculating plane:t so that its centre K 1s the foot of the 

perpendicular let fall on that plane from the origin, and we may therefore 

write (comp. 385, VI.), 

SOVee On NE OE a eine eelntianie Xavmeasi = eae 
Vp"p kK K 

and with the verification that the expression XIV. agrees with the general 

formula, 389, IV., because 

XVI. q; pV" p’ A p° na 500’ ps 

when the conditions XI. are satisfied. 

(7.) And even if the given curve be not a spherical one, yet if we retain 

the general expression for x, 

Pie 
Vp''p 

KaV Hae, pak (389, IV.), 

and operate on I. with S.p” and S.p”p’, we find again the equation XIII. 

* This conclusion is geometrically evident, but is here drawn as above, for the sake of practice 

in the quaternions. 

t Compare the Note immediately preceding. 
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of the osculating plane, combined with a new scalar equation, which may 

after a few reductions be written thus, 

AVIIL.... (w — x)? = (p — x)’; 

and which represents a new sphere, whereon the osculating circle to the curve 

is a great circle. 

394. To give now an example of a spherical curve of double curvature, with 

its osculating circle and plane for any proposed point p, and with a deter- 

mination of the point @ in which these meet the curve again (3893), we may 

consider that spherical conic, or sphero-conic, of which the equations are 

(comp. 357, II.), 

Tuas pee u=O, II. . . gp? + SApup = 0; 

namely the intersection of the sphere, which has its centre at the origin, and 

its radius = 7, with a cone of the second order, which has the same origin for 

vertex, and has the given lines A and yw for its two (real) cyclic normals. 

And thus we shall be led to some sufficiently simple spherical constructions, 

which include, as their plane limits, the analogous constructions recently 

assigned for the case of the common hyperbola. 

(1.) Since SApup = 28ApSup — p*SAu (comp. 357, IT’.), the equations I. 

and II. allow us to write, as their first derivatives, or at least as equations 

consistent therewith, 

III... Spp’=0, Srp’ + SAp = 0, Sup’ — Sup = 0, 

because the independent variable is here arbitrary, so that we may conceive 

the first derived vector p’ to be multiplied by any convenient scalar; in fact, 

it is only the direction of this tangential vector p’ which is here important, 

although we must continue the derivations consistently, and so must write, as 

consequences of III., the equations, 

AE | See Spp” 1 p” = 0, Srp” =f: Srp’ = 0, Sup” = Sup’ =e 

(2.) Introducing then the auxiliary vectors, 

Nae. -n= VdAp, o = \Sup + uSXp, T=p+p, v=p-p, 
whence 

VI... 0=Sno =S8rAr =Syuv, Spo = 28r\pSup, Sur = 25up, 
Sepee: 28p, Bi i AY 0 4 it 
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and by new derivations, 

AE Wye te Vup, ae o + Qs v= p = On SAr = Syv’ = 0, 

Sur’ = Sur, Sdv’ =- Sno, 

we see first that + and v are the vectors or and ou of the points in which the 

rectilinear tangent to the curve at P meets the two cyclic planes, perpendicular 

respectively to A and w; and because the radius op is seen to be the perpen- 

dicular bisector of the Hnear intercept tu between those two planes, so that 

VEL. Sup) rie UPcinor, awethavewal Xia-s00P ercan, 
or 

X...A AP =*A PB, 

if the tangent arc on the sphere, to the same conic at the same point Pp, meet 

the two cycle arcs ca and cB in the points a and B: the intercepted arc aB 

being thus bdsected at its point of contact p, which is a well-known property 

of such a curve. 

(3,) Another known property of a sphero-conic is, that for any one such 

curve the sum of the two spherical angles cAB and apc, and therefore also the 

area of the spherical triangle anc, is constant. We can only here remark, in 

passing, that quaternions recognise this property, under the form (comp. II.), 

XI... cos (a + B) = — SUApup = - g: TAp = const. 

(4.) The scalar equations III. and IV. give immediately the vector 

expressions, 

sad ae pe AUSSI WG ganny atoms 1 
SAup 

or by (2.), 

(o° + p*) VAu 
SAup 

XIV... p' = 322, Aid’ VRVEG pap eee at KVL..=5" 

=7—-7= Wer u', 

the new auxiliary vector € being thus that of the point x, in which the 

osculating plane to the conic at P meets the line » of intersection of the cyclic 

planes: so that we have the geometrical expressions, 

OV Ul: 2 pce x peli ea ee ee Ue eee rOxe 

and the lines* 7’ and v’ are the traces of the osculating plane on those two 

* We may also consider the derived vectors r’ and v’, or the lines xr and xv, as corresponding 
tangents, at the points T and w (2.), to the two sections, made by the cyclic planes, of that developadle 
surface which is the locus of the tangents teu to the spherical conic in question. 
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cyclic planes, or of the latter on the former; while o and o’, as being 

perpendicular respectively to p’ and p, while each L »n, are the traces on the 

plane Aw of the two cyclic normals, of the normal plane to the conic at the 

point p, and of the tangent plane to the sphere at that point: or at least 

these lines have the directions of those traces. 

(5.) Already, from the expression XVI. for the portion ox of the radius 

oc (2.), or of that radius prolonged, which is cut off by the osculating plane 

at P, we can derive a simple construction for the position of the spherical centre, 

or pole, say B, of the small circle which osculates at that point P, to the 

proposed sphero-conic. For if we take the radius r for unity, we have the 

trigonometric expressions, 

XVIII... sec ce cos ep = (TE = Tr? : SUn"p =) sec” PB sec cP; 

or letting fall (comp. fig. 80) the perpendicular cp on the normal are PE, 

XIX... coS DE = COS DP COS PB. COS PB COS PE = COS DB COS BE; 

T 
or finally, XX... DBE (Or DAE) = oe 

(6.) But although it is a perfectly /egitimate process to mix thus spherical 

trigonometry with quaternions (since in fact the latter include the former), yet 

it may be satisfactory to deduce this last result by a more purely quaternionic 

method, which can easily be done as follows. The values (4.) of p’ and p” give, 

2.8 Vp'p’Snp = pScp- = oSpp- = pSpo 93 po 

= (7 — p )Sor + oSpt = tSor + Vrp’o || rT, UNtps, 

in which p’o denotes a vector Lp’ (because Sp’o = 0), and ||| n, p’ (because 

Snp’p’o = 0); this line p’o has therefore the direction of the projection of the 

line n on a plane perpendicular to p’, and we are thus led to draw, through 
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the line oc of intersection of the cyclic planes, a plane cop perpendicular to 

the normal plane to the conic at P, or to let fail (as in fig. 80) a perpendicular 

are cD on the normal are pp; after which the normal to the sought osculating 

plane, or the awis ox of the osculating circle sought, as being || Vp’p”, will be 

contained in the plane through the trace r, or or, or oB, which is perpendicular 

to the plane of r and p’o, or to the plane pos; and therefore the spherical angle 

DBE (or DAE) will be a right angle, as before. 

(7.) We may also observe that if x be the centre of the osculating circle, 

considered in its own plane, or the foot of the perpendicular on that plane 

from o, then by XXI., 

i As 2 
#5 

Oar ere aes T’Spo __ Ves 

and therefore 

— 22 

Le ~ aa te ~ po, XXIV... tan EP = sin’ PB cot pp, 
Taek 

which gives again the angular relation XX.; the quotient XXIII. being 

thus a vector, us it ought by 393, XV. to be; and the trigonometric formula 

XXIV. being obtained from its expression, by observing that 

AXV,.. Tp = Pr:or=sin por=sin' Pp, and (V:S)pe = Up. cot ep, 

because olpa, but ||| p, 0.0), OL §p clic. Wut | leo, a: 

(8.) The rectangularity of the planes of 7, x and 7, p’o is also expressed 

by the equation, 

XXXVI. ee 0) = S(V«r .Vp'or) =e SxrtSp'or oS 7’Sp ox ; 

in proving which we may employ the values, 

RAVI ore = 1, Spor = (+p on =)op or. 

(9.) We may also interpret these equations XX VII., as expressing the 
system of the two relations, 

DGG AWM eee he en ARGH Sore ig 

from which it follows that «7, and therefore also that «, is a line in the plane 

so drawn through 7, as to be perpendicular to the plane through 7 and p’o, 

as before. 
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(10.) And the two relations XXVIII. are both included in the following 

expression, 
XXIX... «Kt -71 = Vr'p'a: Soc. 

(11.) We may also easily deduce, from the foregoing spherical construction, 

the following trigonometric expressions, for the arcual radius r = EP of the 

osculating small circle (5.), and for the angle a = PAE = EBP which it subtends 

at A or at B: 

XXX... tan r= sin 5 tan a; XXXI... tan a = }(cot a + cot B); 

A and B here denoting, as in XI., the base angles of the triangle asc with c for 

vertex, and c denoting as usual the base aB, namely the portion of the arcual 

tangent (2.) to the conic, which is intercepted between the cyclic arcs. 

(12.) The osculating plane and circle at Pp being thus fully and in various 

ways determined, we may next inquire (3893) in what point Q do they meet the 

conic again. In symbols, denoting by w the vector of this point, we have the 

three scalar equations, 

XXXIT.. . Skw = Sxp, SrAwSpw = SApSup, Ww = p's 

which are all evidently satisfied by the value w =p, but can in general be 

satisfied also by one other vector value, which it is the object of the problem 

to assign. 

(13.) We satisfy the two first of these three equations XXXII., by 

assuming the expression, 

XXXII... w=& + §(a 7’ — av’), 

in which 2 is any scalar; in fact we have the relations, 

KOR KV ee BE Soy hv’ == 2S p; | Sur? =:28up, 
Qiec SNE SSuhAShe seis t= Birt Se’, 

whence XXXIII. gives, 

XXXV...SrAw = @8Ap, Suw = a Sup, &e. 

».O.O.O'Dige: | 8 gi E + a(r = v’), 

And because 

we shall satisfy also the third equation XXXII., if we adopt for w any root 

of that new scalar equation, which is obtained by equating the square of 
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the expression XXXIII. for w, to what that square becomes when w is 

changed to 1. 

(14.) To facilitate the formation of this new equation, we may observe 

that the relations, 

SC et a Ct eee Winget Cea Neo dete sabia sybase Sami) 

which have all occurred before, give 

XXXVII... 4887’ = 87? + uw”, 48 Eu’ = 77 + 8"; 

the resulting equation is therefore, after a few slight reductions, the following 

biquadratic in x, 

XXXVI 20S (a = Deter 73 

of which the cubic factor is to be rejected (comp. 393, (2.)), as answering only 

to the point P itself. 

(15.) We have then the values, 

12 /2 

AXES, Mie sin det) and wed Ly. oar w=644(5-5); 

comparing which last expression with the formule XVII., we see that the 

required point of intersection a, of the sphero-conic with its osculating circle, 

can be constructed by the following rule. On the traces (4.), of the osculating 

plane on the two cyclic planes, determine two points 7, and wi, by the 

conditions, 

XG hte T a XU SU XU ST et ben ae A Le nO mars 

or in words, the right line T,U, ts bisected by the sought point a. 

(16.) But a still more simple or more graphic construction may be obtained, 

by investigating (comp. 393, (4.)) the direction of the chord pa. The vector 

value of this rectilinear chord is, by XXXVI. and XL., 

12 

= (E - =) tp tv, because p =4(r + Vv); 
rT 

the chord pa has therefore the direction (or its opposite) of the fourth propor- 

tional (226) to the three vectors, p’, 7, and — v’, or PT, xT, and xu; if then we 
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conceive this chord or its prolongations to meet the traces xt, xu in two new 

points T,, U., we shall have (comp. 3938, VIII.) the two inversely similar 

triangles (118), 
PR Lalit > aT ae, PURE 

(17.) To deduce hence a spherical construction for a, we may conceive four 

planes, through the avis okx, perpendicular respectively to the four following 

right lines in the osculating plane: 

XLV...7,-v,p,w-—p, OF XT, XU, PT, PQ; 

which planes will cut the sphere in four great circles, whereof the four arcs, 

XLVI. ..Z2EF, EG, EP, EH, 

are parts, if F, G, H (see again fig. 80) be the feet of the three arcual perpen- 

diculars from the pole & of the osculating circle on the two cyclic ares cB, ca, 

and on the arcual chord Pa. 

(18.) These four arcs XLVI. are therefore connected by the same angular 

relation as the four lines XLY.; and we have thus the very simple formula, 

XLVII. .. Gun = PEF, 

expressing an equality between two spherical angles at the pole z, which serves 

to determine the direction of the arc EH, and therefore also the positions of the 

points H and a, by means of the relations, 

XLVIII. .. por = & A PH =" HQ. 

(19.) If the arcual chord pa, both ways prolonged, or any chord of the 

conic, cut the cyclic arcs cB and ca in the points r and s (fig. 80), it is 

well-known that there exists the equality of intercepts (comp. 270, (2.)), 

XLIX...n RP = Q8; 

and conversely this equation, combined with the formule (11.), or with the 

trigonometric expression, 

L... tan px = tan r = 3 sin 5 (cot a + cot »), 

for the tangent of the arcual radius of the osculating circle, enables us to 
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determine what may be called perhaps the arcual chord of osculation pa, by 

determining the spherical angle rps, or simply p, from principles of spherical 

trigonometry alone, in a way which may serve as a verification of the results 

above deduced from quaternions. 

(20.) Denoting by ¢ the semitransversal rH = us, and by s the semichord 

PH = HQ, the oblique-angled triangles RPB, spa give the equations, 

( cot (¢ — s) sin — = cos P cos — + sin P cot B, 
ibe ¢ a 

er Ca ts 
cot (¢ + s) SIN 5 = COS P COs 5 — Sin P cot A ; 

while the right-angled triangle PHE gives, 

LIT. ....tan s =\sin Pp tan r. 

Equating then the values of cot 2s, deduced from LI. and LII., we eliminate 

s and ¢, and obtain a quadratic in tan p, of which one root is zero, when tan r 

has the value L.; such then might in this new way be inferred to be the 

tangent of the arcual radius of curvature of the conic, and the remaining 

root of the equation is then, 

cos 5 (cot B — cot a) 
LITT... tan Pp = ———————____——__ ; 

C 
cot A cot B + cos’ 543 tan? r 

a formula which ought to determine the inclination P, or RPB, or @PA, of the 

chord pa to the tangent pa, but which does not appear at first sight to admit 

of any simple interpretation.* 

(21.) On the other hand, the construction (17.) (18.), to which the quater- 

nion analysis led us, gives 

LIV... HEP = GEP — GEH = GEP — PEF = FEB + GEA, 

* We might however at once see from this formula, that p = a — B at the plane limit ; which 

agrees with the known construction 393, (4.), for the corresponding chord re in the case of the 
plane hyperbola. 
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and therefore, by the four right-angled triangles, PHE, BFE, AGE, and BPE 

or EPA, conducts to this other formula, 

LV... cot (cos 7 cot P) = cot (cos r COS , tan (B + ‘)) 

- cot” (cos r COS 5 tan (A + ‘)), 

in which a is the same auxiliary angle as in XXXI.; we ought therefore to 

find, as the proposed verification (19.), that this last equation LY. expresses 

virtually the same relation between a, B, ¢, and Pp, as the formula LIIL, 

although there seems at first to be no connexion between them; and 

such agreement can accordingly be proved to exist, by a chain of ordi- 

nary trigonometric transformations, which it may be left to the reader to 

investigate. 

(22.) A geometrical proof of the validity of the construction (17.) (18.) 

may be derived in the following way. The product of the sines of the arcual 

perpendiculars, from a point of a given sphero-conic on its two cycle arcs, 1s 

well-known to be constant ; hence also the rectangle under the distances of the 

same variable point from the two cyclic planes is constant, and the curve is 

therefore the intersection of the sphere with an hyperbolic cylinder, to which 

those planes are asymptotic. It may then be considered to be thus geometri- 

cally evident, that the circle which osculates to the spherical curve, at any 

given point P, osculates also to the hyperbola, which is the section of that 

cylinder, made by the osculating plane at this point; and that the point a, of 

recent investigations, is the point in which this hyperbola is met again, by tts 

own osculating circle at p. But the determination 393, (4.) of such a point of 

intersection, although above deduced (for practice) by quaternions, is a plane 

problem of which the solution was known ; we may then be considered to have 

reduced, to this known and plane problem, the corresponding spherical problem 

(12.) ; and thus the inverse similarity of the two plane triangles XLIV., 

although found by the quaternion analysis, may be said to be geometrically 

explained, or accounted for: the traces xt and xv, or 7’ and —v’, of the 

osculating plane to the conic on the two cyclic planes (4.), being evidently 

the asymptotes of the hyperbola in question. 

(23.) In quaternions, the constant product of sines, &e., is expressed by 

this form of the equation II. of the cone, 

LVI... SUAp.SUyp = (g — SAp) : 2T Au = const. ; 
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and the scalar equation of the hyperbolic cylinder, obtained by eliminating p’ 

between I. and IL., after the first substitution (1.), is 

LVII. . . SApSup = $r?(g - SA) = const. ; 

while the expression XX XIII. for w may be considered as the vector equation 

of the hyperbola, of which the intersection @ with the circle, or with the sphere, 

is determined by combining that equation with the condition w = p? (= — 7°). 

(24.) In the foregoing investigation, we have treated a sphero-conic in 

connexion with its cyclic arcs (2.); but it would have been about equally easy 

to have treated the same curve, with reference to its focal points: or to the 

focal lines of the cone, of which it is the ¢ntersection with a concentric sphere. 

(Compare what has been called the bifocal transformation, in 360, (2.).) 

(25.) We can however only state generally here the resu/¢ of such an 

application of quaternions, as regards the construction of the osculating small 

circle to a spherical conic, considered relatively to its foci: which construction* 

can indeed be also geometrically deduced, as a certain polar reciprocal of the 

one given above. Two focal points (not mutually opposite) being called 

F and a, let pn be the normal arc at Pp, which is thus equally inclined, by a 

well-known principle, to the two vector arcs, FP, GP; so that if the focus « 

be suitably distinguished from its own opposite, the spherical angle FPe is 

bisected by the arc Pn, which is here supposed to terminate on the given arc FG. 

At wn erect an are QnR, perpendicular to PN, and terminating in Q and R on the 

two vector arcs. Perpendiculars, QE, RE, to these last arcs, will meet on the 

normal arc PN, tn the sought pole (or spherical centre) E, of the sought small 

circle, which osculates to the conic at the given point P. 

(26.) The two focal and arcual chords of curvature from Pp, which pass 

through F and G, and terminate on the osculating circle, are evidently bisected 

at @ and R, in virtue of the foregoing construction, which may therefore be 

thus enunciated :— 

The great circle aR, which is the common bisector of the two focal and arcual 

chords of curvature from a gwen point P, intersects the normal arc PN on the fixed 

are ¥G, connecting the two foci; that 1s, on the arcual major axis of the conic. 

* The reader can easily draw the figure for himself. As regards the known rule, lately alluded to 
(in 393, (4.), and 394, (22.)), for determining the chord of intersection of a plane conic with its 

osculating circle, it will be found (for instance) in page 194 of Hamiilton’s Conie Sections (in Latin, 
London, 1758). The two spherical constructions, for the small circle osculating to a spherical conic, 

were early deduced and published by the present writer, as consequences of quaternion calculations, 
Compare the second Note to page 54. 
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(27.) The construction (5.) fails to determine the position of the auxiliary 

point p in fig. 80, for the case when the given point P is on the minor axis of 

the conic; and in fact the expressions (4.) for p’ and p” become infinite, 

when the denominator SAyp is zero. But it is easy to see that the auxiliary 

vector o, which represents generally the trace of the normal plane to the curve 

on the plane of the two cyclic normals, becomes at the Limit here considered 

the required axis of the osculating circle; and accordingly, if we assume 

simply (comp. (1.) and (2.) ), 

LVIII...p’ = Vpo, and therefore p”’ = Vp'c + Voc, 
we have 

LIX. ..0°=0, and Vp’p” || o, when SdApp =0. 

(28.) In general, if we determine three points L, M, s in the plane of \p, 

by the formule (comp. again (2.) ), 

3 2 2 

Ap 
ee OL = a? = Sia’ Si 

then i and m will be the intersections of the cyclic normals A, u with the 

tangent plane to the sphere at Pp, and the normal plane to the curve at the 

same point will bisect the right line Lm in the point s; we shall also have 

this proportion of sines, 

LXI. .. sin Los : sin som = SUAp : SUnp 

= COS LOP : COS POM = SiN PP, : Sin PP, (comp. (23.) ), 

if pP,, PP, be the arcual perpendiculars from the point Pp of the conic on the 

two cyclic arcs; and this general rude for determining the position of the 

line os, or o, applies even to the Mmiting case (27.), when that variable line 

becomes the avis of the osculating circle, at a minor summit of the curve. 

(29.) As an example, let us suppose that the constants g, A, w in the 

equation II. are connected by the relation, 

LXII...g=-SApu, whence LXIII...S8(VAp.Vyup) = 0; 

the cyclic normals are therefore in this case sides of the cone, and the two 

planes which connect them with any third side are mutually rectangular ; so 

that the conic is now the locus of the vertex of a right-angled spherical triangle, 

of which the hypotenuse is given. And by applying either the formula LXL, 
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or the construction (28.) which it represents, we find that the trigonometric 

tangent of the arcual radius of the osculating small circle to such a conic, at 

either end of the given hypotenuse, is equal to half* the tangent of that 

hypotenuse itself. 

(30.) It is obvious that every determination, of an osculating circle to a 

spherical curve, is at the same time the determination of what may be (and is) 

called an osculating right cone (or cone of revolution), to the cone which rests 

upon that curve, and has its verter at the centre of the sphere. Applying 

this remark to the last example (29.), we arrive at the following theorem, 

which can however be otherwise deduced :— 

Tf a cone be cut in a circle by a plane perpendicular to a side, the axis of the 

right cone which osculates to tt along that side passes through the centre of the 

section. 

395. When a given curve of double curvature is not a spherical curve, we 

may propose to investigate the spheric surface which approaches to it most 

closely, at any assigned point. An osculating circle has been defined (889) to 

be the dimit of a circle, which touches a given curve, or its tangent pr, at a 

given point P, and cuts the same curve at a near point a; while the tangent pr 

itself had been regarded (100) as the Wmit of a rectilinear secant, or as the 

ultimate position of the small chord pa. It is natural then to define the 

osculating sphere, as being the limit of a spheric surface, which passes through 

the osculating circle, at a given point P of a curve, and also cuts that curve in 

a point a, which is supposed to approach indefinitely to p, and ultimately to 

coincide with it. Accordingly we shall find that this definition conducts by 

quaternions to formule sufficiently simple; and that their geometrical inter- 

pretations are consistent with known results: for example, the centre of spherical 

curvature, or the centre of the osculating sphere, will thus be shown to be, as 

usual, the point in which the polar awis (3891, (5.)) touches the cusp-edge of the 

polar developable (391, (6.)). It will also be seen, that whereas in general, 

if R be a point in the normal plane (370, (8.)) to a given curve at P, we can 

only say that the difference of distances, RQ — RP, is small of an order higher 

than the first, if the chord PR be small of the first order; and whereas, even 

if R be on the polar axis (391, (4.)), we can only say generally that this 

difference of distances is small, of an order higher than the second; yet, i R 

be placed aé the centre s of spherical curvature, the difference sq — sp is small, 

* This may also be inferred by limits from the formule (11.); in which 7 and a were used, 

provisionally, to denote a certain spherical are and angle. 



Arts. 394, 395.] OSCULATING CONE, OSCULATING SPHERE. 75 

of an order higher than the third: so that the distance of a near point a, from 

the osculating sphere at the gwen point P, ts generally small of the fourth order, 

the chord being still small of the first. 

(1.) Operating with S.A, where A is an arbitrary line, on the vector 

equation 392, V. of the osculating circle, we obtain the scalar equation of a 

sphere through that circle under the form, 

r Ap” 
ee ae 

wW —p p 

which may however, by 393, (7.), be brought to this other form, better suited 

to our present purpose, 

II. . . (w — k? = (p — x)? + 2cSp"p’(w — p) ; 

e being any scalar constant, while « is still the vector of the centre x of the 

circle: and the vector o of the centre s of the sphere is given by the formula, 

Til. ..c=«x+eVp'p, 

which evidently expresses that this last centre is on the polar axis. 

(2.) To express now that this sphere cuts the curve in a near point a, we 

are to substitute for w the expression, 

lV...w= pt=pt ip’ + 4p” + Pup”, With w= 1; 

but « has been seen (in 391) to satisfy the three equations, 

V...0=Sp'(k-p), 0=S8p’(k-p)-p?, 0=S8p"p'(k - p); 

reducing then, dividing by 12°, and passing to the limit, we find for the 

osculating sphere the condition, 

uy Laxecs Se’ (p Po k) 7 38p’p” = cSp’’p'p’ ; 

so that finally the vector o satisfies the three scalar equations, 

VII. ..0=Sp(o-p), 0=Sp’(o-p)-—p®, 0=S8p"(o - p) — 88p’p’, 

by which it is completely determined, and of which the two last are seen to 

be the successive derivatives of the first, while that first is the equation of the 

normal plane: whence the centre s of this sphere is (by the sub-arts. to 386, 
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comp. 391, (6.)) the point where the polar aais Ks touches the cusp-edge of the 

polar developable.* 

(3.) Differentials may be substituted for derivatives in the equations VII., 

which may also be thus written (comp. 391, (4.)), 

VIL 0d Diol a) 0. = Tp ic) 020 oto tome 

the distance of a near point a of the given curve from the osculating sphere is 

therefore smal/ (as above said), of an order higher than the third, if the chord 

PQ be small of the first order. 

(4.) The two first equations VII., combined with V., give also 

IX...0=Sp’(e-«), 0=Sp"(o-«), 0=S(k-p) (o- x); 

which express that the line Ks is perpendicular to the osculating plane and 

absolute normal at Pp, as it ought to be, because it is part of the polar axis. 

(5.) Conceiving the three points Pp, K, s, or their vectors p, x, o, to vary 

together, the equations VY. and VII., combined with their own derivatives, 

give among other results the following : 

BX ere eee Sx’p’ = So'p’ = So’p” Ze So’ (k a p) = Sep’; 

of which the geometrical interpretations are easily perceived. 

(6.) Another easy combination is the following, 

XT a =Sk’(o + p — 2k), 

as appears by derivating the last equation IX., with attention to other 

relations; but 2« — p is the vector of the extremity, say m, of the diameter of 

* [The equation of the osculating sphere may be obtained in a manner analogous to the instructive 
method of 392, (3.), p. 59. Let p, pi, pz, and p3 be the vectors to any four points on the curve, and 

let w be the vector to a variable point on the sphere which passes through these four points, then for 
certain scalars x, y, and 2, 

ot De ED y 1 z 

te ON epi pun poi ps Opec: 

because the coinitial vectors reciprocal to four coinitial chords of a sphere are termino-complanar. 

Let pi =p + tip’ + otro” + gtuap”’, &e., 

and the relation becomes 

arty) 
ety+2) —~ =—_________._____, + &e. 
( Yagi w—p 1L+dtip’p-) + dtrusp'’’p’ 
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the osculating circle, drawn from the given point P: we have therefore this 
construction :— 

On the tangent KK’ to the locus of the centre of the osculating circle, let Jalil a 
perpendicular from the extremity m of the diameter drawn from the given point P ; 
this perpendicular prolonged will intersect the polar axis, in the centre s of the 
osculating sphere to the given curve at P. 

(7.) In general, the three scalar equations VII. conduct to the vector 
expression, 

Te) era es GY Rinsbein hae 1 a pe) 
Sp'p'’p 

or with differentials, 

SOIT Ti gy epee tee ea nee pap 
Sdpd’pd'p ; 

the scalar variable being still left arbitrary. 

(8.) And if, as an example, we introduce the values for the heliz, 

KAV......p = cia + a’3, p =cat 3 eB. (p= — (5) a‘, 

0” Pe. (5) op, 

whereof the three first occurred before, we find after some slight reductions 

the expression, in which a denotes again the constant inclination of the curve 

to the axis of the cylinder, 

XV. ..c0=p-—a'B cosec’ a = cta - a’B cot? 4; 

but this is precisely what we found for x, in 389, VIII.; for the helix, then, 

the two centres, K and s, of absolute and spherical curvature, coincide. 

Ultimately, when the four points on the curve approach indefinitely, this reduces to 

p at)-} : 

= ooo oi t &. (+ y +2) Gig CLR oo Rae 

= ty (1 _- $tip’’p’-} + $¢17(p"p’-1)? _~ $t1"p"" p’- = &e.) + &e. 

MW I-j 
= (et) + yte-) + ats!) — (e+ y + 2)p"p 

+ §(ati + yte + 20s) (3(p"p’1)? — zp’’p’}) + &e. 
Taking the vector part, 

(z+y+z)V (= = tp"p') = §(ati + yte + 2ts) (Vp"p-!Sp"p'? — 3Vp"'p) ; 
wp 

and hence F, 
Ss ( == ap"p') (p'"’Sp”p’-1 => 3p’””) = 0, 

w—p 
which is the equation required. ] 
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(9.) This known result is a consequence, and may serve as an illustration, 

of the general construction (6.); because it is easy to infer, from what was 

shown in 389, (3.), respecting the Jocus of the centre k of the osculating circle 

to the helix, as being another helix on a co-axal cylinder, that the tangent KK’ 

to this locus is perpendicular to the radius of curvature KP, while the same 

tangent (KK’ or «’) is always perpendicular (X.) to the tangent (PP’ or p’) to 

the curve; Kk’ is therefore here at right angles to the osculating plane of the 

given helix, or coincides with its polar axis: so that the perpendicular on it 

from the extremity m of the diameter of curvature falls at the point K ¢tse/f, 

with which consequently the point s in the present case coincides, as found by 

calculation in (8.). 

(10.) In general, if we introduce the expressions 376, VI., or the following, 

AW Lg hos =8 Dpy kp) =<67D, p45: Dipl Me =Eke D, Dieost Ds Oats Dap, 

in which s denotes the arc of the curve, but the accents still indicate deriva- 

tions with respect to an arbitrary scalar ¢ ; and if we observe (comp. 380, (12.) ) 

that the relations, 

XVI pp =— 1, AS. pps p= 0.6 8. DoD, + Dep =e, 

in which D,p? and D,’o? denote the squares of D,o and D,’p, and S.D,pD,’p 

denotes S(Dsp . D,’p), &e., exist independently of the form of the curve; we 

find that s” and s’” disappear from the numerator and denominator of the 

expression XII. for o—p, and that they have s® for a common factor: 

setting aside which, we have thus the simpler formulae, 

Ds. DspDs'p 
NOAM 6 ay eg a) eee ee 

And accordingly the three scalar equations VII., which determine the centre 

of the osculating sphere, may now be written thus, 

XL Xe S(o -- p)Dsp = Alt S(o _ p)Ds*p +1=0, S(o- p)Ds'p = 0). 

(11.) Conversely, when we have any formula involving thus the successive 

derivatives of the vector p taken with respect to the arc, s, we can always and 

easily generalize the expression, and introduce an arbitrary variable ¢, by 

inverting the equations XVI.; or by writing (comp. 390, VIII.), 

—2 47 tr? XX... Dp=stlp’, D'p = 8 (sp) =s %p’ — 8 *s'p, &e. 
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(12.) It may happen (comp. 379, (2.)) that the independent variable 
¢ is only proportional to s, without being equal thereto; but as we have the 
general relation, 

AAde Denes "Dn, 1k .£ = D8. = Tp’ = consti, 

it is nearly or quite as easy to effect the transformations (10.) and (11.) in 
the case here supposed, or to pass from ¢ to s and reciprocally, as if we 

had s’ = 1. 

(13.) If the vector o be treated as constant in the derivations, or if we 

consider for a moment the centre s of the sphere as a fixed point, and attend 

only to the variations of distance of a point on the curve from it, then 

(remembering that T(p — co)? =— (oe — c)*) we not only easily put (comp. 

VIII.) the three equations XIX. under the forms, 

XXIT...0=n,.T(o - o) = 0 T(p — c) = DST (p - o), 

but also obtain by XVII. this fourth equation, 

SO CIT RAAU AS UPS eee 

(14.) Lf then we write, for abridgment, 

XXIV... r= T(x - p) = Tp p7 = radius of osculating cirele ; 

XXV...R=T(o- p) = radius of osculating sphere ; 
and 

P S(o — p) Ds‘p x Ss. Dsp*Ds*pDs'p 
0.8 Alte cae mae nacre eee ara 

we see that this scalar, S, must be constantly equal to unity, for every spherical 

curve; but that for a curve which is non-spherical, the distance sa of a near 

point a, from the centre s of the osculating sphere at Pp, is generally given by 

an expression of the form, 

(S — L)uss* 
AXVII...sq=R RATE TE 9 Pi, with w=1; 

so that, at least for near points a, on each side of the given point Pp, the curve 

lies without or within the sphere which oscudates at that given point, according 

as the scalar, S, determined as above, is greater or less than unity. 
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(15.) In the case (12.), the formula XX VI. may be thus written, 

SV ITE eee ee S : pp 8p” ) 

whence, by carrying the derivations one step farther than in (8.), we find for 

the heliz, 

XXIX...S=cosee?a>1, or XXIX”...S—1= co? a>0: 

and accordingly it 1s easy to prove that ¢his curve lies wholly without its 

osculating sphere, except at the point of osculation. 

(16.) In general, the scalar S-1, which vanishes (14.) for all spherical 

curves, and which enters as a coefficient into the expression XX VII. for the 

deviation sQ — SP of a near point of any other curve from its own osculating 

sphere, may be called the Coefficient of Non-Sphericity ; and if ar be the 

perpendicular from that near point @ on the tangent pr to the curve at the 

given point p, we have then this “miting equation, by which the value of that 

coefficient may be expressed, 

XXX, |. 8-1=lim. 3(F ="). 
QT” 

(17.) Besides the forms X VIII., other transformations of the expressions 

XI. XIII. for the vector o of the centre of an osculating sphere might be 

assigned; but it seems sufficient here to suggest that some useful practice 

may be had, in proving that those expressions for o reduce themselves 

generally to zero, when the condition, 

EX BO Coliste 
is satisfied. 

(18.) It may just be remarked, that as 7’ is often called (comp. 389, 

(4.)) the absolute curvature, or simply the curvature, of the curve in space 

which is considered, so #7 is sometimes called the spherical curvature of 

that curve: while r and £& are called the radii* of those two curvatures 

respectively. 

* We shall soon have occasion to consider another scalar radius, which we propose to denote by 

the small roman letter r, of what is not uncommonly called the torsion, or the second curvature, of the 

game curve in space. 
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396. When the are (s) of the curve is made the independent variable, 

the calculations (as we have seen) become considerably simplified, while no 

essential generality is lost, because the transformations requisite for the 

introduction of an arbitrary scalar variable (¢) follow a simple and uniform 

law (395, (11.), &c.). Adopting then the expression (comp. 395, LV.), 

Ll... ps=p+8rt+ $67 +4e6usr’, with «u=1, 
in which 

in F . . a: = Dsp, 7 = Ds*p, 7 => Ds*ps 

and therefore 

TL. . =v? + 1=0, Sr’ =0, Sr7x" +e? =0, 

we shall proceed to deduce some other affections of the curve, besides its 

spherical curvature (395, (18.)), which do not involve the consideration of 

the fourth power of the are (or chord). In particular, we shall determine 

expressions for that known Second Curvature (or torsion), which depends on 

the change of the osculating plane, and is measured by the ultimate ratio of 

that change, expressed as an angle, to the arc of the curve itself; and shall 

assign the quaternion equations of the known Reetifying Plane, and Rectifying 

Line, which are respectively the tangent plane, and the generating line, of 

that known Lectifying Developable, whereon the proposed curve is a geodetic 

(382): so that it would become a right line, by the unfolding of this last 

surface into a plane. But first it may be well to express, in this new 

notation, the principal affections or properties of the curve, which depend 

only on the three first terms of the expansion I., or on the three initial vectors 

p, Tt, 7, or rather on the two last of these; and which include, as we shall 

see, the rectifying plane, but not the rectifying line: nor what has been 

called above the second* curvature. 

(1.) Using then first, instead of I., this less expanded but still rigorous 

expression (comp. 376, L.), 

IV... ps=p+sr+4su,7r, with w=1, PsP 2 ; 

and with the relations II. and III., we have at once the following system of 

* In a Note to a very able and interesting Memoir, ‘‘ Sur les lignes courbes non planes"’ (referred 

to by Dr. Salmon in the Note to page 277 of his already cited Treatise, and published in Cahier XXX. 
of the Journal de l Ecole Polytechnique), M. de Saint-Venant brings forward several objections to 
the use of this appellation, and also to the phrases torsion, flexion, &c., instead of which he proposes 

to introduce the new name, ‘‘ cambrure’’: but the expression ‘‘ second curvature’? may serve us for 
the present, as being at least not unusual, and appearing to be sufficiently suggestive. 
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three rectangular lines, which are conceived to be all drawn from the given 

point Pp of the curve: 

V... r= unit tangent; VI... 7’ = vector of curvature (389, (4)) ; 

and 
VIL... verte =- 7’ = 7'r! = binormal (comp. 379, (4.)) ; 

7 being a line drawn in the direction of a conceived motion along the curve, 

in virtue of which the are (s) inercases ; while 7’ is directed towards the centre 

of curvature, or of the osculating circle, of which centre x the vector is now, 

Veli (WOK pte per ors, 
if 

TX...77 = Tr’ = curvature at Pp, or IX’... r= Tr" = radius of curvature ; 

and the third line v (which is normal at P to the surface of tangents to the 

curve) has the same length (Tv = 7) as 7’, and is directed so that the rotation 

round it from r to 7’ 1s positive. 

(2.) At the same time, we have evidently a system of three rectangular 

vector units from the same point p, which may be called respectively the 

tangent unit, the normal unit, and the binormal unit, namely the three lines, 

A.» .Ur=r, Ur =r7, Uverrr; 

the normal unit being thus directed (like 7’) towards the centre of curvature. 

(3.) The vector equation (comp. 392, (2.)) of the circle of curvature takes 

now the form, 

with the verification that it is satisfied by the value, 

All...w=p=2k—-p=p —2r4, 

in which pu (comp. 395, (6.)) is the vector om of the extremity of the diameter 

of curvature PM. 

(4.) The normal plane, the rectifying plane, and the osculating plane, to the 

curve at the given point, form a rectangular system of planes (comp. 379, (5.)), 

perpendicular respectively to the three lines (1.); so that their scalar equations 

are, in the present notation, 

AIII. . . Sr(w - p) = 0; XIV... 8r(w-p)=0; XY... Sv(w - p) =0; 
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by pairing which we can represent the tangent, normal, and binormal to the 

curve, regarded as indefinite right lines ; or by the three vector equations, 

XVI...Vr(w-p)=0; XVII...Vr'(w-p)=0; XVIII...Vv(w—p) = 0. 

(5.) In general, if the two vector equations, 

XIX... Vn(w-p)=0, and XIX’... Vis(ws — ps) = 0, 

represent two right lines, pH and P;H;, which are conceived to emanate 

according to any given law from any given curve in space, the identical 

Sormula,* 
Cre S a Scam ) 

XX. eo ° a v(v 8 age P| = a p z 9 

he UES Minit Vis 

shows that the common perpendicular to these two emanants, which as a vector 

is represented by either member of this formula XX., intersects the two lines 

in the two points of which the vectors are, 

- (0s x p) Ns f , Fs (ps ieee p)n 
RTs wpa 8 a ; Rirtechin eae tel creat 

(6.) In general also, the passage of a right line from any one given position 

in space to any other may be conceived to be accomplished by a sort of screw 

motion, with the common perpendicular for the axis of the screw, and with two 

proportional velocities, of translation along, and of rotation rownd that axis: the 

locus of the two given and of all the intermediate positions of the line (when thus 

interpolated) being a Screw Surface, such as that of which the vector equation 

was assigned in 314, (11.), and was used in 872, (4.). 

(7.) Again, for any quaternion, g, we have (by 316, XX. and XXIII.+) 

the two equations, 

SRL Le See gad,» Na og VU G = eini7eg, VG; 

comparing which we see that 

AXIIT. 2. VUg? Ug =sin 29:2 ¢ =-{very nearly) 1, 

* It is obvious that we have thus an easy quaternion solution of the problem, to draw a common 
perpendicular to any two right lines in space. 

t Although the expression XXII’. for VUgq is here deduced from 316, XXIII., yet it might have 
been introduced at a much earlier stage of these Hlements; for instance, in connexion with the 

formula 204, XIX., namely TVUg = sin Z g. 
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if the angle of the quaternion be small; so that the logarithm and the 

vector of the versor of a small-angled quaternion are very nearly equal to 

each other, and we may write the following general approximate formula 

for such a versor : 

XXIV... Ug = (27% =) "4, nearly, if Z ¢ be small; 

the error of this last formula being in fact small of the third order, if the 

angle be small of the first. 

(8.) And thus or otherwise (comp. 3834, XIII. and XV.), we may 

perceive that if the quaternion g have the form (comp. (5.)), 

XXV...g= nn, with XXVI...n,=n+8y +.., 

and if we write for abridgment, 

, 

XXVII...0=V-—, and XXVIII...4=84, 
n n 

we shall then have nearly, if s be small, the expressions, 

XXIXS Ug aU Eee and x KX ee Tg Se = Lesh 
| U) 

or, neglecting s’, 

XXXII... ns = (1 + sh) 2 = 8 + shn, 

in which last binomial, the jirst (or exponential) term alone influences the 

direction of the near emanant line (5.). 

(9.) At the same time, by supposing s to tend to 0, the formula XXI. 

gives, as a limit, 

r 

XXXII... on= =p +87 = p-a 

- 
On’ 

for the vector of the point, say H, on the given emanant pu, in which that 

given line is ultimately intersected by the common perpendicular (5.), or by the 

axis of the screw rotation (6.); but the direction of that axis is represented by 

the versor UO, and the angular velocity of that rotation is represented by the 

tensor 'T'0, if the velocity of motion (1.) along the given curve be taken as 

unity: we may therefore say that the vector @ itself, or the factor which 

multiplies the arc, s, in the exponential term XXXL, if set off from the point 
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H determined by XXXII., is the Vector of Rotation of the Emanant, whatever 

the Jaw (5.) of the emanation may be. 

(10.) And as regards the screw transilation (6.), its linear velocity is in like 

manner represented, in length and in direction, by the following expression 

(obtained by limits from XX.), 

XO be p= Os 5 (set off from H) = Vector of Translation of Emanant, 

= projection of unit-tangent on screw-axis (or of r on 8). 

And the indefinite right ine through the point u, of which this line z is a part, 

may be called the Amis of Displacement of the Emanant. 

(11.) It is easy in this manner to assign what may be called the 

Osculating Screw Surface to the (generally gauche) Surface of Emanants, or 

indeed to any proposed skew surface; namely, the screw surface which has 

the given emanant (or other) dine for one of its generatrices, and touches the 

skew surface in the whole extent of that right line. 

(12.) It is however more important here to observe, that in the case when 

the surface of emanants is developable, the vector of translation vanishes; and 

that conversely this vector « cannot be constantly zero, if that surface be 

undevelopable. The Condition of Developability of the Surface of Emanants is 

therefore expressed by the equation, 

XXXTV...4=0, or SrA=0, or XXXIV’...Snn7=0; 

and accordingly this condition is satisfied (as was to be expected) when » = 7, 

that is, for the surface of tangents. 

(13.) In the same case, of y= or || 7, the vector 0 of rotation becomes 

equal (by XX VII. and VII.) to the dcnormal v; and the expression XX XII., 

for the vector w. of the foot u of the aais reduces itself to p; and thus we 

might be led to see (what indeed is otherwise evident), that the passage from 

a given tangent to a near one may be approximately made, by a rotation round 

the binormal, through the small angle, sTv = sr* = are divided by radius of 

curvature. 

(14.) Instead of emanating /ines, we may consider a system of emanating 

planes, which are respectively perpendicular to those lines, and pass through 

the same points of the given curve. It may be sufficient here to remark, that 

the passage from one to another of two such near emanant planes, represented 

by the equations, 

CAN: Sa(w - p) = 9, XXXV’...Sns(w — p) = 9, 
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may be conceived to be made by a rotation through an angle = s'T0, round the 

right line, 

XXXVI... Sn(w - p) = 0, Sn/(w - p) - Snr = 0, 
or 

XXXVI’... VO(w — p) + 1 'Snr = 0, 

in which the plane XXXV. touches its developable envelope, and which is 

parallel to the recent vector 0, or to the vector of rotation (9.) of the emanant 

line; so that if an equal vector be set off on this new line XXX VL., it may be 

said to be the Vector Amis of Rotation of the Emanant Plane. 

(15.) For example, if we again make ny =7, so that the equation XXXYV. 

represents now the normal plane to the curve, we are led to combine the 

equation XIII. of that plane with its derived equation, and so to form the 

system of the ¢wo scalar equations, 

XXXVIT...S8r(w - p) = 0, Sr’ (w-p) +1=0, 

whereof the second represents a plane paradlel to the rectifying plane XIV., 

and drawn through the centre of curvature VIII.; and which jointly represent 

the polar avis (391, (5.)). considered as an indefinite right line, which is 

represented otherwise by the one vector equation, 

GO. p= ene SOOO NUI eS Neiman ras o 

(16.) And if, on this indefinite line, we set off a portion equal to the binormal 

v, such portion (which may conveniently be measured from the centre K) may 

be said, by (14.), to be the Vector Amis of Rotation of the Normal Plane; or 

briefly, the Polar Avis, considered as representing not only the direction but 

also the velocity of that rotation, which velocity = Ty = 7! = the curvature 

(IX.) of the given curve: while another portion = Uv = the binormal unit (2.), 

set off on the same axis from the same centre of curvature, may be called the 

Polar Unit. 

(17.) This suggests a new way of representing the osculating circle by a 

vector equation (comp. (3.), and 316), as follows : 

XXXIX... ws =« + &"(o —«) = pt (e”—1)r7 

=p+sr+(e"—-1l- sy)r’ 

: Ay eddy tS 
=p t+ srt sr’ t+ (&- L-sv- gs }r*; 
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which agrees, as we see, with the expression I. or IV., if s* be neglected ; 
and of which, when the expansion is continued, the neat term is, 

Sr 
1 03,,3—/-1 WAT ale a XL... bs%v'7’) = 1p’ = - —.- 

(18.) The complete expansion of the exponential form XXXIX., for the 

variable vector of the osculating circle, may be briefly summed up in the 

following trigonometric (but vector) expression : 

Xt eee (cos: Can | rae, 
in which, 

XLII... p-«x=-7'r’, and Uv.(p-—«)=rvr =r; 

so that we may also write, neglecting no power of s, 

es meee s 
XLII... ws =p + rr sin - + 7°r’ vers - ; 

he Tf 

and if this be subtracted from the fud/ expression for the vector ps, the 

remainder may be called the deviation of the given curve in space, from its 

own circle of curvature: which deviation, as we already see, is small of the 

third order, and will soon be decomposed into its two principal parts, or 

terms, of that order, in the directions of the normal and the bdbinormal 

respectively. 

(19.) Meantime we may remark, that if we only neglect terms of the 

fourth order, the expansion I. gives, by III. and IX., for the length of a 

small chord pps, the formula: 

XLIV. .. FF = T(p,~p) = Ter + dsr + 47) 
=f {— (sr + 38°r" + 48°r””)?} 

=f {8" + str(f — 4)} 

st 3° 8 
= 2 — ———_ = —- —————_ = , —° 

ce | (s a) CADE Re alan Pe 

this dength then is the same (to this degree of approximation), as that of the 

chord of an equally long arc of the osculating circle: and although the chord of 

even a small are of a curve 1s always shorter than that arc itself, yet we see 
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that the difference is generally a small quantity of the third* order, if the are 

be small of the jirst. 

397. Resuming now the expression 396, I., but suppressing here the 

coefficient w;, of which the limit is unity, and therefore writing simply, 

ant 
I... ps=p + sr + ger" + 487", 

with the relations, 

Il... =- i? Srr’ = 0, Str” =- 7? = ir, rr’ = ai a 

if s=are, and +) = Tr’ = curvature,t as before, or r= radius of curvature 

(> 0), while »” = Dy; and introducing the new scalar, 

‘i VA 
T Vv 

ITI. ..r? =S— =7°V-— = Secondt Curvature, 
sy v 

with v = tr = binormal, or the new vector, 

// , 

LV tse ee = V~ =Veetor of Second Curvature, 
TT Vv 

supposed to be set off tangentially from the given point p of the curve, or 

finally this other new scalar (> or < 0), 

yi} T Fel 

WAG Gee (s =) = Radius of Second Curvature, 
TT 

which gives the expression, 

Ve tS eer ee rr STOUT ATs) net Arle Ope 

we proceed to deduce some of the chief affections of a curve in space, which 

depend on the third power of the are or chord. In doing this, although 

everything new can be ultimately reduced to a dependence on the two new 

scalars, v’ and r, or on the one new vector 7’, or even on v’ = Vrr’, yet some 

* This ought to have been expressly stated in the reasoning of 383, (5.), for which it was not 

sufficient to observe that the are and chord tend to bear to each other a ratio of equality, without 

showing (or at least mentioning) that their difference tends to vanish, even as compared with a line 
which is ultimately of the same order as the square of either. 

+ Whenever this word curvature is thus used, without any qualifying adjective, it is always to be 
understood as denoting the absolute (or first) curvature of the curve in space. 

{ Compare the Note to page 81. 
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auxiliary symbols will be found useful, and almost necessary. Retaining then 
the symbols v, x, o, R, as well as 7, r’, 7, and therefore writing as before 
(comp. 396, VIIT.), 

WATE . -OK=Kk=p-7T1=p+7rUr =ptr7, 

VIII. 2p (p = kK) = rU(k = p) = 7’ = Do as Vector of Curvature, 

we may now write also, by 395, X VIIT., 

? 

Vv 
IX... 0s=o=p-a, ;=Ktrrry=«+rrUp, 

Tv 
and 

X...(p —o0)' = R'U(e - p) = v'Sr’v’ = Vector of Spherical Curvature, 
= projection of vector (z’) of curvature on radius (R) of osculating sphere ; 

because we have now, by VL, 

XI... vy! = (47) = Ver" = - rr’ — Pv, 

AD (Up) = (rv) = rts SB Ur’, 
or 

and 
XII... Srv’ = — Srr’e” = - rr? a Pr, 

If then we denote by p and P the dinear and angular elevations, of the centre s 

of the osculating sphere above the osculating plane, we shall have these tuo 

new auxiliary sca/ars, which are positive or negative together, according as 

the linear height Ks has the direction of + v or of — v: 

hf gg = Ba eae esl ow tg lllgh fore a. XIII... p U7"? RLV ae READ = SID = C08" 5 

XV...R=T(-p)=V(rtpjaf(r+r?r); 
while 

the angle P being treated as generally acute. Another important /ine, and 

an accompanying angle of elevation, are given by the formule, 

XVI...X = Va Vee” 2 tre’ = Ur 4 Uy 
ii 

= Vo'v! + v = Rectifying Vector (set off from given point P), 

= Vector of Second Curvature plus Binormal ; 

OV LE acres 7. oe tan? — = Elevation of Rectifying Line (> 0, < 7), = 

= the angle (acute or obtuse, but here regarded as positive), 
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which that known and important dine (396) makes with the tangent to the 

curve ; so that (by XIII., XIV.) these two auxiliary angles,* H and P, from 

which (instead of deducing them from 7’ and r) all the affections of the curve 

depending on s* can be deduced, are connected with each other and with r’ 

by the relation, 
OOV ia oten Pee tana: 

Many other combinations of the symbols offer themselves easily, by the rules 

of the present calculus ; for instance, the vector o may be determined by the 

three scalar equations (comp. 895, XIX.), 

XIX... 8r(a—p) =0; Sr’(o—p)=-1, Sr(ae—- p) = 0, 

whence, by XVI., 

AK. Mr =PViVe tr. (o— po) y= VAla op), 

a result which also follows from the expressions, 

Rr’ (ve + sx) Pie ery 
and 

HH AXII...¢-p=r'r + rpv 

because 

>> 8 Hae rpVdv = - rpye = — rr’7’s 

rUr’ + pUv, 

we may therefore replace the formula I. for the vector of the curve by the 

following, which is true to the same order of approximation,t 

2 3 
s § 

XXIV... ps=ptsrt+ a (ep) + ga VAC —- p): 

and may thus exhibit, even to the eye, the dependence of all affections 

connected with s*, on the to new lines, X and o — p, which were not required 

when s* was neglected, but can now be determined by the two sca/ars r and p 

* The angle H appears to have been first considered by Lancret, in connexion with his theory of 

rectifying lines, planes, and surfaces: but the angle here called P was virtually included in the 
earlier results of Monge. 

t+ As regards the homogeneity of such expressions, if we treat the four vectors ps, p, x, and o, and 

the five scalars s, 7, R, p,;and r, as being each of the jirst dimension, we are then to regard the 

dimensions of 7, 7’, x’, H, and P as being each zero ; those of 7’, v, and A as each equal to—1; and 

that of either 7” or v’ as being = — 2. 
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(or r and r’, or H and P as before). The geometrical signification of the scalar 

p is evident from what precedes, namely, the height (Ks) of the centre of the 

osculating sphere above that of the osculating circle, divided by the binormal 

unit (Uv); and as regards what has been called the radius r of second 

curvature (V.), we shall see that this is in fact the geometrical radius of a 

second circle, which osculates, at the extremity of the tangential vector rr, 

to the principal normal section of the developable Surface of Tangents; and 

thereby determines an osculating oblique cone to that important surface, and 

also an osculating right cone* thereto, of which /atter cone the semiangle is 

H, and the rectifying line X is the awis of revolution: being also a side of an 

osculating right cylinder, on which is traced what is called the oseulating helix. 

We shall assign the quaternion equations of these two cones, and of this 

cylinder, and helix; and shall show that although the helix has not generally 

complete contact of the third order with the given curve, yet it approaches 

more nearly to that curve (supposed to be of double curvature), than does 

the osculating circle. But an osculating parabola will also be assigned, 

namely, the parabola which osculates to the projection of the curve, on its 

own osculating plane: and it will be shown that this parabola represents or 

constructs one of the two principal and rectangular components (396, (18.)), 

of the deviation of the curve from its osculating circle, in a direction which 

is (ultimately) tangential to the osculating sphere, while the helix constructs the 

other component. An osculating right cone to the cone of chords, drawn from a 

given point of the curve, will also be assigned by quaternions: and will be 

shown to have in general a smaller acute semiangle C (or ~—(C), than the 

acute semiangle H (or 7 — #), of the osculating right cone (above mentioned) 

to the surface of tangents, or (as will be seen) to the cone of parallels to tangents 

(369, (6.), &e.) : the relation between these two semiangles, of two osculating 

right cones, being rigorously expressed by the formula, 

XXYV... tan C= 3 tan H. 

A new oblique cone of the second order will be assigned, which has contact 

of the same order with the cone of chords, as the second right cone (C), while 

the latter osculates to both of them; and also an osculating parabolic cylinder, 

which rests upon the osculating parabola, and is cut perpendicularly in that 

* These two osculating cones, oblique and right, to the surface of tangents, appear to have been 
first assigned, in the Memoir already cited, by M. de Saint Venant: the osculating (circular) hela, 

and the osculating (circular) cylinder, having been previously considered by M. Olivier. 
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auxiliary curve by.the osculating plane to the given curve. And the inter- 

section of these two last surfaces of the second order (oblique cone and 

parabolic cylinder) will be found to consist partly of the binormal at the 

given point, and partly of a certain twisted cubic* (or gauche curve of the 

third degree), which latter curve has complete contact of the third order with 

the given curve in space. Constructions (comp. 395, (6.)) will be assigned, 

which will connect, more closely than before, the tangent to the locus of centres 

of curvature, with other properties or affections of that given curve. And 

finally we shall prove, by a very simple quaternion analysis, as a consequence 

of the formula XI’., the known theorem,t that when the ratio of the two 

curvatures is constant, the curve ts a geodetic on a cylinder. 

(1.) The scalar expression III., for the second curvature of a curve in space, 

as defined in 396, may be deduced from the formule (896, (5.), &e.) of the 

recent theory of emanants, which give, 

P.O AL BEV ee eye eh wep Pee Ne ye 

while the “ine of contact (896, (14.)), of the emanant plane with its envelope, 

coincides in position with the tangent to the curve; in passing, then, from the 

given point p to the near point p,, the binormal (v) and the osculating plane 

(1 v) have (nearly) revolved together, round that tangent (r) as a common axis, 

through a small angle = y's, and therefore with a velocity = r1, if this symbol 

have the value assigned by III., or by the following extended expression, 1n 

which the scalar variable (t) is arbitrary (comp. 395, (11.), &c.), 

” a 
NENSY Ree Sy =H! Tapas = Second Curvature : 

while the binormal has at the same time been ¢rans/ated (nearly), in a 

direction perpendicular to the tangent 7, through the small interval ws = sr, 

which (in the present order of approximation) represents the small chord PPs. 

(2.) As an example, it we take this new form of the equation of the heliz, 

XXVIII... p: = b(at cot a+ eB), with Ta=TB=1, and SaB =0, 

* This convenient appellation (of twisted cubic) has been proposed by Dr. Salmon, for a curve of 

the kind here considered: see pages 241, &c., of his already cited Treatise. The osculating twisted 
cubic will be considered somewhat later. 

+ This theorem was established, on sufficient grounds, in the cited Memoir of M. de Saint Venant 
(page 26); but it has also been otherwise deduced by M. Serret, in the Additions to M. Liouville’s 
Edition of Monge (Paris, 1850, page 561, &c.). 
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which gives the derived vectors, 

XXIX. .. p: = ba(cot a+ eB), pr =- be“B, pi” = api’, 

and this expression for the are s (supposed to begin with #), 

XXX. ..s=3s't, where s’ = Tp’ =6 cosec a = const., 

we easily find (after a few reductions) the following values for the two 

curvatures : 

SAX. r= 6 sing, r= 6" sm a cosa: 

while the common centre (395), of the osculating circle and sphere, has now 

for its vector (comp. 389, (3.)), 

XXXII... «=c0=p; — be“ cosec® a = b cot a(at — eB cot a) ; 

6 being here the radius of the cylinder, but a denoting still the constant 

inclination of the tangent (p’) to the azis (a). 

(3.) The rectifying line (396), considered merely as to its position, being 

the line of contact of the rectifying plane (396, XIV.) with its own envelope, 

is represented by the equations, 

ROOKIE 0 Uriel a) — Sie po or XXX... 0 —Valo= a), 

with the signification X VI. of XA; and accordingly, if we treat the rectifying 

planes as emanants, or change yn to 7’, we find the value 9 = Yr"r* = X, which 

shows also that in the passage from P to P, the rectifying plane turns (nearly) 

round the rectifying line, through a small angle = sTX, or with a velocity of 

rotation represented by the tensor, 

XXXIV... TA =\//(r? + r*) = 2" cosec H = r' sec H; 

so that what we have called the rectifying vector, \, coincides in fact (by the 

general theory of emanants) with the vector aris (396, (14.)) of this rotation 

of the rectifying plane: as the vector of second curvature (r+) has been seen to 

be, in the same full sense (comp. (1.)), the vector axis of rotation of the 

osculating plane, when velocity, direction, and position are ail taken into account. 

(4.) When the derivative s’ of the arc is only constant, without being 
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equal to unity (comp. 395, (12.)), the expression XVI. may be put under 

this slightly more general form, 

dp 
Isd?p = Rectifying Vector ; POON MPV Ne 

Sp 

and accordingly for the helix (2.) we have thus the values, 

XXXVI...A= as! = ab" sin a = ar coseca, UA=a; 

the rectifying line is therefore, for this curve, parallel to the axis, and coincides 

with the generating line of the cylinder, as is otherwise evident from geometry. 

The value, TA = 67 sin a, of the velocity of rotation of the rectifying plane, 

which is here the tangent plane to the cylinder, when compared with a 

conceived velocity of motion along the curve, is also easily interpreted ; 

and the formule XVII., XVIII. give, for the same helix (by XXXI.), 

the values, 
AXXKVIL...7 =0, Haa, P= 0: 

(5.) The normal (or the radius of curvature), as being perpendicular to 

the rectifying plane, revolves with the same velocity, and round a parallel 

line; to determine the position of which new line, or the point H in which 

it cuts the normal, we have only to change » to 7’ in the formula 396, 

XXXITI., which then becomes, 

XXX VIII. - OH = Wo = P — ’S sa = p — N27” 

“3 pk ( —) ieee +7'« 
Taines re 

=p cos’ 1 +« sin’ H ; 

the vector of rotation (396, (9.)) of the normal is therefore a line || and = X, 
which divides (internally) the radius (7) of curvature into the two segments,* 

AXXIX,..PH=7 sin? H, HK =37r cos’ 7: 

namely, into segments which are proportional to the squares (r* and r?) of 
the first and second curvatures. 

* This law of division of a radius of curvature into segments, by the common perpendicular to 
that radius and to its consecutive, has been otherwise deduced by M. de Saint Venant, in the Memoir 
already referred to. 
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(6.) At the same time, what we have called generally the vector of 

translation of an emanant line becomes, for the normal (by 396, (10.), 

changing @ to A), the line 

241 SAPS oe AS 5 = UX cos H = — r"X", set off from the same point H; 

and the indefinite right line, or axis, through that point u, 

XLI...0=VA(w-,), or XLI’...0= VA(w - p cos’ A - « sin? H), 

along which axis the normal moves, through the small line s, while it turns 

round the same axis (as before) through the smad/ angle sTA, may be called 

(comp. again 396, (10.)) the Awis of Displacement of the Normal (or of the 

radius of curvature). 

(7.) As a verification, for the heliz (2.) we have thus the values, 

XLUL. ...2PHe0, wy = pt — be” = bat cot ay t=acodsa; 

so that the axis of displacement (6.) coincides with the awis (a) of the cylinder, 

as was of course to be expected. 

(8.) When the given curve is not a helix, the values VI., XVI., 

XXXVIII., and XL., of 7”, A, w,, and cv, enable us to put the expression I. 

for ps under the form, 

Serre. 
XILUIII. . . ps = wy + st + &(p — wo) - ere 

the curve therefore generally deviates, by this last smad/ vector of the third 

order, namely by that part of the term 4s*r” which has the direction of the 

normal r’, or of — r’, and which depends on 2”, from the osculating helix, 

XLIYV. .. ws = wy + st + &(p — wo), 

and from the osculating right cylinder, 

XLV... TVA (w — w) = sin H, 

whereon that helix is traced, and of which the rectifying line (X XXIII.) is a 

side, while its axis of revolution (comp. (7.)) is the axis of displacement (XLI.) 

of the normal. 
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(9.) Another general transformation, of the expression I. for the vector of 

the curve, is had by the substitution, 

Cy’ t8 
XLVL..s=¢+G +e, 

in which ¢ is a new scalar variable; for this gives the new form, 

7 

XLVI... pr=ptir+40 (~ + =) + tery, 

and therefore shows that the curve deviates, by this other small vector of the 

third order, 

XLVI. «. dry = dsr rr’, 

that is, by the part of the term 4s*r’” which has the direction of the binormal v, 

and which depends on r, from what we propose to call the Osculating Parabola, 

namely that new auxiliary curve of which the equation is, 

KLIK... w= p tir ge(e 4): 
if 

or from the parabola which oscudates at the given point p, to the projection of 

the given curve on its own osculating plane. 

(10.) And because the small deviation XLVIII. of the curve from the 

parabola is also the deviation of the same curve from this last plane, if we 

conceive that a near point Q of the curve is projected into three new points 

Qi, Q, Q3, on the tangent, normal, and binormal respectively, we shall have 

the limiting equation, 

SPQ; 
L. . . im. —-— =r" = Second Curvature ; 

PQ). PQ, 

the sign of this scalar quotient being determined by the rules of quaternions. 
(11.) But we may also (comp. 396, (17.), (18.)) employ this third general 

transformation of I., analogous to the forms XLIII. and XLVIL., 

3 
Lins Ps =k + (po - k) oF aur 

with the value XI. of »’; in which the swm of the two first terms gives the 
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vector of the point of the osculating circle, which is distant from the given 

point pp, by an are of that circle equal to the are s of the given curve; and 

the third term, 

LID. . . hs*v’r = 488(7" + rr) = — 488 re’ + 15x y, 

which represents the deviation from the same circle, measured in a direction 

(comp. IX. or X.) tangential to the osculating sphere, is (as we see) the vector 

sum of two rectangular components, which represent respectively the deviations 

of the curve, from the osculating Aeliw (8.), and from the osculating 

parabola (9.). 

(12.) It follows, then, that although neither helix nor parabola has in 

general complete contact of the third order with a given curve in space, since 

the deviation from each is generally a small vector of that (third) order, yet 

each of these two auxiliary curves, one on a right cylinder XLY., and the 

other on the osculating plane, approaches in general more closely to the given 

curve, than does the osculating circle: while circle, helix, and parabola have, 

all three, complete contact of the second* order with the curve, and with 

each other. 

(13.) As regards the geometrical signification of the new variable scalar, t, 

in the equation XLIX. of the parabola, that equation gives, 

=l+z-+-—..,, 
Y WRB bere Tw’ =| ie + = T + ie

 ae t 

and therefore (to the present order of approximation), 

LIV... Are of Osculating Parabola (from w, to w:) 

ES Ab yeXTV I 
6 6 in 

= Arc of Curve in Space (from p, to ps) 

HT | 'Terae =f+ 

if then an arc = s be thus set off upon the parabola, with the same initial point 

p, and the same initial direction, and if this parabolic arc, or its chord wt - Wo, 

be obliquely projected on the initial tangent 7, by drawing a diameter of the 

* Tt appears then that we may say that the heli and parabola have each a contact with the curve 
in space, which is intermediate between the second and third orders: or that the exponent of the order 
of each contact is the fractional index, 2}. But it must be left to mathematicians to judge, whether 

this phraseology can properly be adopted. 
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parabola through, its final point, the obique tangential projection so obtained 

will be = ¢r by XLIX.; and its length, or the ordinate to that diameter, will 

be the scalar ¢. 

(14.) And as regards the direction of the diameter of the osculating 

parabola, drawn as we may suppose from p, if we denote for a moment by 

D its inclination to the normal +7’, regarded as positive when towards the 

tangent + 7, we have (by XLIX. and XVIII.) the formula, 

/ 

LY... tan D= 5 = 4 tan P cot H: 

which is an instance of the reducibility, above mentioned, of all affections of 

the curve depending on s*, to a dependence on the two angles, H and P. 

(15.) Some of these affections, besides the direction of the rectifying line 2, 

can be deduced from the angle H alone. As an example, we may observe 

that the vector equation of the surface of tangents is of the form, 

LVI. + + Ws t = Ps + tp’ s =2s cs tTs, 

in which s and ¢ are ¢wo independent and scalar variables, and 

LVII...r,.=7+8r +-=17', 

+ terms depending on s* in ps. If then we cué this developable LVI. by 

the plane, 

LVIII. .. Sr(w - p) = - ¢ = any given scalar constant, 

which is, relatively to the surface, a normal plane at the extremity of the 

tangential vector cr from Pp, while this tangent is also a generating line, we 

get thus a principal* normal section, of which the variable vector has for its 

approximate expression, 

LIX. .. ws = (p t+er) + (ost. .)r + (esr +. .)y3 

the terms suppressed being of higher orders than the terms retained, and 

having no influence on the curvature of the section. We find then thus, 

* Some general acquaintance with the known theory of sections of surfaces is here supposed, 

although that subject will soon be briefly treated by quaternions, 
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that the vector of the centre of the osculating circle to this normal section of the 

surface of tangents to the given curve is, *igorously, 

TON ep vor EY 8 ys ofr trv) =pt+cra; 

so that the locus of all such centres is the rectifying ine XXXII’. And if, 

in particular, we make ¢ =7, or cut the developable at the extremity of the 

tangential vector r7, the expression LX. becomes then p+ rr +rUv; which 

expresses that the radius of the circle of curvature of this normal section 

of the surface is precisely what has been called the Jadius (r) of Second 

Curvature, of the given curve in space. But ¢his radius (r=r tan H) 

depends only on the angle H, when the radius (7) of (absolute) curvature 

is given, or has been previously determined. 

(16.) The cone of the second order, represented by the quaternion equation, 

JO ERIS 2rSr(w a p) Sv(w _ p) a (Vr(w = p))?, 

has its verter at the given point p, and rests upon the circle last determined ; 

it is then the docus of all the circles lately mentioned (15.), and is therefore 

(in a known sense) an osculating oblique cone to the developable sw:face of 

tangents: its cyclic normals (comp. 357, &c.) being r and 7 + 2rv, or 

randrr+2rUv. But, by 394, (30.), the osculating right cone to this cone 

LXI., and therefore also (in a sense likewise known) to the surface of 

tangents dtse/f, is one which has the recent Jocus of centres (15.), namely 

the rectifying line (A), for its awis of revolution, while the tangent (r) to the 

curve is one of its sides: its semiangle is therefore = H, and a form of the 

quaternion equation of this osculating right cone is the following (comp. XLY.), 

LXII... TVUA( - p) = sin H. 

(17.) The right cone LXII., which thus osculates to the developable 

surface of tangents LYVI., along the given tangent 7, osculates also along that 

tangential line to the cone of parallels to tangents, which has its vertex at the 

given point P; as is at once seen (comp. 394, (30.)), by changing p’ and p” 

to 7’ and 7”, in the general expression Vp’p” (393, (6.), or 394, (6.)), for a 

line in the direction of the awis of the osculating circle to a curve upon a 

sphere. And the axis of the right cone thus determined, namely (again) the 

rectifying line (XA), intersects the plane of the great circle of the osculating 
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sphere, which is parallel to the osculating plane, in a point 1 of which the 

sae LXIII... on = p+ rpd = p+ rrr + rp. 
(18.) We have thus, in general, a gauche quadrilateral, PKs, right-angled 

except at 1, with the help of which one figure ad/ affections of the curve, not 

depending on s‘, can be geometrically represented or constructed: although it 

must be observed that when » = 0, which happens for the heliv (XXX VII.), 

the osculating circle is then itself a great circle of the osculating sphere, and 

the points p and 1, like the points kK and s, coincide. 

(19.) In the general case, it may assist the conceptions to suppose lines 

set off, from the given point Pp, on the tangent and binormal, as follows : 

LALV... .pt=BL='77'rs PB = TL = Ks = rpv ; 

for thus we shall have a right triangular prism, with the two right-angled 

triangles, rPK and LBs, in the osculating plane and in the parallel plane (17.), 

for two of its faces, while the three others are the rectangles, PKSB, PBLT, 

KSLT, whereof the two first are situated respectively in the normal and 

rectifying planes. 

(20.) All scalar properties of this auxiliary prism may be deduced, by our 

general methods, from the three scalars, r, r, 7’, or r, H, P; and all vector 

properties of the same prism can in like manner be deduced from the three 

vectors, 7, 7,7, or from rt, v, v’, which (as we have seen) are not entirely 

arbitrary, but are subject to certain conditions. 

(21.) As an example of such deduction (compare the annexed figure 81), 

the equation of the diagonal plane spt, which contains the p 

radius (ft) of spherical curvature and the rectifying line (A), 

and the equation of the trace, say pu, of that plane on the 

osculating plane, which ¢race is evidently parallel (by the 

construction) to the edges Ls, TK of the prism are in the 

recent notations (comp. XX.), 

EERE EO == Sr"(w = p) ; 10).@'s Ree V(rtr)’ (ee 0) 

with the verification that r8r’r” = 9’Srr” = 1’, by LL. 

(22.) In general, by 204, (22.), if a and 3 be any two vectors, we have 
the expressions, 

Fig. 81. 

UXVIL.. tan c= ton 2 $= tan ¢ Ba=—tan ¢ of 

TV 
-TvE. 3%." P= (TV :8) of, 
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the angles of quaternions here considered being supposed as usual (comp. 130) 

to be generally > 0, but < 7; for example, we have thus, 

LXVIIL. . . tan H= tan 2 * = (TV:8) Art = (TV: 8) (7 — 7) = 2PY = ar, 

as in XVII.; and in like manner we have generally, by principles already 

explained (comp. 196, XVI.), 

LXIX.. 008 LE = cos £ 5 =~ 008 £ Bu =~ 005 of 

-gf. 7 = sue SUaB. 
a a a 

(23.) Applying these principles to investigate the inclinations of the 

vector 7”, which is perpendicular to the diagonal plane LXV. of the prism, 

to the three rectangular lines +, 7’, v, or the inclinations of that diagonal 

plane itself to the normal, rectifying, and osculating planes, with the help of 

the expressions deduced from VI. for the three products,* rr”, 7’r”, vr”, we 

arrive easily at the following results : 

’ ~2 ” eve 4 Wa 

LXX.. St ta aegis APA Pig oh at eal 
T Tr T 

with the verification, that the sum of the squares of these three cosines is 

unity, because 

LXXI. .. Tr” =./(1 +r°R’) = /(1 + 7? + rr?) ; 
or 

TUX A eT  A TT Te FOLN tk WT ee ay font Ly) 

(24.) Or we may write, on the same general plan, 

ae —-R T oad T T Yr / 

LXXII... tan 4—= 7 tan 4 > = an tanZ—=- f(1 +1 3 

4, t} ’~ /? 

e 

or 

DXA. ..tanZrr"sATr?; tan Zr'r” =rr TA; tan Zor” =-rr /is+r?); 

* A student, who should be inclined to pursue this subject, might find it useful to form for 
himself a ¢adle of all the binary products of the nine vectors, 

T, 7,7 > Vv, vy A, O—p, o—p, and K’, 

considered as so many qguaternions, and reduced to the common quadrinomial form, a+ br + er’ + ev, 

in which a, 4, ¢, e are scalars, whereof some may vanish, but which are generally functions of 

r, Y, and 7’. 
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and may modify the expressions, by introducing the auxiliary angles H 

and P, with which may be combined, if we think fit, the following angle 

of the prism, 
LXXIV...PxKtT = Bsx = tan” 7’, 

(25.) Instead of thus comparing the plane spi with the three rectangular 

planes (379, (5.)) of the construction, we may inquire what is the value of 

the angle spt, which the radius (2) of spherical curvature makes with the 

rectifying line (A); and we find, on the same plan, by quaternions, the 

following very simple expression for the cosine of this angle, which may 

however be deduced by spherical trigonometry also, 

LXXY. . . cos spt = — SUA(o — p) - x = sin Asie Le: 

or 
LXXYV’. . . cos SPL = COS SPB COS BPL. 

(26.) In general, it is easy to form, by methods already explained, the 

quaternion equation of a cone which has a given vertex, and rests on a given 

curve in space; and also to determine the sight cone which osculates (394, 

(30.) ) to this general cone, along any given side of it. 

(27.) But if we merely wish to assign the osculating right cone to the cone 

of chords from Pp, or to the Jocus of the ne pP,, we may imitate a recent 

process: and may observe that if this new cone be cut by the normal plane 

LVIII., the vector of the section has the following approximate expression, 

analogous to LIX., and like it sufficient for our purpose, 

LXXVI. .. ws =p tert tesr’ + des'x)p ; 

from which it may be inferred (comp. (19.), (16.)), that the aais of revolution 

of the new right cone has for equation, 

TeX VEL Ae Oe Viren ein): 

This avis is therefore situated in the rectifying plane, between the rectifying line 

(A or rr + v), and the tangential vector (1V.) of second curvature (rr): while 

the semiangle C of the same new cone (measured like H from + 7 towards + v) 

has the value already assigned by anticipation in the formula XXYV., and is 

therefore /ess than the semiangle H if both be acute, but greater than H if 

both be obtuse ; so that, in each case, the new right cone (C) is sharper than the 

old right cone (#7). 
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(28.) The same result may be otherwise obtained, by observing that an 

unit-vector in the direction of the chord rp, has (by 396, XLIYV., and 397, I.) 

the approximate expression, 

$? Sr Sr” 
LXXVIII. . . ys =U(ps - p) = € : ae)(r+ 5 sr 

whence the axis of the osculating right cone to the cone of chords (27.) has 
Ff vee rigorously the direction of the line Vy’y” (for s = 0), or of the vector, 

LXXIX... €& = Vr (r?r” + 17) =A -1v=r's + 3p, as before. 

(29.) This axis § makes (if we neglect s*) the same angle C, with the chord 

PP;, as with the tangent +; whereas the former axis X makes unequal angles 

with those two lines, within the same order (or degree) of approximation : 

for our methods conduct to the expression, 

Ps~P_ py © TON T = H ye 

from which the relation XXV., between the two right cones, may easily be 

deduced anew. 

(30.) Neglecting only s*, and employing the substitution XLYI., the 

expression XLVII. for the vector of the given curve becomes, 

LXXXI...p-p+irt+}iv+ fir, if LXXXIL..v-7+2; 

where the variable scalar t denotes, by (13.), the ordinate of the osculating 

parabola, and the constant vector v has the direction, by (14.), of the diameter 

of that parabola. 

(31.) In the present order of approximation, then, the proposed curve in 

space may be considered to be the common intersection of the three following 

surfaces of the second order, all passing through the given point P. 

TKN TELS Ss, 2(Sr’(w o p))* = drSv(w - p)Suv(w ~s p) ; 

DAS ATY!. x 287 (w = p) =- 7” (Suv(w = p))”; 

LXXXYV... 3rSv(w — p) = — 7°Sr'(w — p)Suv(w — p) ; 
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whereof the first represents a new osculating oblique cone, which has a contact 

of the same (second) order with the cone of chords, as the osculating right cone 

(27.) ; the second represents an osculating parabolic cylinder, which is cut 

perpendicularly in the osculating parabola (9.), by the osculating plane to the 

curve; and the third represents a certain osculating hyperbolic (or ruled) 

paraboloid, whereof the tangent (r) is one of the generating lines, while the 

diameter (v) of the osculating parabola is another. 

(32.) Hach of these three surfaces (31.) has in fact generally a contact of 

the third order with the given curve; or has its equation satisfied, not only (as 

is obvious on inspection) by the point pP itself, but also when we derivate 

successively with respect to the scalar variable ¢, and then substitute the 

values (comp. LXXX1I.), 

EXE VL? ork 80g py vw) epg (ares l= 0 Mere ae one tars 

r,Y, p, 7, v, and vu being treated as constants of the equation, or of the surface, 

in each of these derivations. 

(33.) The cone LXXXIII., and the cylinder LXXXIV., have a common 

generatriv, namely the binormal* (v); and in like manner, another generating 

line of the same cone, namely the tangent (7) to the curve, has just been seen 

(31.) to be a line on the paraboloid LXXXYV.: and although the cylinder and 

paraboloid have no finitely distant right line common, yet each may be said to 

contain the dine at infinity, in the diametral plane of the cylinder, namely in 

the plane of v and v, of which plane the quaternion equation is (comp. (14.)), 

LXXXVII...0=Spv(w-p), or LXXXVII’... 0 =S(rr’r’ - 87) (wp); 

or the line in which this diametra/ meets the parallel axial plane. 

(34.) On the whole, then, it is clear, from the known theory of inter- 

sections of surfaces of the second order having a common generating line, 

that the given curve of double curvature (whatever it may be) has contact of the 

third order with the twisted cubic,t or gauche curve of the third degree, which is 

* The geometrical reason, for the osculating cone LX XXIII. to the cone of chords containing the 
binormal (v), is that if the expression LXXXI. for pz were rigorous, and if the variable ¢ were 
supposed to increase indefinitely, the ultimate direction of the chord pr: would be perpendicular to the 

osculating plane. And the same binormal is a generating line of the parabolic cylinder also, because 
that cylinder passes through Pp, and aii its generating lines are perpendicular to the last mentioned 
plane. It is sufficient however to observe, on the side of calculation, that the equations LXXXIII. 
and LXXXIV. are satisfied, when we suppose w — p || v. 

t+ Compare again page 241, already cited, of Dr. Salmon’s Treatise; also Art. 285, in page 225 
of the same work. 
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represented without ambiguity by the system of the two scalar equations, 

TX XXXVI ss "ks 2", 

if we write for abridgment, 

w= (t =) —rSuv(o — p), 

LXXXIX...4y =) — 2r°8r'(w — p), 

z= (=) -— 6r’rSv(w — p). 

ll 
la 
os 
n 

(35.) As another geometrical connexion between the elements of the 

present theory, it may be observed that while the osculating plane to the 

curve, of which plane the equation is, 

XC... Sv(w - p) = 0, as in 396, XV., 

touches the oblique cone LX XXIII., along the tangent r to the same curve, the 

diametral plane LX XX VII. touches the same cone along the binormal v, which 

was lately seen (33.) to be, as well as 7, a side of that oblique cone; but 

these two sides of contact, r and v, are both in the rectifying plane (396, XIV.), 

and the two tangent planes corresponding intersect in the diameter v of the 

parabola (9.) ; we have therefore this theorem :— 

The diameter of the osculating parabola to a curve of double curvature is 

the polar of the rectifying plane, with respect to the osculating oblique cone 

LXXXIII.; that is, with respect to a certain cone of the second order, 

which has been ahove deduced from the expression L.XXXI. for the vector p; 

of the curve, as one naturally suggested thereby, and as having a contact of 

the third order with the curve at P, and therefore also a contact of the second 

order with the cone of chords from that point. 

(36.) Conversely, this particular cone LXXXIII. is geometrically dis- 

tinguished from all other* cones of the same (second) order, which have their 

vertices at the given point p, and have each a contact of the same second order, 

* The cone of this system (86.), which is touched along the binormal by the normal plane, and 

which therefore intersects the parabolic cylinder LXXXIYV. in a new twisted cubic (comp. (34.)), 

having also contact of the third order with the curve, is easily found to have, for its quaternion 

equation, the following : 

2r*(Sr’(w — p))® = 8rSr(w — p)Sv(w — p) ; 

and with respect to this cone (comp. (35.)), the polar of the rectifying plane is the (absolute) normal (r’) 

to the curve. 
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with the given cone of chords from that point, or of the third order with 

the given curve, by the condition that it is towched (as above), along the 

binormal (v), by the diametral plane (vv) of the osculating parabolic cylinder 

LXXXIYV. 

(37.) We have already considered, in 395, (5.), the simultaneous variations 

of the points p and x, or of the vectors p and x. With recent notations, 

including the expression «= 2x-p, we have the following among other 

transformations, for the first derivative of the latter vector, and therefore 

for the tangent xx’ to the locus of centres of curvature, of a given curve 

in space : 

OO Pie Kee |) eee ke (p = Tay =rt rs} 

=(ptrr’) art rr” + arr'r’ 

arr + ry = rr’ (re + pry) = rr (pr trv) 

cot H(Ur’ tan P+ Uv) =r'R(U7’ sin P + Uv cos P) 
ie de (bed ae fief i oo es 

ryt ary y=— pte =T Ue 

rp(p — a) (k — p) =r (k — p) (p — o)v 

= r*RU(v(p ~ a) (« ~ p)) = &e.; 
I! 

if then we draw the diameter of curvature pm, and let fall a perpendicular 

KN from the centre k of the osculating circle on the new 

radius sm of the osculating sphere (as in the annexed 

figure 82), this perpendicular will touch* the locus of the 

centre K, a result which agrees with the construction 

in 3995, (6.); and we see, at the same time, that the 

length of the line xx’, or the tensor Tx’, may be expressed 

(comp. LX XIII.) as follows, 

Ss 

y : 
ae a 

XCIT. one KK’ = Te = RTr? = rT’ = tan Z TT. is hg Wee c i 

(38.) If we project the tangent KK’, into its two 

rectangular components, KK, and Kxk', on the diameter of curvature and 

* Geometrically, and by infinitesimals, if we conceive x’ to be an infinitely near point of the 

locus of x, and therefore in the normal plane at p, the angle px’s (like pxs) will be right, and the 

point K’ will be on the semicircle pKs; but the radius of this semicircle drawn to x (comp. fig. 82) is 

parallel to the line sm, to which line the tangent xx’ is therefore perpendicular, as above. 
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the polar axis, we shall have by XCI. the expressions : 

AGL. RK PR tr eo. : =r = 
p-—k 

, —rr 
KOLV..... KK e979 tve rr Uy = oon: 

GO~-K 

these two projections then, or the vector-tangent Kx’ itself, would suffice to 

determine r and 7”, or H and P, and thereby ai the affections of the curve 

which depend on s°, but not on s*. 

(39.) We have also the similar triangles (see again fig. 82), 

XCV... A KKK © R'KK’ & KMS; 

and the rector equations, 

XOVI... KK’: SM = KK,: 8K = KK': KM = KK': PK 

= rr = Vector of second curvature (IV.) ; 

whence also result the scalar expressions, 

XOVII... tan KsK, = tan KPK' =r? = Second* Curvature (LL: 

this last scalar being positive or negative, according as the rotation KsK, 

(or KPK') appears to be positive or negative, when seen from that side of 

the normal plane, towards which the conceived motion (396, (1.)) along the 

given curve, or the unit tangent + 7, is directed.t 

(40.) Besides the seven expressions, III., XXVII., L., and XCVIL., 

this important scalar r’ admits of many others, of which the following, 

numbered for reference as 8, 9, &c., and deduced from formule and principles 

already laid down, are examples: and may serve as evercises in transformation, 

according to the rules of the present Calculus, while some of them may also 

be found useful, in future geometrical applications. 

* In illustration it may be observed, that if ds be treated as infinitely small, and if the line xx’ be 

supposed to represent (not the derivative x’, but) the differential vector dx = x'ds, then the prayections 

Kx, and Kx‘ become dr and 1“!ds (comp. XCIII. and XCIV.) ; while xpx' (in fig. 82) represents the 
infinitesimal angle rds, through which the osculating plane (comp. (1.)) revolves, round the tangent 7 

to the curve during the change ds of the are. 

t This direction of + 7 is to be conceived (comp. fig. 81, [p. 100]) to be towards the back of 
fig. 82, as drawn, if the scalars 7’ and r (and therefore also p) be positive. 
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(41.) We have then (among others) the transformations : 

[ ILL. irr. § 6. 

XOVIII. . . Second Curvature = 11 (= seven preceding expressions) 

= pir = 7 cote = Tics A = 42'" cote (Boo LOw eh 

= P'8v'r! = — 8p’ = -— Brrr” = Serr” (12, 18, 14, 15) 

= — Ser’ = Sy tr” = — Syn’ = Stk'r (LOPL (Lord) 

= tk (o — w)) = SArt = (« — p) VAy = — 7’ VAv (20, 21, 22, 23) 

= 92/Viv = r’Sdvr’ = SAr’v = SAr’ py (24, 25, 26, 27) 

= MSv’'Ar = 7’Sv'vr = Srvty’ = 9S’ ye” (28, 29, 30, 31) 

mSyv'r” = 77 Vid = Pr By'Ar’ = 737 SprAr” (32, 33, 34, 35) 
ease a eee 

= Sv’Ar") = Tr’ *8dv’r” = ilat) aval (36, 37, 38, 39) 
is Cam 0 

= cae 2 EP Scie talteeitr “nic cane jou (40, 41, 42, 43) 
rr +pv  t(o- p) 

Wa anaes Cr er ae wits 

—o-K (o-k)r fr! o-—K ~ («—K)(p—«) eases ety ete 

2 rpr bie te Mrnka ee er 

i CANCER MEER” KS. KP ae 

a Sarpy —~deosZ~— 
Ee BabA ‘ (51, 52, 53) 

PK.KS  -r(Sar) 
rd cos Z — 

pksr, in the forms 50 and 51, being points of the same gauche quadrilateral 

as in (18.); and a, in 52 and 53,* denoting any constant vector: while 

several other varieties of form may be deduced from the foregoing by very 

simple processes, such as the substitution of Uv for rv, &e., which gives for 

instance (comp. XI’.), from the form 38, these others, 

Se ae a) mic liae einer yor pm, Gk Sc SON DU Spee (54, 55, 56) 

We may also write, with the significations (10.) of a, and Q;, the following 

expression analogous to L., 

SV LE at a (57) 6xpP. lim. : 
PQ) 

* This last form 63 corresponds to and contains a theorem of M. Serret, alluded to in the second 

Note to page 92. 
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which contains the law of the inflexion of the plane curve, into which the 

proposed curve of double curvature is projected, on its own rectifying plane ; 

the sign of the scalar, to which this last expression ultimately reduces itself, 

being determined by the rules of quaternions. 

(42.) And besides the various expressions for the positive scalar r”, 

which are immediately obtained by squaring the foregoing forms, the 

following are a few others: 

XCIX. . . Square of Second Curvature = r? = Tr? 

= TN 9? = 822A = 7? a Dy? — rer (Lon) 

= 9 8r'7! = 97? = PT? - 7? — 4? = R(T’? - 1) (4, 5, 6) 

Sie rilds Da PK etale Zany fs (7, 8, 9) 

while the important vector 7’’, besides its two original forms VI., admits of 

the following among other expressions (comp. XX. XXI.): 

C...7” = D,’p (= the two expressions VI.) 

= 1°VX(o- p) = Ar - 9rd = v7 - rr (3, 4, 5) 

= rVvA=r'r'r(o — p-1r) = 71% + r°X(o — p) (Gyar $15) 

—1),,/ 2-1 yp’ 

Se OLA 8 lee Slicer ies pees ke (9, 10, 11) 
p—k Or _K 

(43.) As regards the general theory (396, (5.), &c.) of emanant lines (n) 

from curves, it might have been observed that if we write, 

OL...Z=V-., with CIL..6=V", asin 396, XXVIL., 
q 

the equation 396, XXXII. takes the simplified form, 

CIII... pH = w — p = nSn'C = projection of vector J on emanant n ; 

for example, when n = v, then 0 =r'7, and €=0, pH = 0, or w =p, as in 

(1.); and when n=7, then 0=v, Z=7°’r’ Ln, so that the projection pu 

again vanishes, as in 396, (13.). 

(44.) In an extensive class of applications, the emanant lines are perpen- 

dicular to the given curve (n Lr); and since we have, by (43.), 

_ VrVn'n ayes peg oak ua 70 DOF or 
= 7 0°Srn’ = if Srn = 0, 
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we may write, for this case of normal emanation, the formula, 

projection of vector of curvature (7’) on emanant line (n) | 
OV... PH = 6 =" square of velocity (TO) of rotation of that emanant ° 

for example, when the emanant (n) coincides with the absolute normal (r’), we 

have then 0 = X, as in (3.), and the recent formula CV. becomes, 

OVI...PH=0,-p=€=7T\* =r sin’ H = (x — p) sin’ Z, 

which agrees with the expression XXX VIII. 

(45.) And in the corresponding case of tangential emanant planes, by 

making Sry = 0 in the second equation 396, XXXVI., and passing to a 

second derived equation, we find for the intercept between the point P of the 

curve, and the point, say R, in which the line of contact of the plane with its 

own envelope touches the cusp-edge of that developable surface, the expression, 

OV Listen aa Oe eee 
Snn’‘n projection of 7’ on 0 

which accordingly vanishes, as it ought to do, when » = », that is, when the 

emanant plane Sn(w — p) = 0 coincides with the osculating plane XO. 

(46.) Some additional light may he thrown on this whole theory, of the 

affections in a curve in space depending on the third power of the arc, and even 

on those affections which depend on higher powers of s, by that conception of 

an auciliary spherical curve, which was employed in 379, (6.) and (7.), to 

supply constructions (or geometrical representations) for the directions, not 

only of the tangent (p’) to the given curve, to which indeed the wnit-vector (r) 

of the new curve is parallel, but also of the absolute normal, the binormal, and 

the osculating plane; while the same auxiliary curve served also, in 389, (2.), 

to furnish a measure of the curvature of the original curve, which is in fact 

the velocity* of motion in the new or spherical curve, if that in the old or given 

one be supposed to be constant, and be taken for wnity. 

(47.) We might for instance have observed, that while the normal plane 

to the curve in space is represented (in direction) by the tangent plane to the 

sphere, the rectifying plane (as being perpendicular to the absolute normal) is 

represented similarly by the normal plane to the spherical curve: and it is not 

* Accordingly the vector of velocity r', of this conceived motion in the auxiliary curve, is precisely 

what we have called (389, (4.), comp. 396, VI.) the vector of curvature of the proposed curve in space : 
and its éensor (‘I'r’) is equal to the reciprocal of the radius (r) of that curvature. 
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difficult to prove that the rectifying line has the direction of that new radius 

of the sphere, which is drawn to the point (say L) where the normal are to 

the auxiliary curve touches its own envelope. 

(48.) The point i thus determined is the common spherical centre (comp. 

394, (5.)) of curvature, of the auailiary curve itself, and of that reciprocal* 

curve on the same sphere, of which the radii have the directions (comp. 379, 

(7.)) of the binormals to the original curve; the trigonometric tangent of the 

arcual radius of curvature of the auxiliary curve is therefore ultimately equal 

to a small are of that curve, divided by the corresponding are of the reciprocal 

curve (or rather by the latter are with its direction reversed, if the point t fall 

between the two curves upon the sphere); and therefore to the first curvature 

(r*) of the given curve, divided by the second curvature (x): and thus we have 

not only a simple geometrical interpretation of the quaternion equation XI’,, 

but also a geometrical proof (which may be said to require no calculation), of 

the important but known relation XVII., which connects the ratio (r: 1) 

of the two curvatures, with the angle (H) between the tangent (r) and the 

rectifying line (X), for any curve im space. 

(49.) In whatever manner this known relation (tan H =r: 7) has once 

been established, it is geometrically evident, that if the ratio of the two 

curvatures be constant, then, because the curve crosses the generating lines of its 

own rectifying developable (396) under a constant angle (H), that developable 

surface must be cylindrical: or in other words, the proposed curve of double 

curvature must, in the case supposed, be a geodetict on a cylinder (comp. 380, 

(4.)). Accordingly the point L, in the two last sub-articles, becomes then a 

fixed point upon the sphere, and is the common pole of two complementary small 

circles, to which the auwiliary spherical curve (46.), and the reciprocal curve 

(48.), in the case here considered, reduce themselves ; so that the tangent and 

* The reciprocity here spoken of, between these two spherical curves, is of that known kind, in 

which each point of one is a pole of the great-circle tangent, at the corresponding point of the other : 

and accordingly, with our recent symbols, we have not only »y=Vrr’, but also, Voy’ = r*Vr'y! 

kd ae oe Oe 

t The writer has not happened to meet with the geometrical proof of this known theorem, which 

is attributed to M. Bertrand by M. Liouville, in page 558 of the already cited. Additions to Monge ; 
but the deduction of it as above, from the fundamental property (396) of the rectifying line, is 

sufficiently obvious, and appears to have suggested the method employed by M. de Saint-Venant, in 
the part (p. 26) of his Memoir sur les lignes courbes non planes, &c., before referred to, in which the 
result is enunciated. Another, and perhaps even a simpler method, suggested by quaternions, of 

geometrically establishing the same theorem, will be sketched in the present sub-article (49.) ; and in 

the following sub-article (50.), a proof by the guaternion analysis will be given, which seems to leave 

nothing to be desired on the side of simplicity of calculation, 
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the binormal to the:curve in space make (in the same case) constant angles, 

with the fixed radius drawn to that point: and the curve itse/f is therefore 

(as before) a geodetic line, on some cylindrical surface. 

(50.) By quaternions, when the two curvatures have thus a constant ratio, 

the equations XI’. and XVI. give, 

OV UL crak) cet gr) cee taro) eae) 
or 

CIX. .. rA = 4 constant vector ; 

the tangent (r) makes therefore, in this case, a constant angle (H) with a 

constant line (rA): and the curve is thus seen again, by this very simple 

analysis, to be a geodetic on a cylinder. And because it is easy to prove 

(comp. XX XI_.), that we have in the same case the expression, 

CX... sin? H = radius of curvature of base, 

or of the section of the cylinder made by a plane perpendicular to the 

generating lines, this other known theorem results, with which we shall 

conclude the present series of sub-articles: When both the curvatures are 

constant, the curve is a geodetic on a right circular cylinder (or cylinder of 

revolution) ; or it is what has been called above, for simplicity and by 

eminence, a helix.* | 

398. When the fourth power (s*) of the arc is taken into account, the 

expansion of the vector ps; involves another term, and takes the form 

(comp. 397, I.), 

JIT 
a hy se ps =p + sr +4s'r" + dg8p”” + syste,” 

5 é 2 

in which 

Il...7” =D,'o9, and III... Srr” = - 88r'r” = - 8r°y’; 

so that the new affections of the curve, thus introduced, depend only on two 

new scalars, such as r and r”’, or r’ and R&R’, or H’ and P’, &e. We must be 

* In general, the expression XLIV. for the vector ws of the osculating helix, in which 
1e=—rlal=r—Alc’, and p—w)= Ar’, gives Tw',=1; so that the deviation (8.) may be 

considered (comp. (13.)) to be measured from the extremity of an are of the helix, which is equal in 

length to the are s of the ewrve, and is set off from the same initial point p, with the same initial 
direction: while w) does not here denote the value of ws answering to s=0, but has a special 

signification assigned by the formula XXXVIII. It may also be noted that the conception, referred 

to in (46.), of an auxiliary spherical curve, corresponds to the ideal substitution of the motion of a 

point with a varying velocity upon a sphere, for a motion with an wniform velocity in space, in the 

investigation of the general properties of curves of double curvature: and that thus it is intimately 

connected (comp. 379, (9.)) with the general theory of hodographs. 
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content to offer here a very few remarks on the theory of such affections, 

and on the manner in which it may be extended by the introduction of 

derivatives of higher orders. 

(1.) The new vector 7’’, on which everything here depends, is easily 

reduced to the following forms,* analogous to the expressions 397, VI. for 7”: 

IV. * az a nr s)' 2 Cask 7/2 “ teres 

ip Te Vv 

= Brrr + (r(r)”" + A )r! + (9 rt)’Pv. 

(2.) The first derivatives of the four vectors, v’, x’, A, o, taken in like 

manner with respect to the are s of the curve, are the following: 

eee a RV Tre) eee rT ape jh 

eer (Pe te ete (Ts 

VI. 0. KO = — 1's ¥ (r7”" — Pr’) + (7 )'y; 

MT AAS rs Grp or VIL GA err) (comp. 397,,CV11T); 

VIII... 0’ = (e+ prv)’ = (pf +97 )rv = RR p rv; Il 

in which last the scalar derivatives p’ and R’ are determined, in terms of 

r’ and rx’, by the equations, 

NOE ayia es Ca) rae pl ery 0 ir 
and 

X...R = RU(pp’+ rr’) = p’ sin P +7 cos P = (p’ + cot H) sin P. 

We have also the derivatives, 

PITY Hehe Ss 
EL npn ad os P47 a PG r) 

TEs PO TDi Dae tit aks TT 

and the relations, eae h 

XID... Ser” = Sur” = - (ry; 

XIV... Srr’7” = Sy’ = — rr? (pl — 1X’) 5 

XV... Bere” = Bar” = - 8 (rr)'; 

* In these new expressions, on the plan of the second Note to page 90, the scalars 1’, p’, A’, and 
the vector o’, are to be regarded as of the dimension zero; 7’, H’, P’, and k” of the dimension — 1 ; 

A’ of the dimension — 2; and y” and 7’”, as being each of the dimension — 3. 
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which may be proved in various ways, and by the two first (or the two last) 

of which, the derivatives r’ and p’, and therefore also H’ and P’, can be 

separately calculated, as scalar functions of the four vectors 7, 7’, 7, 7°”, or of 

some three of them, including the new vector 7”. 

(3.) We may also deduce, from either V. or VIIL., the following vector 
expressions, of which the geometrical signification is evident from the recent 

theory (396, 397) of emanant lines and planes : 

XVI... Vector of Rotation of Radius (R) of Spherical Curvature 

Vector of Rotation of Tangent Plane to Osculating Sphere 

= (say) ¢ = V— = V— = R°r(v'0’ + o — p) (1, 2, 8) 
Vv Cp 

G rR’ o—-p ats if ‘ ih RY F Rotds bag te fan , — R- eat 0 6 als Serr ) mG Pech er + pv) Rr(rd + p’r — pr’) ; (4, 9, 6) 

whence follows this tensor value for the common angular velocity of these two 

connected rotations, compared still with the velocity of motion along the curve, 

XVII... Velocity of Rotation of Radius (R), or of Tangent Plane to Sphere, 

=T¢=TV", = R4/ (1+ R cot? P) = R+/{1 + (p’ + cot H)? cos® P}; 
v 

with the verifications, for the case of the helix, for which p = 0, p’ = 0, P = 0, 

and J? = r, that these expressions X VI. and XVII. become, 

AVI. ge A, and AVIT. 2. l= Die cosee i, 

which agree with those found before, for the vector and velocity of rotation 

of the radius (r) of absolute curvature. 

(4.) As another verification, we have R&’ = 0 for every spherical curve, and 

the general expressions take then the forms, 

XVI’...¢=——, and XVII’...Tp= R', 

of which the interpretation is easy. 

(5.) In general, the formula X VII. may also be thus written, 

AVI eg lS 2? cote aR phe = oe so” Cos res 
or thus, 

AIX. . RT gies yA (Lit To? cos" 2) =4/( 1400? - Be): 
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or finally, 

XX... WT = ./ (HK - 10") =./ (FH? + rT”) ;sx 

so that the smal/ angle, slo, between the two near radii of spherical curvature, 

R and R&,, is ultimately equal to the square root of the sum of the squares of 

the two small angles, in two rectangular planes, sR" and rsR*To’, or psp; and 

SPss, which are subtended, respectively, at the centre s of the osculating sphere 

by the small are s of the given curve, and at the given point P by the small 

corresponding are sTo’ of the locus of centre s of spherical curvature, or of the 

cusp-edge (395, (2.)) of the polar developable; exactly* as the small angle sTX, 

between two near radi (397, (5.)) of absolute curvature, r and 7s, is ultimately 

the square root of the sum of the squares of the f¢wo other small angles, sr™ 

and sr?, or PKP; and KPKs;, which are likewise situated in two rectangular 

planes, and are subtended at the centre K of the osculating cirele by the small 

arc s of the curve, and at the given point Pp by the corresponding are sT'k’ of 

the Jocus of the centre K (comp. 397, XXXIV., XCIY.). 

(6.) The point, say v, in which the radius R of the osculating sphere at P 

approaches most nearly to the near radius R; from Ps, is ultimately determined 

(comp. 397, CY. and X.) by the formula, 

Vector of Spherical Curvature 

ecue ibim te Square of Se, Velocity of Radius (R) 

 aN\-T4 =2 3 a ae ee 
Mead RL Ah 1+ BP ON de ae Ato. Oe oe a 

the vector of this point v (in its ultimate position) is therefore 

PR 9+ po PR + Pro 0.41, Sita SIE PIED 

with the verification, that (by X., comp. XVII.) the scalar p'rF’ or R’ cot P 

reduces itself to cot H, or to rr‘, for the case p= 0, p’ = 0, P = 0 (comp. 

(3.)): and that thus the expression 397, XXX VIILI., for the vector ou of the 

point of nearest approach, of a radius (r) of absolute curvature to a consecutive t 

radius of the same kind, is reproduced. 

* It will soon be seen that these two results, and others connected with them, depend geometrically 
on one common principle, which extends to all systems of normal emanants (397, (44.)). 

+ This usual expression, consecutive, is obviously borrowed here from the language of infinitesimals, 
but is supposed to be interpreted, like those used in other parts of the present series of Articles, by a 

reference to the conception of limits. 
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(7.) In general, if we introduce a new auxiliary angle, J, determined by 

the formula, 

SAI... cot J=p' rR’ = KR cot P= (p+ cot #) cos P = Rr" + P), 

the expression XXII. takes the simplified form (comp. again 397, 

XXX VIII), 

XXIV...0ov=p+=pcos’J+oasin’ J; 

and the segments, into which the point v divides (internally) the radius A 

of the sphere, have the values (comp. 397, XX XIX..), 

AXAXYV...Pv=A sin’ J, - vs = R cos’ J. 

(8.) A geometrical signification may be assigned for this new angle J, which 

is analogous to the known signification of the angle H (397, XVII.). In 

fact, the tangent plane to the osculating sphere at P touches its own developable 

envelope along a new right line, of which the scalar equations are, 

XXVI...S(o-p) (w- p)=0, S(c’-7) (w—-p) =9; 

and because the developable locus of all such dimes can be shown to be 

circumscribed, along the given curve, to the locus of the osculating circle, 

which is at the same time the envelope of the osculating sphere, we shall 

briefly call this locus of the line XX VI. the Circumscribed Developable. And 

the inclination of the generatriz of this new developable surface, to the tangent 

to the given curve at Pp, if suitably measured in the tangent plane to the sphere, 

is precisely the angle which has been above denoted by J. 

(9.) To render this conception more completely clear, let us suppose that 

a finite right line ps is set off from the given point P, on the indefinite line 

XXVI., so as to represent, by its length and direction, the velocity of the 

rotation of the tangent plane to the osculating sphere; and so to be, in the 
phraseology (396, (14.)) of the general theory of emanants, the vector-axts of 

that rotation. We shall then have the values, 

XXVIII... Ps = o(= the siv expressions XVI.) 

= Rr(cot J+ Uo — p)) = BR cosec J(r cos J+rU(o—p)sind); (7, 8) 

the angle J being determined by the formula XXIII., and a new expression, 

Tp = R* cosec J, being thus obtained for the velocity XVII. 
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(10.) Hence the new angle J, if conceived to be included (like H) 

between the limits 0 and 7, may be considered to be measured from + to 9, 

or from the unit-tangent to the curve at Pp, to the generating line psx of the 

circumscribed developable (8.), in the direction from r to r(o - p): which Jast 

tangent to the osculating sphere makes generally, like the tangent or ps 

itself, an acute angle with the positive binormal v, as appears from the 

common sign of the scalar coefficients of that vector, in their developed 

expressions. 

(11.) It may also be remarked, as an additional point of analogy, and 

as serving to verify some formule, that while the older angle H becomes 

right, when the given curve is plane, so the new angle J = = for every 

spherical curve. 

(12.) As another geometrical illustration of the properties of the angle J, 

and of some other results of recent sub-articles, which may serve to connect 

them, still more closely, with the general theory of normal emanants from 

curves (397, (44.)), let us conceive that an, Bc, cp are three successive right 

lines, perpendicular each to each; let us denote by a and 0 the angles Boca 

and csp, and by ¢ the inclination of the line ap to Bc: and let us suppose 

that these two lines are intersected by their common perpendicular in the 

points G and # respectively. 

(13.) Then, by completing the rectangle scp, and letting fall the 

perpendicular Br on the hypotenuse of the right-angled triangle aBE, we 

obtain the projections, az and rp, of the two lines ap and Gu, on the plane 

through 8B perpendicular to Bc; and hence, by elementary reasonings, we 

can infer the relations : 

- XXVIII... tan? ¢ = tan? apr = tan? a + tan’ d; 
an 

Be CAG © Ar. AB, 
XXIX...— = — = — = — = sin’ Az, 

BC AD AE AE 
or 

XXIX’...BH=BCsin? 7, if tanj=tana cot db; 

nothing here being supposed to be smai/. It may also be observed, that the 

two rectilinear angles, BCA and cBD, or a and 0b, represent respectively the 

inclinations of the plane acp to the plane sop, and of the plane asp to the 

plane azc. 

(14.) Conceive next that pe and p,a, are two near normal emanants, 

touching the polar developable in the points @ and as, whereof @ is thus on 
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the given polar axis Ks, and a, is on the near polar axis K,Q,; and let the 

second emanant be cut, in the points P’ and q’, by planes through P and a, 

perpendicular to the first emanant pe. The line pp’ will then be very 

nearly tangential to the given curve at p; and the line aq will be very 

nearly situated in the corresponding normal plane to that curve: so that 

these two new lines will be very nearly perpendicular to each other, and 

the gauche quadrilateral p’paq’ will ultimately have the properties of the 

recently considered quadrilateral ascp. 

(15.) This being perceived, if we denote by e the length of the emanant 

line pa, the small angle a is very nearly = e's; and if the small angle 0 be 

put under the form 6’s, then the new coefficient 0’ is ultimately equal (by 

XXI1X’.) to e¢ cot: where / is an auxiliary angle, not generally small, 

and is such that we have ultimately pu = Pq. sin’ y, if H be the point in 

which the given normal emanant Pe approaches most closely to the con- 

secutive emanant P,Q;. 

(16.) We have then the ultimate equation, 

XXX... cot 7 = eb’ = PQ x lim. (s". @PaQ,) 

length of emanant line (PQ) 

x angular velocity of the tangential plane (P’PQ) containing tt ; 

this latter plane being here conceived as turning, for a moment, round the 

tangent to the given curve at p, and the velocity of motion along that curve 

being still taken for unity. 

(17.) Accordingly, when we change e to r, 0’ to r’, and 7 to H, we 

recover in this way the fundamental value cot H = rr? (397, XVII.), for 

the cotangent of the older angle H; and when, on the other hand, we treat 

the radius of spherical curvature as the normal emanant, supposing @ to 

coincide with s, and therefore changing e to R, and 0’ to r! + P’, we recover 

the last of the expressions XXIII. for the cotangent of the new but analogous 

angle J, namely cot J = R(r1 + P’), together with an interpretation, which 

may not have at first seemed obvious: although that expression itse// was 

deducible, in the following among other ways, from equations previously 

established, 

Xe ann eae ont 8 (rye (cos Der se 

(18.) As regards the angular velocity, say v, of the emanant line pa, or 

the ultimate quotient of the angle between two such near lines, divided by 
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the small are s of the given curve, we see by XXVIII. (comp. (5.)) that 
this smali angle vs is ultimately equal to the square root of the sum of the 

squares of the two other small angles, above denoted by a and 0, and found to 

be equal, nearly, to es and e's cot 7 respectively : we may then establish 

the general formula, 

XXXII... Angular Velocity of Normal Emanant = v = €" cosec 7; 

which reproduces the values, 7} cosec H, and f" cosec J, already found for 

the angular velocities of the two radii, 7 and R. 

(19.) And if we observe that the projection of the vector of curvature, KP", 

on the emanant Pa, is easily proved to be = ap = e”. Pa, we see by XXXII. 

that if this projection be divided by the square of the angular velocity (v) of the 

line Pa, the quotient is the line pq@.sin’ y, or PH (15.): which reproduces the 

general result, 397, CV., for all systems of normal emanants, together with a 

geometrical interpretation. 

(20.) As still another geometrical illustration of the properties of the new 

angle J, we may observe that in the construction (12.) and (18.) the corre- 

sponding auxiliary angle 7 was equal to aus, or to abr, and that the line Br 

(= HG) was perpendicular to both Bo and ap, although not intersecting the 

latter. Substituting then, as in (14.), the quadrilateral p’pag’ for ascp, and 

passing to the limit, we may say that if a new line ps be a common perpen- 

dicular, at the given point P, to two consecutive* normal emanants, PQ and PQ’, 

the general auxiliary angle 7 is simply the inclination p’ps, of that common 

perpendicular Ps, to the tangent Pr’ to the curve. 

(21.) And if, instead of normally emanating lines Pa, we consider a 

system of tangential emanant planes (as in 397, (45.)), to which those Zines 

are perpendicular, we may then (comp. 396, (14.)) consider the recent line 

Ps as being a generating line of the developable surface, which is the envelope of 

all the planes of the system; the auwiliary angle,t 7, is therefore generally by 

(20.) the inclination of this generatrix to the tangent: a result which agrees 

with, and includes, the known and fundamental property (897, XVII.) of 

the angle H, in connexion with the Rectifying Developable (396) ; and also 

* Compare the second Note to page 115. 

t In these geometrical illustrations, the angle j has been treated, for simplicity, as being both 
positive and acute; although the general formule, which involve the corresponding angles H and J, 

permit and require that we should occasionally attribute to them obtuse (but still positive) values : 
while those angles may also become right, in some particular cases (comp. (11.)). 
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the analogous property of the newer angle J, connected (8.) with what it has 

been above proposed to call the Circumseribed Developable. 

(22.) We shall soon return briefly on the theory of that new developable 

surface (8.), and of the new locus (of the osculating circle, or envelope of the 

osculating sphere) to which it has been said to be circumscribed: but may 

here observe, that if we write for abridgment (comp. VIII. and XXIII.), 

POULT Pe gee 
Yv 

= p+ cot H = cot J sec P, 

then what has been called the coefficient of non-sphericity (comp. 395, (14.) 

and (16.)) is easily seen to have by XIV. the values, 

S/o mt 

XEXOXUE SaSeale aeee ep - Lr hye” — 1 GD) 
Srr?r 

=  (p ’— rrv’) - 1 = “(9 + =) = mi (3, 4, 5) 

sagt faked preg shock (6, 7, 8) 
rv pr 

whence also the deviation of a near point Ps of the curve, from the osculating 

sphere at Pp, is ultimately (by 395, XX VII.). 

SeeneieL ae TE See-8 1 88 _ _nst ial 

nO. SUE SF 84 R  WrrR~ 2Werrp’ 

and accordingly, the square of the vector ps; — o is given now (comp. I.) by 

the expression, 

(ps ~ 2) = (p ~ 0)? = a55 ('8(o - p)r” - 1), 
in which 

rS(o - p)r” = S=1+ nrr' = &e., as above. 

(23.) The same auxiliary scalar » enters into the following expressions 

for the arc, and for the scalar radii of the first and second curvatures, of the 

locus of the centre s of the osculating sphere, or of the cusp-edge of the polar 

developable (comp. 391, (6.), and 395, (2.)) : 

XXXVI... +fnds = Are of that Cusp-Edge (or of locus of s) ; 
/ RR 

XXXVI... n=nrartpr= Trae (Scalar) Radius of Curvature of same edge ; 

XXXVI"... r= ar = o'v = (Scalar) Radius of Second Curvature of same curve ; 
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these two latter being here called sca/ar radii, because the first as well as 

the second (comp. 397, V.) is conceived to have an algebraic sign. In fact, 

if we denote by x, the centre of the osculating circle to the cusp-edge in 

question, its vector is (by the general formula 389, LV.), 

13 

Vo'o 

XXX VII. -. OK; = ki = o+ =o-—nrr =p-—prrr+prv=o-Nr7, 

with the signification XXXVI’. of »,; because by XX XIII. (comp. 397, XI’), 

XXXVITI... 6 =anrv, 6 =n rv + (rv) =n'rv - nvr 7, 

and therefore 

DEX Xia een) Vos ier er: 

We may also observe that the reiation o’ || »v gives (by 397, IV.), 

XL...VU=V~-=r'r = Vector of Second Curvature of given curve ; 
oO Vv 

and that we have the equation, 

Rell Meee ee with i>), but 2, >0rn< 0, 
PRK Kk/— p r 

according as the cusp-edge turns its concavity or its convexity towards the 

gwen curve at P. 

(24.) The radius of (first) curvature of that cusp-edge, when regarded 

as a positive quantity, is therefore represented by the tensor, 

XLIL ../mPatn=Tn = RES 2 5 0); 

and as regards the scalar radius XXXVI". of second curvature of the same 

cusp-edge, its expression follows by XX XVIII. from the general formula 

397, XX VII., which gives here, 

Waa ” ” 
o qu y v Vo ap Voy because XLII’... ST DLE Be ihe =o be 

the two scalar derivatives, n’ and n”’, which would have introduced the 

derived vectors 7'¥ and 7’, or D,’p and D,°p, of the fifth and sizth orders, 
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thus disappearing from the expressions of the two curvatures of the locus of 

the centre s of the osculating sphere, as was to be expected from geometrical* 

considerations, 

(25.) For the helix, the formula XX XVII. gives x, =p, or Ki =P; we 

have then thus, as a verification, the known result, that the given point Pp of 

this curve is itself the centre of curvature K, of that other helix (comp. 389, 

(3.), and 395, (8.)), which is in this case the common locus of the two coincident 

centres, K ands. It is scarcely necessary to observe that for the helix we 

have also J = H. 

(26.) In general, the rectifying plane of the locus of s is parallel to the 

rectifying plane of the given curve, because the radii of their osculating circles 

are parallel; the rectifying lines for these two curves are therefore not only 

parallel but equal; and accordingly we have here the formula, 

Ve eey ss =iVE@ = AM by 897, SOV 
1 T 

which will be found to agree with this other expression (comp. 397, XVII.), 

RV ian (eee eee oot re 
Lyi 

the upper or lower sign being taken, according as the new curve is concave (as 

in figs. 81, 82 [pp. 100, 106]), or is conver at s (comp. (28.)), towards the 

old (or given) curve at p: and the new angle H, being measured in the new 

rectifying plane, from the new tangent o or nrv, to the new rectifying line X,, 

and in the direction from that new tangent to the new binormal w, or 

(comp. XL.) to a line from s which is equal to the vector of second 

curvature r'r of the given curve, multiplied by a positive scalar, namely 

by Tn", or by the coefficient n taken positively. 

(27.) The former rectifying line X touches the cusp-edge of the rectifying 

developable (396) of the given curve, in a new point r (comp. fig. 81), of which 

by 897, (45.), and by XV., the vector from the given point is, generally, 

Vr27” rr rr = UA sin H : 

het ni 1 S \t - ( ry 7 = H’ 9 AUVIG >. PRe 

* In fact, m represents here the velocity of motion of the point s along its own locus, while 

r and r-! represent respectively the velocities of rotation of the tangent and binormal to that curve: 
so that r and mr must be, as above, the radii of its two curvatures, 
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with the verification that this expression becomes infinite (comp. 397, (49.), 
(50.)), when the curve is a geodetic on the cylinder. 

(28.) In general, the vector or of the point of contact r, which vector we 
shall here denote by v, may be thus expressed, 

SCH VET a We aims teronea tims tee MCT Line calicn 

and because (7rA)’ = (rr)’r, by VIT’,, its first derivative is, 

XLIX. ..v’=rX € a = UA cosee H(/ sin HY = UX(i’ + cos Z) ;sx 

in which however the new derived scalar /’ involves H”, and so depends on 

7Y: while the scalar coefficient 7 itself represents the portion (+ PR) of the 

rectifying line, intercepted between the given curve, and the cusp-edge (27.) 

of the rectifying developable, and considered as positive when the direction 

of this intercept PR coincides with that of the line + A, but as negative in the 

contrary case. 

(29.) For abridgment of discourse, the cusp-edge /ast considered, namely 

that of the rectifying developable, as being the locus of a point which we have 

denoted by the letter rn, may be called simply “the curve (r)’’; while the 

former cusp-edge (23.), or that of the polar developable, may be called in 

like manner “‘ the curve (s)”’; the locus of the centre k of (absolute) curvature 

may be called “the curve (K)”: and the given curve itself (comp. again 

figs. 81, 82) may be called, on the same plan, “the curve (P.).”’ 

(30.) The arc RRs, of the curve (R), is (by XLIX., comp. XXX VI._), 

dW Anes | Tu ds = 1, - 1+ | cos Has ; 
0 0 

this are being treated as positive, when the direction of motion along it 

coincides with that of + A. 

(31.) The expression VII. for \’, combined with the former expression 

897, XVI. for X, gives easily by the general formula 389, IV., 

LI. . . Vector of Centre of Curvature of the Curve (R) 

/ , 

v uv 
=ypis 

U a ee Ur; Vue ee VAAL o Agee 
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whence 

LIT... Radius of Curvature of Curve (rn) = T gl ap 

the scalar variable being here arbitrary. 

(32.) We see, at the same time, that the angular velocity of the rectifying 

line X, or of the tangent to this curve (R), 1s represented by + H’; or that the 

small angle* between two such near lines, X and Ag, is nearly equal to sH’, or 

to H, - H: while the vector axis (VX’A~!) of rotation of the rectifying line, set 

off from the point r, has - H’U7r’, or — H’r7’, for its expression. 

(33.) As regards the second curvature of the same curve (Rr), we may 

observe that the expression (comp. VII. and LI.), 

LUID. 2 N= (e+ (rv eee! = (8) + (rv + VAN, 

combined with the parallelism (X LIX.) of v’ to X, gives, by the general 

formula 397, XX VII., 

LIV. . . Radius of Second Curvature of Curve (R) 

-(Syz) =4[Sayy petites, Sten 
Vu’ NEVA Ge aye 

with the verification, that while /’ + cos H represents, by (30.), the velocity 

of motion along this curve (Rr), TX represents, by 397, (8.), the velocity of 

rotation of its osculating plane, namely the rectifying plane of the given curve 

(p): and it is worth observing, that although each of these two radii of 

curvature, LIT. and LIV., depends on 7 through 7’ (28.), yet neither of 

them depends on rY (comp. (24.)). As another verification, it can be shown 

that the plane of the two lines X and 7’ from v, namely the plane, 

TLWG te Seer ae 

which is the normal plane to the rectifying developable along the rectifying 

line, and contains the absolute normal to the given curve (P), touches its 

own developable envelope along the line ru, if u be the point determined by 

* A vesult substantially equivalent to this is deduced, by an entirely different analysis, in the 
above cited Memoir of M. de Saint-Venant, and is illustrated by geometrical considerations : which 
also lead to expressions for the two curvatures (or, as he calls them, the couwrbwre and cambrure), of 
the cusp-edge of the rectifying developable ; and to a determination of the rectifying line of that 
cusp-edge. 
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the formula 397, XXX VIII., or the point of nearest approach of a radius of 
curvature (r) of that given curve to its consecutive (comp. (6.)); this line rH 
must therefore be the rectifying line of the curve (R); and accordingly (comp. 
397, XVII.), the trigonometric tangent of its inclination to the tangent rv to 
this last curve has for expression (abstracting from sign), 

LIV”... tan pro = PH: PR=+/7'r sin? H=+rH’ sin H = T\“H’ 

_ Radius (LIV.) of Second Curvature of Curve (R) 

~ Radius (LIL.) of First Curvature of same Curve 

(34.) Without even introducing 7'’, we can assign as follows a twisted 

cubte (comp. 397, (34.)), which shall have contact of the fourth order with the 

given curve at P; or rather an indefinite variety of such cubics, or gauche curves 

of the third degree. Writing, for abridgment, 

LV...¢@=-Sr(w-p), y=—-Srr(w-p), 2=—-Srv(w - p), 

so that 

LVI...w=ptartyrr + sry, 

the scalar equation, 

2 3 3\/ 

LVI. (=) 6 (*) rm (=) see 
1 r r 

in which e is an arbitrary but scalar constant, represents evidently, by its 

form, a cone of the second order, with its vertex at the given point P; and this 

cone can be proved to have contact of the fourth order with the curve* at that 

point: or of the third order with the cone of chords from it (comp. 397, (31.), 

(32.)). In fact the coefficients will be found to have been so determined, 

that the difference of the two members of this equation LVII. contains s° as 

a factor, when we change w to ps, as given by the formula I., or when we 

substitute for yz their approximate values for the curve, as functions of the 

* In the language of infinitesimals, the cone LYII. contains jive consecutive points of the curve, 

or has five-point contact therewith: but it contains only fowr consecutive sides of the cone of chords 

from the given point, or has only fowr-side contact with that cone, except for one particular value of 

the constant, e, which we shall presently assign. It may be observed that vyz form here a (scalar) 

system of three rectangular coordinates, of the usual kind, with their origin at the point P of the 

curve, and with their positive semiaxes in the directions of the tangent 7, the vector of curvature 7 , 

and the binormal v. 
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arc s; namely, by the expressions IV. for 7”, and 397, VI. for 7”, 

a he oy 5" 

sade MAGES aie 
st 738 — st 

LVIII. oe Ys = Op — 62 ass ager) 4 y3 + Tote ys 

3 rst 
a. = — + yey) le 

‘ Orr ag | )' 

where the terms set down are more than sufficient for the purpose of the 

proof. It may be added that the coefficient of 34 in ys, which is the only 

one at all complex here, may be transformed as follows : 

LVI’... Serr ==09)" =} = 748 Horr); 

S being that scalar for which (or more immediately for its excess over unity) 

several expressions* have lately been assigned (22.), and which had occurred 

in an earlier investigation (395, (14.), &c.). 

(35.) With the same significations LY. of the three scalars xyz, this 

other equation, 

LIX. .. 18ry - (8% - r’y)? = (9 + 7? - 8rr” - 8r'r?)y?, 

or 

LAD Gas. ary ome (w _ tr’y)? = (1 en 48 (73)” es Ly) y? 
b) 

will be found to be satisfied when we substitute for « and y the values LVIII. 

of , and ys, and neglect or suppress s°; it therefore represents an edliptic (or 

hyperbolic) cylinder, which is cwt perpendicularly, by the osculating plane to the 

given curve at P, in an ellipse (or hyperbola), having contact of the fourth order 

with the projection (397, (9.)) of that given curve upon that osculating plane : 

and the cylinder itself has contact of the same (fourth) order with the curve in 

space, at the same given point P, so that we may call it (comp. 397, (31.)) the 

Osculating Elhptic (or Hyperbolic) Cylinder, perpendicular to the osculating 

plane. 

(36.) As a verification, if we suppress the second member of either 
LIX. or LIX’, we obtain, under a new form, the equation of what has 

* It might have been observed, in addition to the eight forms XXXIV., that we have also, 

XXXIV’... S—1= Rr! cot J=n cot H. (9, 10) 
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been already called the Osculating Parabolic Cylinder (3897, LXXXTV.); and 

as another verification, the coefficient of y*® in that second member vanishes, as 

it ought to do, when the given curve is supposed to be a parabola: that plane 

curve, in fact, satisfying the differential equation of the second order, 

LX... 8rr’- 7? =9, or LX’... ri(r3)” = 2, 

” 7 dr a nw Ly 4 

1 DP ey es (sq) + 1) = cost. =p ; 

or 

if r be still the radius of curvature, considered as a function of the are, s, while 

p is here the semiparameter. 

(37.) The binormal v is, by the construction, a generating line of the 

cylinder LIX.; and although this line is not generally a side of the cone 

LVII., yet we can make it such, by assigning the particular value zero to the 

arbitrary constant, e, in its equation, or by suppressing the term, es. And 

when this is done, the cone LVII. will intersect the cylinder LIX., not only 

in this common side v (comp. 397, (33.)), but also in a certain twisted cubic, 

which will have contact of the fourth order with the given curve at P, as stated 

at the commencement of (34.). 

(38.) But, as was also stated there, indefinitely many such cubics can be 

described, which shall have contact of the same (fourth) order, with the same 

curve, at the same point. For we may assume any point B of space, or any 

vector (comp. LYI.), 

LXI.. .OE =e=p + ar + brr’ + crv, 

in which a, b, ¢ are any three scalar constants; and then the vector equation, 

LXII. ..w =p, + t(e- p), 

in which ¢ is a new scalar variable, will represent a cylindric surface, not 

generally of the second order, but passing through the given curve, and having 

the dine PE for a generatrix. We can then cut (generally) this new cylinder 

by the osculating plane to the curve at Pp, and so obtain (generally) a new and 

oblique projection of the curve upon that plane; the x and y of which new 

projected curve will depend on the arc s of the original curve by the relations, 

LXIII...2%=2,-ac 2s, y=y, — be's; 

with the approximate expressions LYIII. for x, y,z,. And if we then 



128 ELEMENTS OF QUATERNIONS. [ ILI. rrr. § 6. 

determine two new. scalar constants, B and C, by the condition that the 

substitution of these last expressions LXIII. for w and y shall satisfy this 

new equation, 

LXIV... 2ry = 2 + 2Baey + Cy’, 

if only s* be neglected (comp. (85.)), or by equating the coefficients of s* and s*, 

in the result of such substitution, then, on restoring the significations LV. of 

ay, and writing for abridgment, 

LXV...X=2a#-ac's, Y=y- be's, 

the equation of the second degree, 

LXVI...2r¥V = X*+ 2BXV + CY’, 

will represent generally an oblique osculating elliptic (or hyperbolic) cylinder, 

which has contact of the fourth order with the given curve at P, and contains 

the assumed line pz. If then we determine finally the constant e in LVIL., 

by the result of the substitution of abc for xyz, or by the condition, 

LXVII... (=) - 6 (=) ae + (=) be + ec’, 
r re r 

the cone LVII., and the cylinder LXVI., will have that line px for a 

common side; and will intersect each other, not only in that line, but also 

(as before) in a twisted cubic, although now a new one, which will have 

the required (fourth) order of contact, with the given curve at the given 

point. 

(39.) If, after the substitution (38.) in LXIV., we equate the coefficients 

of the three powers, s°, s‘, s°, and then eliminate B and C, we are conducted to 

an equation of condition, which is found to be of the form, 

LXVIII. .. ad + bé’c + cbc? + ec = ac(bg + ch); 

in which the ratios of abe still serve to determine the direction of the 

generating line pr, while the coefficients, a, b, c, e, g, h are assignable 

functions of r, x, 7, v’, r”’, rv’, and rv”, depending on the vector 7'Y: and 

when this condition LXVIII. is satisfied, the cylinder LXVI. has contact 

of the fifth order with the given curve at P. 
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(40.) Again, if we improve the approximate expressions LVIII. for the 
three scalars 2, ys, 2, by taking account of s*, or by introducing the new term 
5IV 

30 (comp. I.) of p,, and if we substitute the expressions so improved, instead 

of x, y, 2, in the equation of the cone LYII. and then equate to zero (comp. 

(34.)) the coefficient of s® in the difference of the two members of that 

equation, we obtain a definite expression for the constant, e, which had been 

arbitrary before, but becomes now a given function of rrr’r’r” and Yr” (not 

involving r’’’), namely the following, 

a ( Dero? qidt pa SET ae tS =) 
=—[——- — + — + 

} et r’y” y* r rr 4y?y? rr , 1. Ge ee 

and when the constant e receives this value,* the cone has contact of the fifth 

order with the curve at the given point. 

(41.) Finally, if we multiply the equation LX VII. by bg + ch, we can at 

once eliminate a by LX VIIL., and so obtain a cubic equation in 6: c, which 

has at least one real root, answering to a real system of ratios a, b, c, and there- 

fore to a real direction of the ine prin (38.). It is therefore possible to assign 

at least one real cylinder of the second order (39.), which shall have contact of 

the fifth order with the curve at p, and shall at the same time have one side PE 

common with the cone of the second order (40.), which has contact of the same 

(fifth) order with the curve (or of the fourth order with the cone of chords) : 

and consequently it is possible in this way to assign, as the intersection of this 

cylinder with this cone, at least one real twisted cubic, which has contact of the 

fiftht order with the given curve of double curvature, at the given point thereof. 

And such a cubic curve may be called, by eminence, an Osculatingt Twisted 

Cubic. 

(42.) Not intending to return, in these Elements, on the subject of such 

cubic curves, we may take this occasion to remark, that the very simple vector 

equation,§ 
LXX... Vap = pVPp, 

represents a curve of this kind, if a and 3 be any two constant and non-parallel 

* Compare the Note to page 125. 
¢ Accordingly it is known (see page 242 of Dr. Salmon’s Treatise, already cited), that a twisted 

eubie can generally be described through any six given points; and also (page 248), that ¢hree quadric 
cylinders (or cylinders of the second order or degree) can be described, containing a given cubic curve, 
their edges being parallel to the three (real or imaginary) asymptotes. 

~ Compare the first Note to page 92. E 
§ This example was given in pages 679, &c., of the Lectures, with some connected transformations, 

the equation having been found as a certain condition for the inscription of a gauche quadrilateral, or 
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vectors. In fact, if we operate on this equation by the symbol 8, A, in which 

\ is an arbitrary but constant vector, the scalar equation so obtained, namely, 

LXXI. . . Stap = SApSBp — p*SPA, 

represents a surface of the second order, on which the curve is wholly contained ; 

making then successively \ =a and X=3, we get, in particular, the two 

equations, 

LXXITI...S(Vap.V6p) = 0, and LXXIII... (Vp)? + SaBp = 0, 

representing respectively a cone and cylinder of that order, with the vector 

from the origin as a common side: and the remaining part of the intersection of 

these two surfaces, is precisely the curve LXX., which therefore is a twisted 

cubic, in the known sense already referred to. 

(43.) Other surfaces of the same order, containing the same curve, would 

be obtained by assigning other values to A; for example (comp. 397, (81.)), 

we should get generally an hyperbolic paraboloid from the form LXXI., by 

taking A L (3. But it may be more important here to observe, that without 

supposing any acquaintance with the theory of curved surfaces, the vector equation 

LXX. can be shown, by quaternions, to represent a curve of the third degree, in 

the sense that it is cut, by an arbitrary plane, in three points (real or 

imaginary). In fact, we may write the equation as follows, 

LXXIV... Veo =-a, if LXXV...¢=g9+f8, 

q being here a quaternion, of which the vector part B is given, but the scalar 

part g 1s arbitrary; and then, by resolving (comp. 3847) this linear equation 

LXXIV., we may still further transform it as follows, 

LXXVI...9(9 - 8’) p= BSBa + gVBa - ga, 

which conducts to a cubic equation in g, when combined with the equation 

ER V UL Soe 
of any proposed secant plane. 

other even-sided polygon, in a given spheric surface (comp. the sub-articles to 296): the 2n successive 
sides of the figure being obliged to pass through the same even number of given points of space. It was 
shown that the cwrve might be said to intersect the unit-sphere (p? = — 1) in two imaginary points at 
infinity, and also in two real and two imaginary points, situated on two real right lines, which were 
reciprocal polars relatively to the sphere, and might be called chords of solution, with respect to the 
proposed problem of inscription of the polygon; and that analogous results existed for even-sided 
polygons in ellipsoids, and other surfaces of the second order: whereas the corresponding problem, of 
the inscription of an odd-sided polygon in such a surface, conducted only to the assignment of a single 

chord of solution, as happens in the known and analogous theory of polygons in conics, whether the 
number of sides be (in that theory) even or odd. But we cannot here pursue the subject, which has 
been treated at some length in the Lectures, and in the Appendices to them. 
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(44.) The vector equation LXX., however, is not sufficiently general, to 

represent an arbitrary twisted cubic, through an assumed point taken as origin ; 

for which purpose, ten scalar constants ought to be disposable, in order to allow 

of the curve being made to pass through five* other arbitrary points: whereas 

the equation referred to involves only five such constants, namely the four 

included in Ua and Uf, and the one quotient of tensors T : Ta (comp. 358). 

(45.) It is easy, however, to accomplish the generalization thus required, 

with the help of that theory of dinear and vector functions (gp) of vectors, which 

was assigned in the Sixth Section of the preceding Chapter (Arts. 347, &c.). 

We have only to write, instead of the equation LXX., this other but 

analogous form which includes it, 

PCR VALLE: vs Vap 8 Vedp se Cree KV LTE 2. gop + Cp =a, 

and which gives, by principles and methods already explained (comp. 354, 

(1.)), the transformation 

LXXIX...p=(¢+0)7a = tenet oe 

a, wa, and ya being here fixed vectors, and m, m’, m” being fixed scalars, but ¢ 

being an arbitrary and variable scalar, which may receive any value, without 

the expression LX XIX. ceasing to satisfy the equation LX XVIII. 

(46.) The curve LX XVIII. is therefore cut (comp. (43.)) by the plane 

LXXVII. in three points (real or imaginary), answering to and determined 

by the three roots of the cubic in c, which is formed by substituting the 

expression LX XIX. for p in the equation of that secant plane; and conse- 

quently it is a curve of the third degree, the three (real or imaginary) asymptotes 

to which have directions corresponding to the three values of c, obtained by 

equating to zero the denominator of that expression LX XIX., or by making 

M = 0, in a notation formerly employed: so that they have the directions of 

the three lines [3, which satisfy this other vector equation (comp. 354, L.), 

XXX, oY Voge 0: 
* Compare the second Note to page 129. In general, when a curve in space is supposed to be 

represented (comp. 371, (5.)) by two scalar equations, each new arbitrary point, through which it is 
required to pass, introduces a necessity for two new disposable constants, of the scalar kind: and 
accordingly cach new order, say the n**, of contact with such a curve, has been seen to introduce a 

new vector, Ds"p, or 7"-), subject to a condition resulting from the general equation TDsp = 1, or 
7* = —1 (comp. 380, XXVI., and 396, III.), but involving virtually two new scalar constants. Thus, 
besides the four such constants, which enter through 7 and 7’ into the determination of the directions 
of the rectangular system of lines, tangent, normal, and binormal (comp. 379, (5.), or 396, (2.)), and of 
the length of the radius of ( first) curvature, r, the three successive derivatives, ,7'’, r', of that radius, 

and the radius r of second curvature, with its two first derivatives, r’ and r’, have been seen to enter, 
through the three other vectors, 7’, r’’, T1Y, into the determination (41.) of the osculating twisted 

cubic. 
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(47.) Accordingly, if 8 be such a line, and if y be any vector in the plane 

of a and B, the curve LXXVIII. is a part of the intersection of the two 

surfaces of the second order, 

TEXRETS Sapop =), and LXXXITI... Syap + Syp¢p ='(), 

whereof the first is a cone, and which have the dine [3 from the origin for a 

common side (comp. (42.)): the curve is therefore found anew to be a twisted 

cubte. 

(48.) And as regards the number of the scalar constants, which are to be 

conceived as entering into its vector equation LXXVIII., when we take for gp 

the form Va + VApu assigned in 357, 1., in which g, is an arbitrary but 

constant quaternion, such as g + y, and A, mu are constant vectors, the term gp of 

op disappears under the symbol of operation V. p, and the equation (45.) of 

the curve becomes, 

LXXXIIT. .. Vap tg eVyp a VpVApu sh 

in which the four versors, Ua, Uy, UA, Up, introduce each two scalar con- 

stants, while the two tensor quotients, Ty: Ta and TAu: Ta, count as two others: 

so that the required number of ten such constants (44.) is exactly made up, 

the curve being still supposed to pass through an assumed origin, and therefore 

to have one point given. It is scarcely worth observing, that we can at once 

remove this last restriction, by merely adding a new constant vector to p, in the 

last equation, LX XXIII. 

(49.) Although, for the determination of the osculating twisted cubic (41.) 

to a given curve of double curvature, it was necessary (comp. (40)) to employ 

the vector 7” or D,°o, or to take account of s° in the vector ps, or in the con- 

nected scalars 2,y,2, of (34.), and therefore to improve the expressions LVIII., 

by carrying in each of them (or at least in the two latter), the approximation 

one step farther, yet there are many other problems relating to curves in space, 

besides some that have been already considered, for which those scalar 

expressions LiVIII. are sufficiently approximate: or for which the vector 

expression I. suffices. 

(50.) Resuming, for instance, the questions considered in (22.) and (28.), 

we may throw some additional light on the aw of the deviation of a near point 

Ps of the curve, from the osculating sphere at Pv, as follows. Eliminating n by 
XXXVI’. from XXXV., we find this new expression, 

1s" 

rr BR’ 

the direction of this deviation from the sphere (R) depends therefore on the 

LXXXIV. .. sp, -—sp = 
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sign of the scalar radius 7, (23.) of curvature of the cusp-edge (s) of the polar 

developable: and it is outward or inward (comp. 395, (14.)), according as that 

cusp-edge turns its concavity (comp. XLI.) or its convexity, at the centre s of the 

osculating sphere, towards the point P of the given curve, that is, towards the 

point of osculation. 

(51.) Again, if we only take account of s*, the deviation of P, from the 

osculating circle at Pp has been seen to be a vector tangential to the osculating 

sphere, which may be thus expressed (comp. 397, [X., LIT.), 

Exes Gee vet ee oe! 
6 6r°r 

if c,; be the point on the circle, which is distant from the given point p by an 

are of that circle = s, with the same initial direction of motion, or of departure 

from p, represented by the common unit tangent +; the quantity of this 

SR 

6r*r 
(comp. 897, (9.), (10.)) from the osculating plane* at Pp, multiplied by the 

secant (rR) of the inclination (P) of the radius (R) of spherical curvature, to 

the radius (r) of absolute curvature, and positive when this /ast deviation has 

the direction of the dinormal v. 

(52.) On the other hand (comp. (5.)) the small angle, which the small are 

ss; of the cusp-edge (s) of the polar developable subtends at the point Pp, is 

3 

deviation is therefore expressed by the scalar : that is, by the deviation <— 

ultimately expressed by the sca/ar, 

rR’s LXXXVI. .. srs, = (es, - Ps). R? cot P= a _ (by XX XIII), 

* Besides the nine expressions in 397, (42.) for the square r-? of the sccond curvature, the follow- 

ing may be remarked, as containing the law of the regression of the projection of a curve of double 

curvature on its own normal plane: 

3 9 PQ3” 
r? = ——, lim. —., 

2KP PQ2° 
397, XCIX., (10.) 

K being still the centre of the osculating circle, and ai, Q2, Q3 being still (as in 397, (10.)) the 
projections of a near point @ (or P,), on the tangent, the absolute normal (or inward radius of curvature 
Pk), and the binormal at vp. In fact, the principal terms of the three vector projections corresponding, 
of the small chord Pa (or PPs), are (comp. LVIII.) : 

9 

8” ‘ s° 
PQ1=8T; PQ2 = (§8"7’ =) — Ur’; pag = (4s°r-1y =) — Up; 

2r 6rr 

whence, ultimately. 

~ sm 'yU7’ = 72, KP, 
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this angle being treated as positive, when the corresponding rotation* round 

+7 from ps to Ps; is positive: andif we multiply this scalar, by that which has 

just been assigned (51.), as an expression for the deviation csp; from the 

osculating circle, we get, by XXXYV., the product, 

Suter Lede eee —_— - 
LAX XN Li Gr ph = Gruen (SPs — SP). 

(53.) Combining then the recent results (50.), (51.), (52.), we arrive at 

the following Zheorem: 

The deviation of a near point Pp, of a curve in space, from the osculating sphere 

at the given point P, is ultimately equal to the quarter of the deviation of the same 

near point from the osculating circle at P, multiplied by the sine of the small angle 

which the arc 88s, of the locus of centres of spherical curvature (s), or of the cusp- 

edge of the polar developable, subtends at the same point P; and this deviation 

(sP, — sp) from the sphere has an outward or an inward direction, according as the 

same are 88s 1s concave or convex towards the same given point. 

(54.) The vector of the centre s,, of the near osculating sphere at Ps, is (in 

the same order of approximation, comp. I.), 

TiRAN VERT. OSs = Os = O+ So’ + 48°” + 13%" = sys‘o ; 

and although o — p is already a function (by 397, IX., &.) of 7, 7’, 7’, so that 

o is (as in (2.) or (22.)) a function of 7’, 7”, 7’”, and 0”, o”, o%” introduce 

respectively the new derived vectors 7"’, 7’, 7, or D,’o, Ds°o, Ds"p, which we 

are not at present employing (49.), yet we have seen, in (23.) and (24.), 

that some useful combinations of o’’, and o”” can be expressed without 71, rv: 

and the following is another remarkable example of the same species of 

reduction, involving not only o” and o” but also o’, but still admitting, like 

the former, of a simple geometrical interpretation. 

(55.) Remembering (comp. (22.), and 397, XY.) that 

LXXXIX....(¢— p)?+ R’=0, and XC... .8r”"(e —p) =r?*S=r? + nr, 

and reducing the successive derivatives of LXXXIX. with the help of the 

equations 397, XIX., and of their derivatives, we are conducted easily to the 

* Considered as a rotation, this small angle may be represented by the small vector, rp-1R'R-sr ; 

and if the vector deviation LXXXY. from the osculating circle be multiplied by this, the quarter of the 
product is (comp. XXXY.) the vector deviation from the osculating sphere, under the form, 

# (pete) Bs 
24R “rrp 
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following system of equations, into which the derived vectors r, 7’, &c. do not 

expressly enter, but which involve o, o”, o”, o’, and R’ R’, R’”’, ke: 

OT! . So’(o — p) +RR=0; PO! E Brew. oo (a — p) =u. 

XOIIT. . . 80"(o — p) + 6” + (RR Y = 0; 

XCIV. . . So’ (a - p) + 880’o” + (RR’)” = 0; 

XOV... Sot%(c — p) + 480’0’” + 30 + (RR’)’” = - ER Sofie 
rrp rr 

auxiliary equations being, 

AOS bar Ue ibe r= Us be Tae, (comp. 395, X.) 

and XOVII. .. So0”r = - 86’7’ = So’r” = Str” - S(o - p) 7” 

=-97r*(S-1) =- nr. 

(56.) But, if &, denote the radius of the near sphere, and if we still neglect 

s°, we have, 

NUV El nate e eet ee he 
3 4 

= Ri + 2sRR + 8*(RRY + 5 (RRY’ + 55 (REY; 

whence follows, by LX XXVIII., and by the recent equations, this very simple 

expression, from which (comp. (24.)) everything depending on 7’, 7%, r¥ has 

disappeared, 
- RRs | 

XCIX. eC (as — p)? + he ~ T2rrp ? 

and which gives (within the same order of approximation, attending to 

XXXY.) the geometrical relation, 

R’s* ns! ee . «+ P8:— PiSs = T (0, — p) - Ry = —— = — — 
SEES Raed ae 24rrp = 24rrR 

or C’... SP — SP, =8,P; sp = R,— BR. 

(57.) This result might have been foreseen, from the following very simple 
consideration. When the coefficient S — 1 of non-sphericity (395, (16.)), or 

of the deviation of a curve from a sphere, is positive, so that a near point P, of 

the curve is exterior to (what we may call) the given sphere, which oscudates to 

that curve at p, by an amount which is ultimately proportional to the fourth 

power of the arc, s, of the curve, then the given point Pp must be, for the same 

reason, exterior to the near sphere, which osculates at the point P,; and the ¢wo 
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deviations, PS; — P,8; and sP, - sP, which have been found by calculation to be 

egual (C.), if s° be neglected, must in fact bear to each other an witimate ratio 

of equality, because the two arcs, + s and — s, from P to Ps, and from P, back to 

p, are equally long, although oppositely directed; or because (+ s)* = (- s)*. 

And precisely the same reasoning applies, when the coefficient S - 1 is 

negative, so that the deviations, equated in the formula C., are both inwards. 

(58.) As regards the deviation (51.) of the near point Pp, of the curve from 

the osculating circle at Pp, we may generalize and render more exact the ex- 

pression LXXXYV., by considering a point c; of that circle, which is distant 

by a circular are = ¢ from the given point p; and of which the vector 1s, 

rigorously, by 396, (18.), 

eee! t 
OL... o¢=w,=p+r7 sin - + rr’ vers ~; 

, r 
or if we only neglect ¢°, 

t3 ; t? t* 

CII. .06= w= par (t- aa) +r (5 aan): 

(59.) In this way we shall have (comp. (84.)) the vector deviation, 

C Li ie CzyPs = Ps — Wt = Xr + Yrr’ + Li'v, 

with the scalar coefficients, 

CIV... X=2,-rsin © V = y,~r vers © Z = 853 

or, neglecting s° and ¢, and attending to the expressions LVIII. and LVIII’,, 

Sy EMA Qui 
Xe =s-ft- Gar =e 8,3 5 

OV aa v-? p st —7¢ ns 

ea) r 2473 Q4y*y’ 

3 rst 
ji it a Lot esas 

pre or ae 

in which 7, 7’ r, p, and n have the same significations as before. 

(60.) Assuming then for the circular arc ¢ the value, 

eS 
OVive. gece 

which differs (as we see) by only a quantity of the fourth order from the are s 

of the curve, we shall have, to the same order of approximation, the 

expressions, 
eax", 4 

CVIL..X=0, Y= 2-5 
24ry’ 

Z=%; = &¢., as before, 
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the deviation at Pp; from the circle being here measured in a direction parallel 

to the normal plane at. ep; and if s* be neglected (although the expressions 

enable us to take account of it), this deviation is also parallel (as before) to the 

tangent rt (o — p) to the osculating sphere in that plane: while it is represented 

in quantity by Rrs,, which agrees with the result in (51). 

(61.) The expressions OVII. give also, without neglecting s*, 

Se ae ns* CVI... = =? 

such then is the component of the deviation from the osculating circle, which is 

parallel to the normal vs to the sphere at P; and we see that it only differs in 

sign (because it 1s positive when its direction is that of the inward normal, or 

inward radius Ps), from the expression XX XY. (comp. C.), for the outward 

deviation sp, — SP of the near point P;, from the same osculating sphere at the 

given point Pp. 

(62.) This /atter component (61.) is smal, even as compared with the 

Jormer small component (60.); and the small quotient, of the latter divided 

by the former, is ultimately (by LXXXVI_.), 

Vet PLaemirs 
CAO Ste Sey srg i = — ISPS; 5 

where the small angle sps; is positive or negative, according to the rule stated 

in (52.), and may be replaced by its sine, or by its tangent. 

(63.) Instead of cutting the given osculating circle, as in (60.), by a 

plane which is parallel to the given normal plane at P, we may propose to 

cut that circle by the near normal plane at Ps, or to satisfy this new condition, 

OX...0=87,(0, —w:), or CX’... 0 = XSrr, + YSrr'r, + ZSrvr, ; 

which is easily found to give by CV. the values (s and ¢ being still supposed 

to be small, and s° being still neglected) : 

rst rs 

Day" - 6 
tod 

OXihues ¢29~ vats C3. @ earn, € 
24r° 

Y=&c., Z=&e., asin CVIL.; 

so that in passing to this new near point c; of the circle, we only change 

X from zero to a small quantity of the fourth order, and make no change 

in the values of Y and Z. 
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(64.) The new deviation cye; from the given circle may be decomposed 
into two partial deviations, in the near normal plane, of which one has the 

direction of the unit-tangent R;s4r1s(os — ps) to the near sphere at Ps, and the 

other has that of the unit-normal R5"(cs — ps) to the same sphere at the 

same point (or the opposites of these two directions); and the scalar 

coefficients of these two vector units, if we attend only to principal terms, 

are easily found to be, 

rZ—-pY Rs and CXIV rY+(p+ns)\Z ns‘ OXIII. .. == ce Eee 

(65.) We may then write: 

CXV. .. Deviation of near point Pp, from given osculating circle, measured in the 

near normal plane to the curve at Ps, 

Rs*® ns* 
= new CPs = 6)"r Urs(os = ps) = 3p U (os = Ps) ; 

in which it may be observed, that the second scalar coefficient is equal to 

three times the scalar deviation sp, -—sP (XXXYV. or C.), of the near point 

Ps of the curve, from the given osculating sphere (at P). 

(66.) But we may also interpret the new coefficient last mentioned, as 

representing a new deviation; namely, that of the point c; of the given cirele, 

JSrom the near osculating sphere at Ps, considered as positive when that new 

point c% 1s exterior to that near sphere; or as denoting the difference of 

distances 8.0; — 8sP;. We have therefore (comp. (56.)) this new geometrical 

relation, of an extremely simple kind: 

OXVI. . . 8,0; — 8:Ps = 8(SPy — SP) = 3(S,P — SsPs) 
or 

OXVI’. . . ssc; = 885P — 25,Ps. 

(67.) Supposing, then, at first, that the coefficient of non-sphericity S- 1 

1s positive (comp. 895, (16.)), if we conceive a point to move backwards, upon 

the curve, from p, to p, and then forwards, upon the circle which osculates 

at P, to the new point c, (63.), we see that it will first attain (at Pp) a position 

exterior to the sphere which osculates at Ps, or will have an amount, determined 

in (56.), of outward deviation, with respect to that near osculating sphere; and 

that it will afterwards attain (at the new point c;) a deviation of the same 
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character (namely outwards, if S>1), from the same near sphere, but one of 

which the amount will be threefold the former: this last relation holding 

also when S <1, or when both deviations are inwards. 

(68.) It is easy also to infer from (65.), (comp. (57.)), that if we go 

back from Ps, on the near circle which osculates at that near point, through an 

are (t) of that circle, which will only differ by a small quantity of the fourth 

order (comp. (60.)) from the are (s) of the curve, so as to arrive at a point, 

which for the moment we shall simply denote by c, and in which (as well 

as in another point of section, not necessary here to be considered) the near 

osculating circle is cut by the given normal plane at P, the vector deviation of 

this new point c of the new circle, from the given point P of the curve, must 

be, nearly : 

Rs* ns* | 
CXVII. -2« PC = Gaz Urle = p) = arp Vio = p) 3 

the ooefficients being formed from those of the formula CXV., by first 

changing s to —s, and then changing the signs of the results: while the 

relation CX VI. or CX VI’. takes now the form, 

CXVIII. ..sc-sp =3(sp,-sp), or CXVIII’... sc = dsp, — 2sp. 

(69.) Accordingly if, after going from P to Pp; along the curve, we go 

forward or backward, through any positive or negative arc, t, of the circle, 

which osculates at that point P,, we shall arrive at a point which we may 

here denote by o,,;; and the vector (comp. again 396, (18.)) of this near 

point (more general than any of those hitherto considered) will be rigorously, 

a ; : 
OXIX, . . wy, ¢ 200s, 3. = ps + Tete SID = + Teit's Vers — 

And if we develop this new expression to the accuracy of the fourth order 

inclusive, we find that we satisfy the new condition (comp. (63.)), 

or 

CXX...Sr(wsy:-p)=0, when OXXI... b= -8-5553 

and that then the expression CXIX. agrees with CXVII., within the order 

of approximation here considered. 

(70.) A geometrical connexion can be shown to exist, between the two 

equivalents which have been found above, one for the quadruple (LXXXVIL., 
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comp. (53.)), and.the other for the ¢riple (OX VIII.), of the deviation sp, — SP 

of a near point P, of the curve, from the sphere which osculates at the given 

point P: in such a manner that if either of those two expressions be regarded 

as known, the other can be inferred from it. 

(71.) In fact if we draw, in the normal plane, perpendiculars pp and PE 

to the lines ps and ps,, and determine points p and E upon them by drawing 

a parallel to ps through the point c of (68.), letting fall also a perpendicular 

CF on P§;, the two small lines PD and ve will ultimately represent the two terms 

or components CX VII. of pc; and the smai/ angle prc will ultimately be 

equal to three quarters of the small angle sps,, and will correspond to the 

same direction of rotation round 7, because 

DC , rst es as 
CXXIT... — =F. Ry hess 5 

or S 

OCXXIII... ppc = 3sps, = 3DPE; ay 
E 

so that we shall have the ultimate ratios (comp. the y 

annexed fig. 83%) : a Ss 
Fig. 83. 

OXXIV...pce: pH: cz (or FP) = 3:4: 1. 

But the line cr is ultimately the ¢race, on the given normal plane, of the 

tangent plane at c to the near osculating sphere; the small line Fp (or cz) 

represents therefore the deviation s,p — s,p, of the given point p from that 

near sphere, or the egua/ deviation (57.), sP;— SP; its ultimate quadruple, 

DE, represents the product mentioned in (52.); and the ultimate ¢riple, ve, 

of the same small line cz, 1s a geometrical representation of that other 

deviation Sc — sp, which has been more recently considered. 

(72.) When the two scalars, s and ¢, are supposed capable of receiving 

any values, the point cs,4 in (69.) may be any point of the Locus (8.) of the 

Osculating Circle to the given curve of double curvature ; and if we seek 

the direction of the normal to this superficial Jocus, at this point, on the 

plan of Art. 372, writing first the equation of the surface under the 

* In figs. 81, 82, the little arc near s is to be conceived as terminating there, or as being a 
preeeding are of the curve which is the locus of s, if 7’, r, , and therefore also py and ri, be 

positive (comp. the second Note to page 107). In the new figure 83, the triangle PDE is to be 
conceived as being in fact much smaller than pxs, though magnified to exhibit angular and other 

relations. 
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slightly simplified, but equally rigorous form, 

OXXN . « «Way 20s + Pets SID U + F5’r’, OTS U, 
with 

CXX VI. ~~ U= el 3 = PsK5Cs, ty 

so that w is here a new scalar variable, representing the angle subtended at 

the centre Ks, of the osculating circle at P,, by the are, t, of that circle, we 

are led, after a few reductions, to the expression, 

CXXVIT. . .VDiwso + Dstos, u) = els (Wes x ~ Gs) VES & : 

which proves, by quaternions, what was to be expected from geometrical* 

considerations, that the locus of the osculating circle is also (as stated in (8.) 

and (22.)) the Envelope of the Osculating Sphere. 

(73.) The norma/ to this locus, at any proposed point c,,; of any one 

osculating circle, is thus the radius of the sphere to which that circle belongs, 

or which has the same point of osculation Pp, with the given curve, whether 

the arc (s) of that curve, and the are (¢) of the circle, be small or large. We 

must therefore consider the tangent plane to the /ocus, at the given point p of 

the curve, as coinciding with the tangent plane to the osculating sphere at that 

point; and in fact, while this latter plane (1 Ps) contains the tangent r to 

the curve, which is at the same time a tangent to the docus, it contains also 

the tangent r(o — p) to the sphere, which is by CX VII. another tangent to 

the locus, as being the tangent at P to the section of that surface, which is 

made by the normal plane to the curve. 

(74.) But when we come to examine, with the help of the same equation 

OXVII., what is the Jaw of the deviation pe (comp. fig. 83) of that normal 

section of the Jocus, considered as a new curve (c), from its own tangent PD, we 

find that this daw is ultimately expressed (comp. (71.)) by the formula, 

po 81 n®r*r(o — p) 
4 

= — , ——~_— = const. ; 
PD 

CROLL 5: 

hence pe varies ultimately as the power of PD, which has the fraction 4 for its 

exponent ; the “mit of Pp’: Dc is therefore nul/, and the ecwrvature of the 

section 18 infinite at P. 

* In the language of infinitesimals, two consecutive osculating spheres, to any curve in space, 

intersect each other in an osculating circle to that curve. 
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(75.) It follows that this point Pp is a singular point of the curve (c), in 

which the Jocus (8.) is cut (73.), by the normal plane to the given curve at 

that point; but it is not a cusp on that section, because the tangential 

component pp of the vector chord vc is ultimately proportional to an odd 

power (namely to the cube, by CXVII., comp. (71.)) of the scalar variable, 

s, and therefore has its direction reversed, when that variable changes sign: 

whereas the normal component pc of the same chord pc is proportional to 

an even power (namely the fourth, by the same equation CXVII.) of the 

same arc, 8, of the given curve, and therefore retains its direction unchanged, 

when we pass from a near point Ps, on one side of the given point Pp, to a 

near point p_; on the other side of it. 

(76.) To illustrate this by a contrasted case, let @ be the point in 

which the tangent to the given curve at P, is cut by the normal plane at 

P; or a point of the section, by that plane, of the developable surface of 

tangents. We shall then have the sufficiently approximate expressions, 

3 perarea 3 

OXXIX, ..ra=p.-p-(s435)n= =p" F =— Pa ~ Be, 
i r 

with the significations 397, (10.) of a, and a;; hence the point p of the curve 

is (as is well known) a cusp of the section (a) of the developable surface of 

tangents (comp. 397, (15.)), because the tangential component (— Pa) of the 

vector chord (PG) has here a fixed direction, namely that of the outward radius 

(xP prolonged) of the circle of curvature at Pp: while it is now the normal 

component (— 2PQ;) which changes direction, when the arc s of the curve changes 

sign. At the same time we see* that the equation of this Jast section (G) may 

ultimately be thus expressed : 

comparing which with the equation CXXVIII., we see that although, in 

each case, the curvature of the section is infinite, at the point P of the curve, 

yet the normal component (or coordinate) varies (ultimately) as the power 

3 of the tangential component, for the section (a) of the Surface of Tangents: 

whereas the former component varies by (74.) as the power 4 of the latter, 

for the corresponding section (c) of the Locus of the Osculating Circle. 

* Compare the Note to page 133. 
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(77.) It follows also that the curve (P) ctself, although it is not a cusp-edge 

of the last-mentioned docus (8.), while it is such on the surface of tangents, is 

yet a Singular Line upon that locus likewise: the nature and origin of which 

line will perhaps be seen more clearly, by reverting to the view (8.), (22.), 

(72.), according to which that Locus of a Circle is at the same time the 

Envelope of a Sphere. 

(78.) In general, if we suppose that o and R are any two real functions, 

of the vector and scalar kinds, of any one real and scalar variable, t, and that 

o, FR’, and o”, R”, &. denote their successive derivatives, taken with respect 

to it, then « may be conceived to be the variable vector of a point s of a curve 

in space, and R to be the variable radius of a sphere, which has its centre at 

that point s, but alters generally its magnitude, at the same time that it alters 

its position, by the motion of its centre along the curve (s). 

(79.) Passing from one such sphere, with centre s and radius R, con- 

sidered as given, and represented by the scalar equation,* 

feet =O; RXR TR S 

in which p is now conceived to be the vector of a variable point P upon its 

surface, to a near sphere of the same system, for which o, s, and # are replaced 

by oz, s:, and &;, where ¢ is supposed to be small, we easily infer (comp. 386, 

(4.)) that the equation, 

So’(o = p) + RR’ = 0, XCI., 

which is formed from LXXXIX. by once derivating o and & with respect 

to ¢, but treating p as constant, represents the rea/ plane (comp. 282, (12.)) 

of the (real or imaginary) circle, which is the ultimate intersection of the near 

sphere with the given one; the radius of this circle, which we shall call r, 

being found by the following formula, 

Cxeenl 2 fo =— ih +07), or OXXXT... lot = ATs — he. 

and being therefore rea/ when 

OXXXIL sR? +o <0) or OXXEI | J R*< Ta”; 

* This equation, and a few others which we shall require, occurred before in this series, but in a 
connexion so different, that it appears convenient to repeat them here. 
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while the centre, say K, of the circle is always real, and its vector is, 

GixekeX. a4: 1 OK Kk =sa -E RRo"™ ; 

and the plane XCI. of the same circle is parallel to the normal plane of the 

curve (Ss). 

(80.) With the condition CXXXII., the two scalar equations, LXXXIX. 

and XCI., represent then jointly a real circle; and the Jocus of all such circles 

(comp. 386, (6.)) is easily proved to be also the envelope of all the spheres, 

of which one is represented by the equation LXXXIX. alone; each such 

sphere touching this locus, in the whole extent of the corresponding circle of 

the system. 

(81.) The plane XCI., considered as varying with ¢, has a developable 

surface for its envelope; and the real right line, or generatriz, along which 

one touches the other, is represented (comp. again 386, (6.)) by the system 

of the ¢wo scalar equations, XOI. and 

a (o—-p)+o%+(RRY =), XCTII. ; 

where p is now the variable vector of the line of contact, although it has been 

treated as constant (comp. 386, (4.)), mn the process by which we are here 

conceived to pass, by a second derivation, from LXXXIX. through XCI. 

to XCITI. 

(82.) This real right line (81.) meets generally the sphere, and also the 

circle (as being in its plane), in ¢wo (real or imaginary) points, say Pi, Pe; 

and the curvilinear locus of all such points forms generally a species of singular 

line,* upon the superficial locus (or envelope) recently considered (80.); or 

rather it forms in general two branches (real or imaginary) of such a line: 

which generally two-branched line (or curve) is the (real or imaginary) envelope 

(comp. 386, (8.)), of all the circles of the system. 

* Called by Monge an aréte de rebroussement, except in the case to which we shall next proceed, 

when its two branches coincide. The envelope (80.) of a varying sphere has been considered in two 
distinct Sections, § XXII. and § XXVI., of the Application de ? Analyse a la Géométrie; but the 
author of that great work does not appear to have perceived the interpretation which will soon be 
pointed out, of the condition of such coincidence. Meantime it may be mentioned, in passing, that 

quaternions are found to confirm the geometrical result, that when the two branches (Pi) (P2) are 
distinct, then each is a cusp-edge of the surface; but that when they are coincident, the singular line 
(p) in which they merge has then a different character. 
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(83.) The equation 

ao (o—p) =0, XOII., 

which now represents (comp. 376, V.) the oscudating plane to the curve (s), 

shows that this plane through the centre s of the sphere is perpendicular to the 

right line (81.), and consequently contains the perpendicular let fall from that 

centre on that line: the foot P of this last perpendicular is therefore found by 

combining the ¢hree linear and scalar equations, XCI., XCII., XCTII., and 

its vector is, 

im go + RRs” 

Vo'o” : 

CXXXIV...g=-07% - R® - RR” = To” - (RR’)’. 

OXXAAIEH. on =p=—a 

if 

(84.) The condition of contact of the right line (81.) with the sphere (78.), 

or with the circle (79.), or the condition of contact between two consecutive* 

circles of the system (80.), or finally the condition of coincidence of the two 

branches (82.) of that singular line upon the surface which is touched by all 

those circles, is at the same time the condition of coexistence of the four scalar 

equations, LXXXIX., XCI., XCII., XCIII.; it is therefore expressed by 

the equation (comp. CX XXIII.), 

CXXXYV... R(Vo'c"’)? = (go’ + RR'c”)’; 

which may also be thus written,t 

CXXXVI... (RSo’c” — R’g)? = (R® + o”) (R’o” + 9’), 
or thus, 

OXXXVITI. .. R?(R? + 6”) (Vo'o’)? = (go” + RR'So’o"’)’; 

the scalar variable t (78.), with respect to which the derivations are performed, 

* Compare the second Note to page 115. 

¢t In page 372 of Liouville’s Edition already cited, or in page 325 of the Fourth Edition (Paris, 
1809), of the Application de ? Analyse, &c., it will be found that this condition is assigned by Monge, 

as that of the evanescence of a certain radical, under the form (an accidentally omitted exponent of 

m’’ in the second part of the first member being here restored) : 

La(p'p” + yp" + wn”) — APP + hla"? + y'"? + 0) — Af] = 0; 

in which he writes, for abridgment, 

ht=1— 9% —y? — 22, 

and ¢, ¥, mw are the three rectangular coordinates of the centre of a moving sphere, considered as 
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remaining still entirely arbitrary, but the point p, which is determined by the 

formula CXXXIII., being now situated on both the sphere and the circle: 

and its curvilinear locus, which we may call the curve (P), being now the 

singular line itself, in its reduced and one-branched state. And the last form 

CXXXVII. shows, what was to be expected from geometry, that when this 

condition of coincidence is satisfied, the earlier condition of reality OX XXII. is 

satisfied also: together with this other inequality, 

OXXXVIIL .. R's” +9? < 0, 

which then results from the form CXXXVI. 

(85.) The equations CXXXI., CXXXIV., and the general formula 389, 

IV., give the expressions, 

, /2 eb? NG , WX? 

CREM EXE erty Peau EeL Raker OS pase ene ee ae 
RR —~¢* o° 

where 7 is still the radius of the circle of contact of the sphere with its 

envelope, and r, is the radius of curvature of the locus of the centre s of 

the same variable sphere; whence it is easy to infer, that the condition 

CXXXV. may be reduced to the following very simple form (comp. 

XXXVI’. and XLII): 

OXDT 2 (rn) = (RE)? sor (OXD... drat hd: 

the independent variable being still arbitrary. 

(86.) If the are of the curve (s) be taken as that variable ¢, the form 

CXXXVI. of the same condition is easily reduced to the following, 

OMIT Re? CR AO gs with) GX iL ene a enter ae ae 

derivating then, and dividing by 2g, we have this new differential equation, 

functions of its radius a. Accordingly, if we change R to a, and o toip + jy + ka, supposing also 

that R’= a’=1, and R” =a’ =0, whereby g is changed to — h?, and R’? + o” to h?, in the condition 

CXXXVI., that condition takes, by the rules of quaternions, the exact form of the equation cited in 
this Note: which, for the sake of reference, we shall call, for the present, the Equation of Monge, 

although it does not appear to have been either interpreted or integrated by that illustrious author. 

Indeed, if Monge had not hastened over this case of coincident branches, on which he seems to have 
designed to retwrn in a subsequent Memoir (unhappily not written, or not published), he would 
scarcely have chosen such a symbol as A? (instead of — h*), to denote a quantity which is essentially 
negative, whenever (as here) the envelope of the sphere is real. 
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which is of linear form with respect to RR’, whereas the condition itself may be 

considered as a differential equation of the second degree, as well as of the 

second order,* 

‘ CXLIV... RR =nr,(gr:)’; or CXLYV... neu” + r/(w -—1)+u=0, 

CXLVI...uw=RR'=RD:R, and therefore CXLVII...w =F -?, 

by CXXXI. or CXXXI’., because we have now, 

CXLVIII...c%=-1, or To’ =1, or dt=Tde: 

so that the new scalar variable, RR’, or u, with respect to which the /inear 

equation CXLIV. or CXLY. is only of the second order, represents the 

perpendicular heightt of the centre s of the sphere, above the plane of the 

circle, considered as a function of the are (t) of the curve (s), and as positive 

when the radius R of the sphere increases, for positive motion along that curve, 

or for an increasing value of its are. 

(87.) If the curve (s) be given, or even if we only know the /aw according 

to which its radius of curvature (r:) depends on its are (¢), the coefficients of 

the linear equation CXLY. are known; and if we succeed in integrating that 

equation, so as to find an expression for the perpendicular u as a function of 

that are t, we shall then be able to express also, as functions of the same are, 

the radii R and r of the sphere and circle, by the formule, 

OXLIX...+r=gn=n(1-w), and CL... RM=2fudt=v/+4+r7(1-v); 

the third scalar constant, which the integral 2{wd¢ would otherwise introduce 

into the expression for R’, being in this manner determined, by means of the 

other two, which arise from the integration of the equation above mentioned. 

(88.) For example, it may happen that the locus of the centre s of the 

sphere has a constant curvature, or that 7; = const. ; and then the complete 

integral of the linear equation CX LV. is at once seen to be of the form, 

CLI. ..w=asin (rt + 4), 

* We shall soon assign the complete integral of the differential equation in quaternions (84.), and 

also that of the corresponding Equation of Monge, cited in the preceding Note. 

+ It will be found that this new scalar u, if we abstract from sign, corresponds precisely to the p 

of earlier sub-articles, although presenting itself in a differential connexion: for the sphere (78.), and 

the circle (79.), under the condition (84.), will soon be shown to be the oscudating sphere and circle to 

the recent curve (Pp), or to the singular line (84.) upon the surface at present considered, that is, on 

the locus or envelope (80.). 
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a and 6 being two arbitrary (but scalar) constants; after which we may write, 

by (87.), 
OLII...+r=17,-a cos (r,t + 0); 

CLITI. .. R? = 7,’ — 2ar, cos (ry 14 + 6) + a; 

so that, in this case, both the radi, r and &, of circle and sphere, are periodical 

functions of the arc of the curve (s). 

(89.) In general, if that curve (s) be completely given, so that the vector o 

is a known function of a scalar variable, and if an expiession have been found 

(or given) for the scalar R which satisfies any one of the forms of the condition 

(84.), we can then determine aso the vector p, by the formula CX XXIII., as 

a function of the same variable; and so can assign the point P of the singular 

line (84.), which corresponds to any given position of the centre s of the sphere. 

For this purpose we have, when the arc of the curve (s) is taken, as in (86.), 

for the independent variable ¢, the formula, 

CIS p=ao- uo — (1 - u)o =k, — Uo — ruc”, 

if «x, be the vector of the centre, say K, of the osculating circle at s to that given 

curve, so that (comp. 389, XI.) it has the value, 

CLY. e OK, = K, =F — o = oO ar Pings with OLV¥% Cr o” + Tic = 0. 

If then we denote by »o the distance of the point p from this centre K,, and 

attend to the linear equation CXLV., we see that 

CLYVI.. ve =axP = Tio Si) =4/ (u? 4 7u?), 
and 

CLV’... =nr/u’, with To’ =1; 
or more generally, 
br CLVII. ... ov’s,’ = nr/w’, 
i 

CLVIV...u= RRs", and CLYIL’. ..s;={Tde, 
while 

CLVI’... 0 =u? + r’u"s>; 

so that s, denotes the arc of the curve (s), when the independent variable ¢ is 

again left arbitrary. This distance, v, is therefore constant (= a) in the case 

(88.), namely when the radius of curvature 7, of that curve is itse/f a constant 
quantity. 
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(90.) When s; = To’ = 1, as in CXLVIIL., the part o — uo’ of the first 

expression CLIV. for p becomes = x, by CKXXI”. and CXLVI. ; attending 
then to CLY., we have the scalar quotient, 

OLE ig ale; 
O-— kK, 

whence generally, 

p phe Pa p SL (REN of OVER Gn vrri4 /eeeaaes | = (=-)=1 (5) (F) 
O— kK, l 1 

the independent variable ¢ being again arbitrary. Accordingly, if we 

combine the general expression CXXXIII. for p, with the expression 

CXXXI”. for x, and with the following for «, (comp. 889, IV.), 

CLIX. ..«,=o0+ 

13 
oO 5 ° 

Vo" for an arbitrary scalar variable, 

we easily deduce this new form of the scalar quotient, 

OULU a aed = 1 rs (ln nays 3 RR'80"" 6") 0"" ; 

GC. Ky 

da 

Sy 
mo 

1 

which agrees with CLVIII’., because — o? = s,”, and S = = 

(91.) It has then been fully shown, how to determine the vector p as a 

Junction of the scalar t, when o and £ are two known functions of that variable, 

which satisfy any one of the forms of the condition (84.). It must then be 

possible to determine also the derived vectors, p’, p”, &e., as functions of the 

same variable; and accordingly this can be done, by derivating any three of 

the four scalar equations, LXXXIX. XCI. XCILI. XCIIL., of which that 

condition (84.) expresses the coewistence. Now if we derivate a first time 

the two first of these, and then reduce by the second and fourth, we get 

the equations, 

OLX... 8p’(o -p)=0, Sp’o’=0, whence OLX’... p’|| Volo - p); 

and although this last formula only determines the direction of the tangent to 

the singular line at Pp, namely that of the common tangent at that point to two 

consecutive circles (84.), yet it enables us to infer, by the remaining equation 

XCIL., that 

OLXI.:.p’ Lo”, p’|| Vo'o”, and OLXI’...S8p'o” = 0; 
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reducing by which the derivative of XCIII., we find, 

So’ (a — p) + 8So’o” + (RR)” = 0, XCTV., 

the scalar variable being still arbitrary. And conversely, the system* of the 

four equations LXXXIX. XCI. XCIII. XCIV. gives the three equations 

CLX. CLXI’., and so conducts to the equation XCII., and thence to the 

condition (84.); unless we suppose that p is a constant vector a, or that the 

variable sphere passes through a fixed point A, a case which we do not here 

consider, because in it the singular dine (Pp) would reduce itself to that 

one point. 

(92.) Derivating the two equations CLX., and reducing with the help 

of CLXI’., we find these new equations, 

OLXIT. ..8p”’(o - p) - p? =0, Sp%o’ =0; 

whence 

CLXIITI. . . Sp’’(a — p) — 88p’p” = 0. 

We are led then, by elimination of the derivatives of c, to the system of the 

three equations 395, VII.; and we conclude, that the point s ts the centre, and 

the radius R ts the radius, of the osculating spheret to the singular line (Pr): 

whence it is easy to infer also, that the plane of contact (79.) of the sphere 

with its envelope is the-osculating plane, and that the circle of contact (80.) is 

the osculating circle (comp. (72.)), to the same curve (P), at the point where 

two consecutive circles touch one another (84.). 

(93.) In general, and even without the condition (84.), the tangent to a 

branch (82.) of the curvilinear envelope of the circles of the system, at any 

point P, of that branch, has the direction represented by the vector Vo'(o — p:), 

of the tangent to the circle at that point; but when that condition is satisfied, 

* In the language of infinitesimals, this system of equations expresses that four consecutive spheres 
antersect, In one common point p. When that point happens to be a fixed one, the condition (84.) 
requires that we should have the relation So’o’’(o—«)=0; or geometrically, that the curve (s) 
should be in a plane through a fixed point, which is then a singular point of the envelope. 

t In the language of infinitesimals (comp. the preceding Note), if every four consecutwe spheres 
of a system intersect in one point of a curve, then each sphere passes through four consecutive points of 
that curve. Simple as this geometrical reasoning is, the writer is not aware that it has been 

anticipated ; and indeed he is at present led to suppose that this whole theory, of the Locus of the 
Osculating Circle, as the Envelope of the Osculating Sphere, is new. Monge had however considered, 
but rejected (page 374 of Liouville’s Edition), the case of a system of circles having each a simple 

contact with a curve in space. 
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so that the two branches of the singular line coincide, the point P of that line is 

in the osculating plane (83.) to the curve (s): and then the equation XCII. 

shows that the tangent p’, or Vo'(o — p), to the dine, is perpendicular to ¢”, or 

parallel to Vo'o” (comp. CLXI.), and therefore that the singular line crosses 
that plane at right angles. 

(94.) It follows that, with the condition (84.), the singular line (p) is an 

orthogonal trajectory to the system of osculating planes to the curve (s); and 

whereas, when this last curve is given, there ought to be one such trajectory 

for every point of a given osculating plane, this circumstance is analytically 

represented, in our recent calculations, by the biordinal form of the differential 

equation CXLY., of which the complete integral must be conceived (87.) to 

involve generally, as in the case (88.), two arbitrary constants. 

(95.) It follows also that, with the same condition of coincidence of 

branches, the singular line (Pp) must have the curve (s) for the cusp-edge of 

its polar developable; or that the sphere, with s for centre, and with R for 

radius, must be the osculating sphere to the curve (P), as otherwise found 

by calculation in (92.): while the circ/e (80.) must be, as before, the osculating 

circle to that curve. 

(96.) Accordingly, al/ equations, and inequalities, which have been stated 

in the recent sub-articles (79.), &c., respecting the envelope of a moving 

sphere with variable radius, under that condition (84.), and without any 

special selection of the independent variable, admit of being verified, by 

means of the earlier formule for the osculating circle and sphere to a 

curve (P) treated as a given one, when the are (s) of that curve is taken 

as such a variable. 

(97.) For example, we had lately the two inequalities, R® + o” < 0, 

CXXXII., and Ro” +9? <0, CXXXVIII. And accordingly the earlier 

sub-articles (22.), (23.) give, for those two combinations, the essentially 

negative values, 

CLXIV... R?+6%=-p'?rR?®; CLXV... Ro? +9 =- ((nr)’)’; 

in obtaining which last, the following transformations have been employed 

CLXVI...0% =—-n?-n'r’; CLXVII...g=—-n'p+nrr’. 

(98.) As regards the verification of the equations, it may be sufficient 

to give one example; and we shall take for it the Jast general form CLVII 
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of the differential, equation of condition (84.). For this purpose we may 

now write, by (22.) and (23.), 

CLX VIII. are ch =tn UW=Ht Ps uw = +p, 1/8; =p rn = pT ; 

and have only to observe that 

CLXIX...4(p? + pr)’ =pr(rt+p’r)’, because p=r'r. 

(99.) If we denote by c, ¢, ¢; the first members of the equations XCL., 

XOIII., XCIV., then besides the equation LXXXIX., which may be 

regarded as a mere definition of the radius R, we have c¢, = 0 for the whole 

of the superficial Jocus or envelope (80.); but we have not also ¢, = 0, except 

for a point on one or other of the two (generally distinct) branches of the 

singular line (82.) upon that locus. And if, at any other and ordinary point, 

we cut the surface by a plane perpendicular to the circle at that point, we 

find, by a process of the same kind as some which have been already 

employed, expressions for the tangential and normal components of the vector 

chord, whereof the principal terms involve the scalar c, as a factor, while the 

latter varies (ultimately) as the square of the former, so that the curvatwre 

of the section is finite and known, but tends to become infinite when c, tends 

to zero. 

(100.) If the condition of coincidence (84.) be not satisfied, so that the two 

branches of the singular line (82.) remain distinct, and that thus ¢, = 0, but 

not c; = 0 (comp. (91.)), for any ordinary point on one of those two branches, 

then if we cut the surface at that point by a plane perpendicular to the branch, 

or to the circle which touches it there, we find an ultimate expression for the 

vector chord which involves the scalar ¢, as a factor, and of which the normal 

component varies as the sesquiplicate power of the tangential one: so that we 

have here the case of a semicubical cusp, and each branch of the singular line is 

a cusp-edge* of the surface, exactly in the same known sense (comp. (76.)) as 

that in which a curve of double curvature is generally such, on the developable 

locus of its tangents. 

(101.) But when the condition (84.) 7s satisfied, so that the two branches 

coincide, and that thus (comp. again (91.)) we have at once the three equations, 

CLXX...¢,=0, C5. =) 0) CeO. 

then the ¢erms, which were lately the principal ones (100.), disappear: and a 

* Compare the Note to page 144. 
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new expression arises, for the vector chord of a section of the surface, made 

by a plane perpendicular to the singular line, which (when we take ¢=s, as 

in (96.)) is found to admit of being identified with the formula CXVIL., 

and of course conducts to precisely the same system of consequences; the 

tangential component now varying ultimately as the cube, and the normal 

component as the fourth power of a small variable, so that the cuspidal 

property of the point Pp of the section no longer exists, although the curvature 

at that point is still infinite, as in (74.): and the Singular Line, reduced now 

to a single branch, to which all the circles of the system osculate, (92.), (95.), 

is not a cusp-edge of the Surface, as had been otherwise found before (77.), 

but a line of a different character,* which may thus be regarded, with 

reference to a more general Envelope (80.), as the result of a Fusion (84.) 

of Two Cusp-Hdges. 

(102.) The condition of such fusion (or coincidence) has been seen (84.) 

to be expressible by the differential equation of the second order, and second 

degree, 

(RSo’o” — R’g)? = (R? + 0”) (R’o’” + 9°), CXXXVI. 

with 
g=-o0° -(RkR)’, OXXXLY. 

and with the independent variable arbitrary. And we are now prepared 

to assign the complete general integrait of this differential equation ; namely 

the system of the two following equations (comp. 399, (7.) and (14.)), of the 

vector and scalar kinds, 

Tea ie cae ER ee and OCLXXII... R= T{o=p); 
pp Pp 

in which p is an arbitrary vector function of any scalar variable, t, and which 

express, when geometrically interpreted, that o is the vartable vector of the 

* Compare the Note to page 144. Monge (in page 372 of Liouville’s Edition) has the remark, 
that (when a certain radical vanishes) ‘‘les deux branches de la courbe touchée par toutes les 

caractéristiques se confondent en une seule: et cette courbe, sans cesser d’étre une ligne 
singuliére de la surface, n’est plus une aréte de rebroussement, elle est une ligne de striction.’ 

The propriety of this last mame, ‘‘line of striction,’’ appears to the present writer question- 

able: although he has confirmed, as above, by calculations with quaternions, the result that, 

in the case referred to, the singular line is not a cusp-edge. Monge does not seem to have 

perceived that, in the same case of fusion, the curved line in question is not merely ¢owched, but 

osculated, by all the circles of the system. 

+ Compare the first Note to page 147. We say here, general integral, because a less general 
one, although involving one arbitrary function (of the scalar kind), will soon be pointed out. 
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centre s, and that. & is the variable radius, of the osculating sphere, to an 

arbitrary curve (Pp), of which the variable vector of a point P is p. 

(103.) In fact, if we met the cited equation of condition CXXXVI., g 

representing therein the expression CXXXIV., without any previous know- 

ledge of its meaning or origin, we might first, by the rules of quaternions, 

and as a mere affair of calculation, transform it to the equation CXXXYV.; 

which would evidently allow the assumption of the formula CXXXIII, 

p being treated as an aumiliary vector, which satisfies (in virtue of the 

supposed condition) the system of the four scalar equations, LXXXIX., 

XCI., XOII., XCIII.; whence derivating and combining, as in (91.) and 

(92.), we are led to a new system* of four scalar equations, whereof one 

is again the equation LXXXIX., and may be written under the form 

CLXXII.; while the three others are those formerly numbered as 395, 

VII., and conduct (except in a particular case which we shall presently 

consider) to the vector expression CLLXXI., which conversely is sufficient to 

represent them, all derivatives of « and of R being thus eliminated. 

* The Equation of Monge (comp. the second Note to page 145) may be considered as the 
condition of coexistence of the four following equations, in which », , are supposed to be- 

functions of a, and to be differentiated or derivated as such: 

(1)... («@— 9)? + (y—wW)? + (2-2)? = a; 

(2)... (@— @)o' + (¥- WW + (@—a)n' +a = 0; 

(3)... (@— g)o" + (y—W)W" + (@— a)" + 1- g? -— V2? - rr? = 0; 

(4). +. (@— 9) (Yn” — ay") + (y= 9) (9'6" — g'n") + (© ~ ) (GW - 9") = 03 
whereof the first three have been employed by Monge himself, but the fourth does not seem to have 

been perceived by him, the condition of evanescence of a radical having been used in its stead. And 

by a translation of quaternion results, above deduced, into the usual language of analysis, it is found 

that the complete and general integral, of the non-linear differential equation of the second order, which 

is obtained by the elimination of x, y, z between these four, is expressed by a new system of four 
equations, the equation (1) being one of them; and the three others, in which a, y, 2 are now treated 

as arbitrary functions of a, and are derivated as such, being the following : 

(5)... (@— g)z’ + (y—W)y' + (2g — a)’ = 0; 

(6)... (@— ja" + (y— Wy" +(2— ae" + we? + y2% +2? = 0; 

(7)... (@— p)a’” + (y — Wy” + (2 — mel” +3 (a'a” + y'y” + 2'2") = 0. 

By treating @ as a function of some other independent variable, ¢, the terms + @ and + 1, in (2) and 
(3), come to be replaced by + aa’ and + aa'’+ a2; and the slightly more general form, which Monge’s 
Equation thus assumes, has sfid/ its complete general integral assigned by the system (1) (5) (6) (7), 
if x, y, 2 (as well as a) be now regarded as arbitrary functions of the mew variable ¢, in the place of 
which it is permitted (for instance) to take x, and so to write w = 1, 2’ =0: only two arbitrary 
Junctions thus entering, in the last analysis, into the general solution, as was to be expected from the 
form of the equation. 
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(104.) The case just now alluded to, in which the general integral (102.) 

is replaced by a less general form, is the case (91.) when the variable sphere 

passes through a jfiwed point a, to which point, in that case, the singular line 

reduces itself. And the dntegral equations,* which then replace CLXXI. 

and CLXXII. may be thus written : 

CLXXIII...c=a+tB+uy, with u=F(d), 
and 

CLXXAIV... R=T (iB + uy); 

the second scalar coefficient, u, being here an arbitrary function of the first 

scalar coefficient, or of the independent variable ¢, and a, 9, y being three 

arbitrary but constant vectors: so that the curve (s) is now obliged to lie in 

some one planet through the fixed point a, but remains in other respects 

arbitrary. Accordingly it will be found that this dast integral system, 

although Jess general than the former system (102.), and not properly 

included in it, satisfies the differential equation CXXXVI.; whereof the 

two members acquire, by the substitutions indicated, this common value, 

CLXXYV... (BSo’e” — Rg)? = &. = RF (tu’ — u)?u’?(VBy)*. 

(105.) Other problems might be proposed and resolved, with the help 

of formulet already given, respecting the properties or affections of curves 

* The particular integral corresponding, of the Equation of Monge, is expressed by the following 

system : 
gp=atetlu, p=b+ft+mu, wr=crt+gt+nu, 

(et + lu)? + (ft + mu)? + (gt + nu)? = a’; 

abcefglmn being nine arbitrary constants, while ¢ and u are two functions of a, whereof one is arbitrary, 

but the other is algebraically deduced from it, by means of the fourth equation. The writer is not 
aware that either of these integrals has been assigned before. 

ft Compare the first Note to page 150. 

{ We might for example employ the formula VI. for «’, in conjunction with one of the 

expressions 397, XCI. for x’, to determine, by the general formula 389, IV., the vector (say &) 

of the centre of curvature of the curve (xk), and therefore also the radius of curvature of that curve, 
which is the locus of the centres of curvature of the given curve (Pp), supposed to be im general one of 
double curvature. After a few reductions, with the help of XII., we should thus find the equations, 

” , 
K al Bo 

CLXXVIT...V¥—= —+ (r-1 — P’)7, 
K TK 

K o—2xk+p 
CLXXVIII. wks gE =K+ Senin =K+ dP pas 

V— 1- — +— 
K ds rd 
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in space which depend on the fourth power (s*) of the arc, or on the fourth 

derivative D,‘o or 7’” of the vector ps; but it is time to conclude this series 

of sub-articles, which has extended to a much greater length than was 

designed, by observing that, in virtue of the vector form 396, XI. for the 

equation of a circle of curvature, the Locus (8.) of the Osculating Circle may 

be concisely but sufficiently represented by the Vector Equation, 

QTs 
CLXXVI...V + v;, = 0, 

Ps 

which apparently involves only one scalar variable, s, namely, the are of the 

curve (p), the other scalar variable, such as ¢, which corresponds (69.) to 

the arc of the circle, disappearing under the sign V: and that the surface, 

which was called in (8.) the Circumscribed Developable, is now seen to be 

in fact circumscribed to that Locus, or Envelope, in a certain singular (or 

eminent) sense, as touching tt along its Singular Line. 

399. When we take account of the fifth power (s*) of the arc, the 

expression for ps receives a new term, and becomes (comp. 398, I.), 

I... ps=p + sr + ds'r’ + ds'r” + glist” + ahys's™ 5 

and although some of the consequences of such an expression have been 

already considered, especially as regards the general determination of what 

has been above called the Osculating Twisted Cubic to a curve of double 

curvature, or the gauche curve of the third degree which has contact of the 

Jifth order with a given curve in space, yet, without repeating any calcu- 

lations already made, some additional light may be thrown on the subject 

as follows. 

in which last the denominator is a quaternion, and the scalar variable is arbitrary: whence also, 

CLXXIX. . . Radius of curvature of curve (xk), 

or of locus of centres of osculating circles to a given curve (P) in space, 

adP\ ? x \ 4)-s SAT Eee yee Sat Vee oT ENG rd (ry 
=:o01G-S)+ (\\"; 

pds rads Rr : 

with the verification, that for the case of a plane curve (pe), for which therefore aes 1, and te 0= a 
p r 7 as’ 

we have thus the elementary expression, 

CLXXX. . . Radius of Curvature of Plane Evolute = + —. 
rar 

ds’ 

r being still the radius of curvature, and s the arc, of the given curve. 
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(1.) As regards the successive deduction of the derived vectors in the 

formula I., it may be-remarked that if we write (comp. 398, LVI., LXI.), 

IL... Dtlp = 1") < age + Bort’ + Cary, 

we shall have, generally, 

TT Guar = On 1b ba St dg KE ayn = Cn FT Ons 

with the initial values, 

Lee ae Oe ose Ue eor LV oerar= Oe Deeryte cen. 

i -)\/ ae 
Geka Fe ol Doe (Gh) oaeie, irra 

lI ow) SS. 
es 

aS 
~ 

as 

whence a eth 
bs = CaM i 3 AL ROLE: C4,=19 rey 

as in the expressions 397, VI. for 7”, and 398, IV. for 7”; the corresponding 

coefficients of 7*” being in like manner found to be, 

it 2 VG) Berea G99 eaten (Ee a 

VI. . 04d, = (9) - 2 (9)! - 8 (rr) ; 

og = 9 (rF)” + 8h) — tr? + x) ; 

and being sufficient for the investigation of all affections or properties of a 

curve in space, which depend only on the fifth power of the are s. 

(2.) For the heiz the two curvatures are constant, so that all the deriva- 

tives of the two radii » and r vanish; the expressions become therefore 

greatly simplified, and a Jaw is easily perceived, allowing us to swm the 

infinite series for ps, and so to obtain the following rigorous expressions for 

the coordinates* x,, ys, 25 of this particular curve, instead of those which were 

* We have here, and in this whole investigation, an instance of the facility with which 
guaternions can be combined with coordinates, whenever the geometrical nature of a question may 

render it convenient so to combine them, by offering to our notice any obvious planes of reference. 
If it be thought useful to pass to a system connected more immediately with the right cylinder than 

with the heliz, we may write, 

( Xs = U(r-lx, — r-lz,) = 2277! sin 7, 

VDL pees if = [4-1 — yg = [r-! cos f, 

Za = U(r}a, + 1 34,) = Pre, 

where /?r-! = r sin? H is the radius of the cylinder, with converse formule easily assigned. 
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developed generally in 398, LVIII., but only as far as s* inclusive : 

VT eee eh site) yy, = ir vere ¢ ue eta) esi h 

where / and ¢ are an auxiliary constant and variable, namely, 

VITL...25 (Fr? +2r%4=rsin A, t=?s, 

7 being thus what was denoted in earlier formule by TA", and ¢ being the 

angle between two axial planes; while the origin is still placed at the point 

Pp of the curve, and the tangent, normal, and binormal are still made the 

axes of wys. 

(3.) The cone of the second order, 398, (40.), which has generally a contact 

of the fifth order with a proposed curve in space, at a point p taken for vertex, 

has in this case of the heliz the equation (comp. 398, LVII. and LXIX.), 

peiale esl ile 
NTO 10 5 . 

Accordingly it can be shown, by elementary methods, that if we write, for a 

moment, 

or 
ZF ee Cee, 

IX... =5- 

X... f(t) = 3(¢ - sin ¢) (8¢ + 7 sin ¢) — 20 vers? ¢, 

we have the eight evanescent values, 

OX Deen of Urey Ur me. (Upeey Ory seer seen onan 

whence it is easy to infer that this cone IX. has (in the present example, 

although not generally) a contact as high as the sith order* with the curve, 

of which the coordinates have here the expressions VII.; and consequently 

that the cone in question must wholly contain the osculating twisted cubic to 

that curve. 

(4.) In general, to find a second locus for such a cubic curve, the method 

of recent sub-articles (398, (38.) &c.) leads us to form the equation (3898, 

* Or in modern language, seven-point contact, in the sense that the cone passes, im this case, 
through seven consecutive points of the curve. It may be remarked that the gauche curve of the 

fourth degree, or the quartic curve, in which this cone cuts the cylinder of revolution whereon the 

helix is traced (cutting also in it a certain other cylinder of the second order), and which has the 
point e for a double point, crosses the helix by one of its two branches at that point, while it has 
seven-point contact with the same helix by its other branch: and that thus the fact of calculation, 

expressed by the formula XI., is geometrically accounted for. 
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LXVI.) of a cylinder of the second order, or briefly of a quadric* cylinder, 

which like the guadric cone (3.) shall have contact of the fifth order with the 

proposed curve in space, at the given point ep; the ratios of abe, which 

determine the direction of a generating line px, being obliged for this 

purpose to satisfy a certain equation of condition (398, LX VIII.), of which 

the form indicates that the Jocus of this dine PE is generally a certain cubic 

cone, having the tangent (say pr) to the curve for a nodal side: along which 

side it is touched, not only (like the quadric cone) by the osculating plane 

(s = 0) to that given curve, but a/so by a second plane, whereof the equation 

(gy + hg = 0, or after reductions y — gr’s = 0 shows that the second branch of 

the cubic cone crosses the first branch, or the quadric cone, or the osculating 

plane to the curve, at an angle of which the trigonometric cotangent is equal 

to half the differential of the radius (r) of second curvature, divided by the 

differential of the are (s); so that this second tangent plane to the cone coincides 

with the rectifying plane to the curve, when the second curvature happens to 

be constant. ‘The tangent pr therefore counts as three of the siz common sides 

of the two cones with P for vertex: and the three other common sides, for 

the assigning of which it has been shown (in 398, (41.)) how to form a cubic 

equation in b: ec, are the parallels from that point P to the three real or 

imaginary asymptotest of the twisted cubic, and are generating lines PE of 

three quadrie cylinders, whereof one at least is necessarily real, and contains, 

as a second locus, that sought osculating gauche curve of the third degree. 

(5.) In applying this general method to the case of the helix, it is found 

that the cubic cone breaks up, in this example, into a system of a new quadric 

cone, which touches the former quadric cone IX. along the tangent prt to the 

curve (the ¢wo other common sides of these two cones being imaginary), and of 

a plane (y= 0), namely the rectifying plane (comp. (4.)) of the helix, or the 

tangent plane to the cylinder of revolution on which that given curve is traced : 

and that this last plane cuts the first quadric cone in two real right lines, the 

tangent being again one of them, and the other having the sought direction of 

a real asymptote to the sought osculating twisted cubic. Without entering here 

into details of calculation, the resulting equation of the realt quadric cylinder, 

* So called by Dr. Salmon, in his Treatise already cited. Compare the second Note to page 129 

of these Elements. 

t+ Compare again the Note last referred to. 

t As regards the two imaginary quadric cylinders, their equations can be formed by the same 

general method, employing as generating lines the two imaginary common sides (5.), of the cone IX., 
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on which that sought gauche curve is situated, may be at once stated to be 

(with the present system of coordinates), 

2 5 7? : 

ts 5 € a ayy ; GPAs eat lle 
Nain 10x 

in such a manner that 7/ we set aside the right line, 

DON he ee 

OTe car XCEL TORN} 2+ (pr apse 

which is a common side of the cone IX. and of the cylinder XII., the curve, 

which is the remaining part of their complete intersection, is the twisted cubic 

sought. As an elementary verification of the fact, that this gauche curve of 

intersection IX. XII. has contact of the fifth order with the heliz at the point 

Pp, it may be observed that if we change the coordinates xyz in XII. to the 

expressions VII., and write for abridgment, 

XIV... #(¢) = (8¢ + 72 sin 7)? — 200 vers ¢ + 60 vers? ¢, 

we have then (comp. X. XI.) the sw evanescent values, 

XV. 5 0 = Oe BO a a 0 = FO 0: 

(6.) As another verification, which is at the same time a sufficient proof, of 

the d posteriori kind, that the gauche curve IX. XII. has in fact contact of the 

fifth order with the helix, it can be shown that while the coordinates y, and g, 

of the /atter may (by VII., writing simply « for a, and neglecting 2’) be 

thus developed, 

ig a nee a eee 
XVI. me i“ ar 24r y : 7207 ee rr 2 

eae ‘3 L ho a 

7 Grr! 120 = 

and of that other quadric cone above referred to, which is here a separable part of the general cubic 
locus, and has for equation, 

It seems sufficient here to remark, that by taking the sum and difference of the equations of those 
two imaginary cylinders, two new real quadrie surfaces are obtained, which also contain the osculating 
twisted cubic, and intersect each other in that gauche curve: namely two hyperbolic paraboloids, 
which have a common side at infinity, and of which the equations can be otherwise deduced (by way of 

verification), without imaginaries, through easy algebraical combinations of the two real equations 
IX, and XII, 
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the corresponding coordinates y and z of the former, that is, of the curvilinear 

part of the intersection of the cone IX. with the cylinder XII., have (in the 
same order of approximation) developments which may be thus abridged, 

ta gad be 
Vie, ee oe B= 8,. 

(7.) The deviation of the helix from the gauche curve IX. XII. is 

therefore of the sixth order (with respect to x, or s), and it has an énward 

direction, or in other words, the osculating twisted cubic deviates outwardly 

from the helix, with respect to the right cylinder; the u/timate (or initial) 

amount of this deviation, or the /aw according to which it tends to vary, 

being represented by the formula, 

? Riau (ry ere)? 8° EUs. 
XVIT’... ys, -—ys= 3007 Beatin 

where ¢ denotes as in (2.) the angle, which a plane drawn through a near 

point P,, and through the axis of the right cylinder,* 

r 
XVIII... 2ry = (2 Ae 2) 4 (1 + “) y’, 

whereon the helix is traced, makes with the plane drawn through the same 

axis of revolution, or through the right line, 

r 
9 KiXaee ts! Yor ir oP, 

r 

and through the given point p: while y, is still the (inward) distance of the 

same near point P;, from the tangent plane to the same cylinder at the same 

given point P. 

(8.) If we cut the cone IX., and the cylinder XII., by any plane, 

spew thee 
XX. ae 2ry = WwW fe + (753 = 03) *} 

drawn through their common side XIII., we obtain two other sides, one for 

* With the coordinates VII’. of a recent Note (to page 157), the equation of this cylinder 

would be, 
D0" <A De ee a a 
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each of these two, quadric surfaces; and these two new right lines, in this 

plane XX., intersect each other in a new point,* of which the coordinates 

ays are given, as functions of the new variable w, by the three fractional 

expressions, t 

+e (2 5) w> 

r 7/60 w Tahoe 
».0.4 ae a F Sone 3 SU eaet ae eee 

"20 F "20 F 20 P 

while the twisted cubic, which osculates (as above) to the helix at p, is the 

locus of all the points of intersection thus determined. Accordingly, if we 

develop ayz by XXI., in ascending powers of w, neglecting w’ (or a’), we are 

conducted, by elimination of w, to expressions for y and z in terms of 2, 

which agree with those found in (6.), and thereby establish in a new way 

the existence of the required contact of the fifth order, between the two 

curves of double curvature. 

(9.) The real asymptote to the cubic curve is found by supposing the 

auxiliary variable w to tend to infinity in the expressions XXI.; it is 

therefore the right. line (comp. XX..), 

RKIL..y=4 5, e+(72-apa)en 

namely the second side in which the edliptic cylinder XII. is cut by a normal 

plane through the side XIII. ; and by comparing the value of its y with 

the equation XIX., we see that the least distance between the real asymptote 

to the osculating twisted cubic, and the axis of revolution of the cylinder on 

which the helix is traced, is equal to seven-thirds of the radius of that right 

cylinder. 

(10.) As regards the two imaginary asymptotes, they correspond to the two 

imaginary values of w, which cause the common denominator of the expressions 

* The plane XX., as containing the line XIII., is parallel to an asymptote, and therefore meets 
the cubic at infinity ; it also passes through the given point p: and therefore it can only cut the 
twisted cubic in one other point, of which the position is expressed by the equations XXI. 

Tt Quaternions suggest such fractional expressions, through the formula 398, LXXIX. for the 
vector (p +c) 1a; but it is proper to state that expressions of fractional form, for the coordinates 
of a curve in space of the third order (or degree) were given by Mébius, who appears to have been 
the first to discover the existence of swch gauche curves, and who published several of their principal 
properties in his Barycentrie Calculus (der barycentrische Calcul, Leipzig, 1827). 
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XXI. to vanish ; but it may ke sufficient here to observe, that because those 
expressions give, generally, 

ip aaa We 
». SB tlie? vs (324 5c )e= 0 

the two imaginary lines in question are to be considered as being contained 

in two imaginary planes, which are both parallel to the real plane* through P, 

5 5r 

namely to a certain common normal plane to the two real cylinders XII. and 

XVIIL., or to the elliptic and right cylinders already mentioned. 

(11.) In general, instead of seeking to determine, as above, a cylinder of 

the second order, which shall have contact of the fifth order with any given 

curve of double curvature, at a given point Pp, we may propose to find a 

second cone of the same (second) order, which shall have such contact with 

that curve at that point, its verter being at some other point of space (abc). 

Writing (comp. 398, LX VI.) the equation of such a cone under the form, 

XXY... 2r(cy — bz) (¢-— 2) = (cw — az)’ + 2B(cx — as) (ey — bz) + Cley — bz)’ ; 

D:@.4 Ae 04 (fi4 st) s=05 

substituting for zyz the coordinates w,ys;z; of the curve, under the forms 

(comp. 398, LVIII.), 

en 
6 94 * 120° es = S$ — 

2 f 4 5 

RO Lee ie eee eee — 

97 Gad 94 180 

ry ast Cea 

Gp Ok 180 

in which the coefficients a;b;c; and abc, have the values assigned in (1.); 

developing according to powers of s, neglecting s°, and comparing coefficients 

of s°, s‘, s°; we find first the expressions, 

XXVIL. Baz (425) =-3(v +24) 
3 

4 ar rs b 

+5(1+35)+ 5(&- 54) 

* The right line at infinity, in this plane XXIV., is the common side of the two hyperbolic 

paraboloids mentioned in the third Note to page 159, as each containing the whole twisted cubic. 
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which are the same for cone as for cylinder: and then are led to the new 

equation of condition, 

XXVIII. 1 3(b- 2a) = a ape ed 

+B(&-2a-5~- =) - 
PUL ED 

rie veorer oF > =) 

which differs from the corresponding equation for the determination of a 

cylinder having the same (fifth) order of contact with the curve, but only by 

the one term = in the second member, which term vanishes when the 

coordinate ¢ of the vertex is infinite. 

(12.) Eliminating B and ©, and substituting for a,b,c; and a,b,c, their 

values V. and VI., we find that the condition XXVIII. may be thus 

expressed (comp. 398, LXVIII.): 

»:0:6 D.C (3 -5 . — re’ = ab? + bb’c + che? + ec®; 

in which we have written, for abridgment, 

ee igen ta A 
9r’ ‘rote ote 

NR CS * (67"r — 8rr" — 209? — Grr’ + Grrtr? — 18777 + 12rr) ; 

e= = (90? — Or ty’n' 7? + 447 r?r? + 8607 r'x? + 189 - 27rr tr). 

The Jocus of the vertex of the sought quadric cone XXYV. is therefore that 

cubic surface, or surface of the third order, which is represented by the 

equation XXIX. in abe; this surface, then, is a second locus (comp. (4.)) 

for the osculating twisted cubic, whatever the given curve in space may be: a 

first locus for that cubic curve being still the quadric cone (comp. (38.)), of 

which the equation in abe is (by 398, LXVII. and LXIX.), 

XXXL ..4 eu _ 6 @) ae (5 :) 5 

ie (- nage ae WT MA we hPa =) ; 
eA: ? 

Je ee eS + pees Sig jee © soles eae 

rf py ¢ r? ry 4r’y? sr’ 
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and which has contact of the fifth order with the curve, while its vertex is 

at the given point P of osculation.* 

(13.) Instead of thus introducing, as data, the derivatives of the two radii 

of curvature, r and r, taken with respect to the arc, s, it may he more 

convenient in many applications to treat the two coordinates y and z of the 

curve as functions of the third coordinate v, assumed as the independent 

variable : and so to write (comp. (6.)) these new developments, 

+ x ye yt a" yx _ ni glVyt evy5 

XXXII, oe Ye = ey = Grr af 94 3 120 ’ Briss aGiip ti 4a 2190: 

and then the equation of the quadric cone XXXI. will be found to become 

(in ays), 
KARL 6a? = 2 xe + 2gys + he’, 

with the coefficients, 

fe 3 IV = 3 2 1) ee 3 v XXXIV... g=r1(y ~ gts ) h=5rr ly 0") 

3 9 
Spee M2 el Vy" _ ___ prelv2 | + rr (y +g rsity” — Tes - 

while the cubic surface XXIX. will also come to be represented by an 

equation of the same form as before, namely (in wyz) by the following, 

XXXV... 2 (y + hz) - rz” = ay? + by’s + cys” + 2°, 

in which the coefficients are, 

4r 4 rr 
a = 9 pas before) ; bara HVx Si sea h =—rry” + drr’st ; 

4 3 I112 I es ee aed | Vv 1 2 Doe, ROCK Vs. c= grr — gry av — dy yyt + Sr'r’e’ 5 

4 AS SIL 1 , aa th} 1 Zaacar 

TES eet fe eel as 

(14.) Whichever set of expressions for the coefficients we may adopt, some 

general consequences may be drawn from the mere forms of the equations, 

* The quadric cone XXXI. may be said to have jiwe-side contact with the cone of chords of the 
given curve (compare the Note to page 126). 
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XXXI. and XXIX., or XXXIII. and XXXYV., of the quadric cone and 

cubic surface, considered as two loci (12.) of the osculating twisted cubic to 

a given curve of double curvature. ‘Thus, if we eliminate ac (comp. 398, 

(41.)) from XXIX. by XXXI., or ws by XXXIII. from XXXV., we get 

an equation between 0, c, or between y, 2, which rises no higher than the 

third degree, and is of the form, 

XXXVIT... 2rz? = ay® + by’s + cys” + ©2%, 

with the same value of a as before; such then is the equation of the projection 

of the twisted cubic, on the normal plane to the curve; and we see that, as was 

to be expected, the plane cubic thus obtained has a cusp at the given point P, 

which (when we neglect s’ or «") coincides with the corresponding cusp* of 

the projection of the given curve of double curvature iése//, on the same 

normal plane. 

(15.) The equation XXXVII. may also be considered as representing a 

cubic cylinder, which is a third locus of the twisted cubic; and on which the 

tangent pr to the curve is a cusp-edge, in such a manner that an arbitrary 

plane through this line, suppose the plane 

XXXVITI... 3rz = vy, 

where v is any assumed constant, cuts the cylinder in that line twice, and a 

third time in a rea/ and parallel right dine, which intersects the guadric cone in 

a point at infinity (because the tangent pr is a side of that cone), and in 

another real point, which is on the twisted cubic, and may be made to be 

any point of that sought curve, by a suitable value of »: in fact, the plane 

XXX VIII. touches both curves at p, and therefore intersects the cubic curve 

in one other real point. And thus may fractional expressions (comp. (8.)) for 

the coordinates of the osculating cubic be found generally, which we shall not 

here delay to write down. 

(16.) Without introducing the cubic cylinder XXXVIL., it is easy to see 

that any plane, such as XX XVIILI., which is tangential to the given curve at 

p, cuts the cubic surface XXXV. in a section which may be said to consist of 

the tangent twice taken, and of a certain other right line, which varies with the 

direction of this secant plane, so that the /ocus XX XY. or XXIX. is a Ruled 

* Compare the first formula of the Note to page 133. 
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Cubic Surface, with the given tangent pr for a singular* line, which is 

intersected by all the other right lines on that surface, determined as above: 

and if we set aside this line, the remaining part of the complete intersection of 

that cubic surface with the quadric cone XXXIII. or XXXI. is the twisted 

cubie sought. We may then consider ourselves to have completely and 

generally determined the Osculating Twisted Cubie to a curve of double 

curvature, without requiring (as in 398, (41.)), the solution of any cubic or 

other equation.t 

(17.) As illustrations and verifications, it may be added that the general 

ruled cubic surface, and cubic cylinder, lately considered, take for the case of 

the helix (2.), the particular forms,t 

XXXIX... vyz — 12? = : : ye + (= ~ 5.) Ye", 

and 

2r Be Cpe 
se @ 2 =H 3 aa ae LS il. Fo 1s ead ee 

and that accordingly these two last equations are satisfied, independently of 

w, when the fractional expressions X XI. are substitued for zyz. 

400. The general theory§ of evolutes of curves in space may be briefly 

treated by quaternions, as follows: a second curve (in space, or in one plane) 

being defined to bear to a first curve the relation of evolute to involute, when 

the first cuts the tangents to the second at right angles. 

(1.) Let p and o be corresponding vectors, op and os, of involute and 

evolute, and let p’, o’, p”, o” denote their first aud second derivatives, taken 

* If the cubic surface be cut by a plane perpendicular to the tangent pr, at any point T distinct 
from the point P itself, the section is a plane cubic, which has T for a double point; and this point 
counts for three of the six common points, or points of intersection, of the plane cubic just mentioned 

with the plane conic in which the quadric cone is cut by the same secant plane, because one branch, or 

one tangent, of the plane cubic at T touches the plane conic at that point, in the osculating plane to 

the given curve at p, while the other branch, or the other tangent, cuts that plane conic there. 

¢ It may be remarked that, by equating the second member of XX XVII. to zero, and changing 
y, z to b, c, we obtain generally the cubic equation, referred to in 398, (41.); and that by suppressing 
the term — rc? in XXIX., or the term — rz? in XXXV., we pass, in like manner generally, from the 
cubic surface of recent sub-articles, to the earlier cudic cone (4.). 

{t By suppressing the term — rz’, dividing by =, and transposing, we pass for the case of the 

helix from the equation XX XIX. of the eudic locus, to the equation IX’. in the last Note to page 159; 
namely to the equation of that guadric cone which forms (in this example) a separable part of the 
general cubic cone, the other part being here the tangent plane (y = 0) to the right cylinder. 

§ Invented by Monge. 
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with respect to a scalar variable ¢, on which they are both conceived to 

depend. Then the two fundamental equations, which express the relation 

between the two curves, as above defined, are the following : 

I...S(o-p)p =0; Dues VAD 0) 04 en, 

which express, respectively, that the point s is in the normal plane to the 

involute at p, and that the latter point is on the tangent to the evolute 

ats: so that the docus of Pp (the involute) is a rectangular trajectory to all such 

tangents to the locus of s (the evolute). 

(2.) Eliminating o - p between the two preceding equations, and taking 

their derivatives, we find, 

III. ..S8p’o’=0, IV...8(c- p)p’-p?=0, V...Vi(c-p)o”-Vp'o =0; 

whence also, ViI...8o900 =0. 

(3.) Interpreting these results, we see first, by IV. combined with I. 

(comp. 391, (5.)), that the point s of the evolute is on the polar awis of the 

involute at p, and therefore that the evolute itself is some curve on the polar 

developable of the involute ; and second, by VI. (comp. 380, I.), that this 

curve is a geodetic line on that polar surface, because the osculating plane to 

the evolute at s contains the tangent to the involute at Pp, and therefore also 

the (parallel) normal to the locus of evolutes. 

(4.) The locus of centres of curvature (3895, (6.)) of a curve in space is 

not generally an evolute of that curve, because the tangents* xx’ to that 

locus do not generally intersect the curve at all; but a given plane involute 

has always the locus just mentioned for one of its evolutes; and has, 

besides, indefinitely many others,t which are all geodetics on the cylinder 

which rests perpendicularly on that one plane evolute as its base. 

* It might have been remarked, in connexion with a recent series of sub-articles (397), that this 

tangent Kk’ or «’ is inclined to the rectifying line A, at an angle of which the cosine is, 

—S8Ur’A = + RTA) = + sin Hos P; 

upper or lower signs being taken, according as the second curvature r™} is positive or negative, 
becauise Se’A = —rl. 

t Compare the Note to page 53; from the formule of which page it now appears, that if the 
involute be an ellipse, with 8 = op and y = oc for its major and minor semiaxes, and therefore 

with the scalar equations, 

(S8-p)? + (Sy*p)? = 1, SByp = 0, 
the evolutes are geodetics on the eylinder of which the corresponding equation is, 

(SBo)s + (Syo)s = (8? — 7°)8. 
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(5.) An easy combination of the foregoing equations gives, 

VII... (T(e-p))’=-S (U(co - p). (0 - p) =+8a Uso’ =i ls, 

or with differentials, 

VIII... dT (oe - DL =e dae 

whence by an immediate integration (comp. 380, XXII. and 397, LIV.), 

IX... AT(o - p) = +f Tdo = + are of the evolute: 

this are then, between two points such as s and sg, of the latter curve, is equal 

to the difference between the lengths of the two lines, ps and PS, intercepted 

between the two curves themselves. 

(6.) Another quaternion combination of the same equations gives, after 

a few steps of reduction, the differential formula (comp. 335, VI.), 

dip ge, 
ries) ans 

if then the involute be a curve on a given sphere, with its centre at the 

Ne Sa coe OPS eds Dee 
p 

origin o, so that the evolute is a geodetic on a concentric cone, this differential 

X. vanishes, and we have the integrated equation, 

XI... cos ops = const., or simply, XI’... ops = const. ; 

the tangents ps to the evolute being thus inclined (in the case here considered) 

at a constant angle,* to the radii op of the sphere. 

(7.) In general, if we denote by R the interval ps between two corre- 

sponding points of involute and evolute, we shall have the equation, 

XIT...-(o-—p)?+ R?=0, or, XI... T(c-p) = 25 

and the formula VII. may be replaced by the following, 

RV OR So SO, or Ke DR = 2 TD, 

in which the independent variable ¢ is still left arbitrary. 

* This property of the evolutes of a spherical curve was deduced by Professor De Morgan, in a 

Paper On the Connexion of Involute and Ewvolute in Space (Cambridge and Dublin Mathematical 
Journal for November, 1851); in which also a definition of involute and evolute was proposed, 

substantially the same as that above adopted. 
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(8.) But if we take for that variable the are ss; of the evolute, measured 

from some fixed point of that curve, we may then write, 

LV seit en Or, se Vion oie CLL ck Gs oe Vlas ees ee 

whence 

KeVLley pal Asay) 10, band bee Xav Ly ey Pepeetienconatate aa 

the integral IX. being thus under a new form reproduced. 

(9.) In this dast mode of obtaining the result, 

XIX... Aps=#, - Ry =+t=+are S18; of evolute, 

no use is made of infinitesimals,* or even of small differentials. We only 

infer, as in XVIII. (comp. 380, (9.)), that the quantity R, + ¢ is constant,t 

because its derivative is null: it having been previously proved (380, (8.)), 

as a consequence of our definition of differentials (820, 324) that if s be the 

arc and p the vector of any curve, then the equation ds = Tdp (380, XXII.) 

is rigorously satisfied, whatever the independent variable t may be, and whether 

the two connected and simultaneous differentials be small or large. 

(10.) But when we employ the notation of integrals, and introduce, as 

above, the symbol { Tde, we are then led to interpret that symbol as denoting 

the limit of a sum (comp. 345, (12.)); or to write, generally, 

XX... /Tdp =lim. STAp, if lim. Ap = 0, 

with analogous formule for other cases of integration in quaternions. Geo- 

metrically, the equation, 

XOX ld otaiAey wore RG ls i doieenkh 

if s and ¢ denote arcs of curves of which p and o are vectors, comes thus to be 

interpreted as an expression of the well-known principle, that the perimeter 

of any curve (or of any part thereof) is the limit of the perimeter of an inseribed 

polygon (or of the corresponding portion of that polygon), when the number 

* In general, it may have been observed that we have hitherto abstained, at least in the tewt of 

this whole Chapter of Applications, from making any use of infinitesimals, although they have been 

often referred to in these Notes, and employed therein to assist the geometrical investigation or 

enunciation of results. But as regards the mechanism of calculation, it is at least as easy to use 
infinitesimals in quaternions as in any other system: as will perhaps be shown by a few examples, 
farther on. 

+ Compare the Note to page 30. 
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of the sides is indefinitely increased, and when their lengths are diminished 

indefinitely. 

(11.) The equations I. and XII. give, 

pe dW ee So’(o = Pp) + RR = 0, 

the independent variable ¢ being again arbitrary ; but these equations XII. 

and XXII. coincide with the formule 398, LXXXIX. and XCI.; we may 

then, by 398, (79.) and (80.), consider the Jocus of the point P as the envelope 

of a variable sphere, namely of the sphere which has s for centre and R for 

radius, and is represented by the recent equation XII., if p = or be the vector 

of a variable point thereon. 

(12.) But whereas such an envelope has been seen to be generally a surface, 

which is real or imaginary (3898, (79.)) according as R”® + «6? < or > 0, we 

have here by XIII. the intermediate or limiting case (comp. 398, CXXX1.), 

for which the circles of the system become points, and the surface itself 

degenerates into a curve, which is here the involwte (ep) above considered. 

The involutes of a given curve (s) are therefore included, as a limit, in that 

general system of envelopes which was considered in the lately cited sub- 

articles, and in others immediately following. 

(13.) The equation of condition, 8398, CXXXVL., is in this case satisfied by 

XIII., both members vanishing; but we cannot now put it under the form 

398, CXLI., because in the passage to that form, in 398, (85 ), there was 

tacitly effected a division by r*, which is not now allowed, the radius + of the 

circle on the envelope being in the present case equal to zero. For a similar 

reason, we cannot now divide by g, as was done in 398, (86.); and because, 

in virtue of IL., the ¢wo equations 398, CLX. reduce themselves to one, they 

no longer conduct to the formule 398, CLX’. CLXI. CLXI’. CLXIII. 

XCLY.; nor to the second equation 398, CLXILI. 

(14.) The general geometrical relations of the curves (P) and (s), which 

were investigated in the sub-articles to 398 for the case when the condition* 

* If, without thinking of evolwtes, we merely suppose that the condition 398, CXXXYVI. is 

satisfied, as lately in (13.), by our having the relation R +o’ = 0, it will be found (comp. the 
symbolical expression 274, XX. for 04, and the imaginary solution in 353, (18.) of the system 
Syp = 0, p?=0), that the envelope of the sphere (a — p)* + R* = 0, or the locus of the (null) eiredes in 
which such spheres are (conceived to be) cut by the (tangent) planes, So'(o — p) + RK’ = 0, may be 

said to be generally the system of all those imaginary points, of which the vectors (or the bivectors, 
comp. 214, (6.)) are assigned by the formula, 

p=o— RR'e' + (Ue +f —1) Vo'z; 
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above referred to is satisfied, are therefore only very partially applicable to a 

system of involute and evolute in space: at least if we still consider the former 

curve (the involute) as being a rectangular trajectory to the tangents to the 

latter (the evolute), instead of being, like the curve (P) previously considered, 

a rectangular trajectory (398, (94.)) to the osculating planes* of the curve (s). 

(15.) If the are of the evolute be again taken for the independent 

variable ¢, and if the positive direction of motion along that arc be always 

towards the involute, we may write, 

XXIII. . -p=otheo, i =— 1, o*=-—], Ke. ; 

XXL We rd p he Ro”, p” o Ro! i a”, Vp" i LNG sae 
whence 

if then « = ok be the vector of the centre K of the circle which osculates to 

the involute at p, the general formula 389, IV. gives, after a few reductions,t 

the expression (comp. 397, XVI. XXXIV., and XCVIII. (15.)), 

13 173 
oO 

XXYV.. ° c= p tang sot R( 0+ ar] 
pp oo 

- ye HAs RSe's 6” 

= Co = 8 re > Vie! Wi tes 

o — Ar, (Ay =o+-UA,.# cos A, 

if r,, H,, and ), be what r, H, and A in 397 become, when we pass from 

the curve (P) to the curve (s), with the present relations between those 

two curves; this centre of curvature K is therefore the foot of the perpen- 

dicular let fall from the point P of the involute, on the rectifying line r. of 

where mp is an arbitrary vector, and \/—1 is the old imaginary of algebra. By making p = 0 we 
reduce this expression for p to the real vector form, 

p=o-kR ce’ =o4 KR'o, 

= the « of 398, CXXXI.’”"; and thus the curve (Pp), which is here the locus of the centres of the null 

circles of contact, and coincides with the involute in the present series of sub-articles, may stid/ be 

called a Singular Line upon the Envelope of the Sphere (with One Variable Parameter), as being in the 

present case the only real part of that elsewhere imaginary surface. 

* The curve to the oscwlating planes of which another curve is thus an orthogonal trajectory, and 

which is therefore (398, (95.)) the cusp-edge of the polar developable of the latter curve, was called by 
Lancret its evolute by the plane (developpée par le plan); whereas the curve (s) of the present series 
(400) of sub-articles, to whose tangents the corresponding curve (v) is an orthogonal trajectory, has 

been called by way of distinction the evolute by the thread (developpée par le fil) of this last curve. 
It would be improper to delay here on subjects so well known to geometers: but the student may be 
invited to read again, in connexion with them, the sub-articles (88.) and (89.) to Art. 398. 

, or t Especially by observing that Vo'Vo'"o" = — o'’3, because So’a” = 0, and So’a"” = — a’. 
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the evolute: as indeed is evident from geometrical considerations, because 

by (8.) this rectifying line of the curve (s) is the polar axis of the curve (P). 

(16.) If we conceive (comp. 389, (2.)) an auciliary spherical curve to be 

described, of which the variable unit-vector shall be, 

AXVI.. .oT=7r=o = Ul(p - o)\= hp — a), 

and suppose that uv is the vector ou of the centre of curvature of this new 

curve, at the point t which corresponds to the point s of the evolute, we shall 

then have by XX V. the expression, 

XXVIII... TU =u - t= SG FS = = PK PS 

we have therefore this theorem, that the inward radius of curvature of the 

hodograph of the evolute (conceived to be an orbit described, as in 3879, (9.), 

with a constant velocity taken for unity) is equal to the inward radius of 

curvature of the involute, divided by the interval R between the two curves 

(p) and (s): and that these two radii of curvature, tu and PK, have one 

common direction, at least if the direction of motion on the evolute be supposed, 

as in (15.), to be towards the involute. 

(17.) The following is perhaps a simpler enunciation of the theorem* 

just stated :—J/ P, Pi, P,,.. and s, Si, S:,. . be corresponding points of involute 

and evolute, and if we draw lines 81, || 8,Pi, ST2 || S2P2, . . with a common length = SP, 

the spherical curve PTT, . . will then have contact of the second order with the 

curve PPiP,.., that is with the involute at Pp. 

401. The fundamental formula 389, IV., for the vector of the centre of 

the osculating circle to a curve in space, namely the formula, 

dp® 
or ree pad an cP I p* Ae 4 = + ———. K=) sya 

which has been so extensively employed throughout the present Section, 

has hitherto been established and used in connexion with derivatives and 

* Some additional light may be thrown on this theorem, by comparing it with the construction in 
397, (48.) ; and by observing that the equations 397, XVI. XXXIV. give generally, in the notations 
of the Article referred to, for the vector of the centre of curvature of the hodograph of any curve, the 
transformations, 

r T’ 

T+ ——— = 7 -—=-ral= 0A. cos H. 
Ver'r7'-} A 
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differentials of vectors, rather than with differences, great or small. We 

may however establish, in another way, an essentially equivalent formula, 

into which differences enter by their limits (or rather by their Limiting 

relations), namely, the following, 

ee ace 
Ill. ..«= p+ lim. if lim. Ap =0, and lim. re 0, 

p 

Ap® 

VA’0Ap’ 

the denominator VA*pAp being understood to signify the same thing as 

V(A’p . Ap) ; and then may, if we think fit, interpret the differential expression 

II. as if do and d’p in it denoted infinitesimals,* of the first and second orders : 

with similar interpretations 

in other but analogous in- 

vestigations. 

(1.) If in the second 

expression 316, L.,t+ for the 

perpendicular from o on 

the line aB, we change a 

and ( to their reciprocals Fig. 68, bis. 

(compare figures 58, 64, 

pp. 293, 349, vol. i.) and then take the reciprocal of the result, we obtain 

this new expression [but with the letters c and p referring to points not 

marked in fig. 58], | 

Fig. 64, dis. 

at'- 6B a({B—a)B OA.AB.OB 

LY Oban rman oan a: ean ey (SR RaR 

in the denominator of which, on may be replaced by az, or by ao + AB, for 

the diameter op of the circle oan; so that if c be the centre of this circle, its 

vector y = oc = gop = 36 = &e. Supposing then that Pp, a, R are any three 

points of any given curve in space, while o is as usual an arbitrary origin, 

and writing 

V...0P=p, 0@=p+Ap, oR=p+2Ap+ A’, 

and therefore 

‘9 hee PQ = Ap, OR Ap + A’p, SPR = Ap 53 3A’, 

* Compare 345, (17.), and the first Note to page 170. 

t [Namely p= ie Sy on page 427, vol. i.] 
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the centre c of the circle par has the following rigorous expression for 

its vector : 
Ap(Ap + A’p) (Ap + 5A’p) 

Wi 00'= y S04 ART ; 

whence passing to the limit, we obtain successively the expressions III. and 

II. for the vector « of the centre of curvature to the curve par at P; the two 

other points, a and r, being both supposed to approach indefinitely to the 

given point P, according to any law (comp. 3892, (6.)), which allows the two 

successive vector chords, Pe and ar, to bear to each other an ultimate ratio 

1 of equality. 

(2.) Instead of thus first forming a rigorous expression, such as VIL., 

involving the differences Ap and A’o; then simplifying the formula so found, 

by the rejection of terms, which become indefinitely small, with respect to the 

terms retained; and finally changing differences to differentials (comp. 344, 

(2.)), namely Ap to dp, and A’p to d’p, in the homogeneous expression which 

results, and of which the mit is to be taken: we may abridge the calculation, 

by at once writing the differential symbols, in place of differences, and at once 

suppressing any terms, of which we foresee that they must disappear from the 

final result. ‘Thus, in the recent example, when we have perceived, by 

quaternions, that if K be the centre of the circle par, the equation 

iITIed eee encore @ seen 
V{(ar — PQ)PQ} 

is rigorous, we may at once change each of the three factors of the numerator to 

dp, while the factor ar — pa in the denominator is to be changed to d’o; and 

thus the differential expression II., for the inward vector-radius of curvature 

kK — p, 18 at once obtained. 

(3.) It is scarcely necessary to observe, that this expression for that 

radius, a8 a vector, agrees with and includes the known expressions for the 

same radius of curvature of a curve in space, considered as a (positive) scalar, 

which has been denoted in the present Section by the italic letter 7 (because 

the more usual symbol p would have here caused confusion). Thus, while the 

formula II. gives immediately (because T'dp = ds) the equation, 

IX... #ds* = TVdpd’o, 

it gives also (because dp? = — ds’, and Sdpd’p = -- dsd’s) the transformed 

equation, 
Benne FOSS 17 (Td A068") § 
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and it conducts (by 389, VI.) to this still simpler formula (comp. the equation 

= Tr, 396; EX), 
XI... rds = TdUdp. 

(4.) Accordingly, if we employ the standard trinomial form (295, I.) for 

a vector, 
XII... p=te + yy + ka, 

which gives, by the laws of the symbols wk (182, 188), 

do = idw + ydy + kds, ds = Tdp = ,/(da’ + dy’ + ds’), 

Vo = id’e + yd’y + kd’s, Udo 71d ery aia, 

IT ao Vdpd’o = i(dyd’z — ded’y) + j(dzed’x — dad*z) + k(dad*y — dyd’a), 

Kae dygemn ds aoe 
aes rains pan. dUdp = td 5+. 

the recent equations IX. X. XI. take these known forms : 

TX*... . r'ds* = ,/ ((dyd’s — dzed?y)* +. .); 

Xie ds a7 (d7atee d?’y*stedi2 = d’s:)"3 

: | da? dy\? dz\? 
x “1q = d +. d — | + ad — e 

meus Se ( a) ( Z) ( a 

(5.) The formula IV., which lately served us to determine a diameter of 

a circle through three given points, may be more symmetrically written as 

follows. Jf av be a diameter of the circle anc, then 

XL Vie eA) ViCAB. BO), =A BBO. CAs. 

an equation*® in which V(aB. Bc) may be changed to V(aB. ac), &., and in 

* A student might find it useful practice to verify, that if we write in like manner, 

ATV’... ..BE.V(BC, GA) = BC. CA LAB, 

so that BE is a second diameter, then AB= ED, Or ABDE is a parallelogram. He may employ the 
principles, that aBy = yBa, if SaBy=0, and that By - yB = 2VSy; in virtue of which, after 

subtracting XIV’. from XIV., and dividing by V(sc.ca), or by its equal V(aB. xc), the equation 
AD — BE = 2B is obtained, and proves the relation mentioned. It is easy also to prove that 

ALV 3. 2 BD. V( 80. CA) = AB’. S(BC.. CA), 

and therefore that ABDE is a rectangle. 
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which it may be remarked that each member is an expression (comp. 296, V.) 

for a vector at, which touches at a the segment asc: while its length is at once 

a representation of the product of the lengths of the sides of the triangle anc, 

and also of the double area of that triangle (comp. 281, XIIT.), multiplied by 

the diameter of the circumscribed circle. 

(6.) In general, if pars be any four concircular points, they satisfy (by 

260, IX., comp. 296, (3.)) the condition of concircularity, 

Nee v(= =)- 0, 
SQ " RP 

which may be thus transformed :* 

XVL.. LV (+ SE) =v (5-10. SS). 
PS PR PS PR 

Writing then (comp. VI., and the remarks in (2.)), 

XVII...Pps=w-p, Pa=dp, PR=2dp+d’p, arp+aQr=d’p, 

the second member is seen to be, on the present plan, an infinitesimal of the 

second order, which is therefore to be suppressed, because the first member is: 

only of the first order; and thus we obtain at once the following vector 

equation of the osculating circle to the curve PaR at P, 

XVIIL. . v(Se 4 si)" 0; 
w-p 2dp 

which agrees with the equation 392, VI., although deduced in a quite 

different manner, and conducts anew to the expression II. for x — p, under 

the form, 

SOT ee Rn ar ieee tenvago MVNTT TI 
kK —p do 

* Without having recourse to this transformation XVI., we might treat the condition XV. by 
infinitesimals, as follows : 

d 

8 ee Or xVITee : - : 
2aR ap + QR 2p dp 
— = 1 + —_ = 14+ —— = 14+ — 
PR PR a 2dp + dp 2dp 

equating then to zero the vector part of the product of these two expressions, and suppressing the 
infinitesimal of the second order, the equation XVIII. of the osculating circle is obtained anew. 
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(7.) Again, if op = 6 be the diameter from the origin, of any sphere 

through that point 0, which passes also through any three other given points 

A, B, C, with oA = a, &c., we have by 296, XX VI. the formula, 

XX... SaBy = Va(G - a) (y - By; 

writing then (comp. X VII.), 

XXI...a=dp, B-a=dp+d’p, y-B=dp+ 2d’ + d%p, 
and 

XXII...) 6 = 2Ps'= 2(c — p), 

where o is (as in 395, &.) the vector os (from an arbitrary origin 0) of the 

centre s of the osculating sphere to a curve of double curvature at p, we have 

by infinitesimals, suppressing terms which are of the seventh and higher orders, 

because the first member is only of the sixth order, and reducing* by the 

rules of quaternions, 

XXIII... (« — p)Sdpd’pd'o = $Vdp(dp + d’p) (dp + 2d’p + dp) 

(3dp + 8d’p + dip) = 3 Vdpd’pSdpd’p + dp’ Vd'pdo : 

which agrees precisely with the formula 395, XIII., although obtained by a 

process so different. 

(8.) Finally as regards the osculating plane, and the second curvature, of a 

curve in space, infinitesimals give at once for that plane the equation, 

XXIV... S(w — p)dpd’p = 0, agreeing with 376, V. ; 

and if three consecutive elements of the curve be represented (comp. X XI.) by 

the differential expressions, 

XXV...PQ=dp, ar=dp+d’o, rs=dp + 2d’p + dp, 

the second curvature r, defined as in 396, is easily seen to be connected as 

* Of the eighteen terms which would follow the sign of operation $V, if the second member of 

XXIII. were fully developed, one is of the fourth order, but is a scalar; three are of the jifth order, 

but have a scalar sum ; nine are of orders higher than the sixth; and ¢wo terms of the sixth order are 

scalars, so that there remain only three terms of that order to be considered. In this manner it is 
found that the second member in question reduces itself to the sum of the two vector parts, 

EV. (dpd2p)? = 3Vdpd*p . Sdpd?p, 
and 

5dp*V (dpd*p + 3d%pdp) = dp? Vd3pdp ; 

and thus the third member of X XIII. is obtained. 
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follows with the angle of a certain auwiliary quaternion q, which differs infinitely 

ttle from unity : 

XXVI...r%ds=Zq, if XXVII...¢=———=1+ 

we have then the expression, 

XXVIII... Second Curvature = r1 =—= =8 

which agrees with the formula 397, XXVII., and has been illustrated, in 

the sub-articles to 397 and 398, by numerous geometrical applications. 

(9.) On the whole, then, it appears that although the logic of derived 

vectors, and of differentials of vectors considered as finite lines, proportional 

to such derivatives, is perhaps a little clearer than that of infinitesimals, 

because it shows more evidently (especially when combined with Tuaylor’s 

Series adapted to Quaternions, 342, 375) that nothing ts neglected, yet it is 

perfectly possible to combine* quaternions, in practice, with methods founded 

on the more usual notion of Differentials, as infinitely small differences: and 

that when this combination is judiciously made, abridgments of calculation 

arise, without any ultimate error. 

SECTION 7. 

Q@n Surfaces of the Second Order; and on Curvatures 

of Surfaces. 

402. As early as in the First Book of these Elements, some specimens 

were given of the treatment or expression of Swrfaces of the Second Order 

by Vectors; or by Anharmonic Equations which were derived from the 

theory of vectors, without any introduction, at that stage, of Quaternions 

properly so called. Thus it was shown, in the sub-articles to 98, that a 

very simple anharmonic equation (az = yw) might represent either a ruled 

paraboloid, or a ruled hyperboloid, according as a certain condition (ac = bd) 

was or was not satisfied, by the constants of the surface. Again, in the 

* Compare the first Note to page 170. It will however be of course necessary, in any future 

applications of quaternions, to specify in which of these two senses, as a finite differential, or as an 
infinitesimal, such a symbol as dp is employed. 
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sub-articles to 99, two examples were given, of vector expressions for cones 

of the second order (and one such expression for a cone of the third order, 

with a conjugate ray (99, (5.)); while an expression of the same sort, 

namely, 

I... p=a#at+yP+sy, with #iyi2=l1, 

was assigned (99, (2.)) as representing generally an ellipsoid,* with a, B, y, 

or OA, OB, oc, for three conjugate semidiameters. And finally, in the sub- 

articles (11.) and (12.) to Art. 100, an instance was furnished of the 

determination of a tangential plane to a cone, by means of partial derwed 

vectors. 

403. In the Second Book, a much greater range of expression was 

attained, in consequence of the introduction of the peculiar symbols, or 

characteristics of operation, which belong to the present Calculus ; but still 

with that dimitation which was caused, by the conception and notation of a 

Quaternion being confined, in that Book, to Quotients of Vectors (112, 116, 

comp. 307, (5.)), without yet admitting Products or Powers of Directed 

Lines in Space: although versors, tensors, and even normst of such vectors 

were already introduced (156, 185, 273). 

(1.) The Sphere,t for instance, which has its centre at the origin, and 

has the vector oa, or a, with a length Ta =a, for one of its radii, admitted 

of being represented, not only (comp. 402, I.) by the vector expression, 

L..p=aat+yBtrsay, vt+y+2? =I, 

with 

= TB =Ty - Rane ean an ee LD eaeyd aan Gre Lysea, and easikintcart Gonerag ey Cp 

* In like manner the expression, 

II... p=aa+tyB+2y, with #+y2?-—22=1, or =-1, 

represents a general hyperboloid, of one sheet, or of two, with aBy for conjugate semi-diameters : 
while, with the scalar equation «* + y* —z*=0, the same vector expression represents their common 
asymptotic cone (not generally of revolution). 

t The notation Na, for (Ta), although not formally introduced before Art. 273, had been used by 

anticipation in 200, (8.), page 191, vol. i. 

J That is to say, the spheric surface through a, with o for centre. Compare the Note to 
page 199, vol. i. 
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but also by any one of the following equations, in which it is permitted to 

change a to -a: 

Le Se: LT pee qe 
p a a a 

Iy...N&=1; 145, (8.), (12.) A Aad Waid ae 

Wie Totsi Pa: idee ler rl ote lz io 
a 

Rit an =). Tee eee 
pta € E 

200, (11.), 5 : 
X...No= Na; 215, (10.), XI. .(8£)-(V2)=1; 

273, (1.) a a) 

Sd SPs NSf + Ne =1; 204, (6.), XXV., XXVI. 

XUL..N(82+V2)=1; XIV. ...T(S£+ V2) =15 204, (9, 

or by the system of equations, 

REV ses oy (ve)-#-16 0), 204, (4.) 
a a 

representing a system of circles, with the spheric surface for their Jocus. 

(2.) Other forms of equation, for the same spheric surface, may on the 

same principles be assigned ; for example we may write, 

prc Ee een (tar XVI NS=15 XVI. Te 
a p p p 

5G ee id yeaa SPE gh ayy ca st mmmcnct plage 4 ets) Seal aw et 
pra 2 pra pra 

or (comp. 186, (5.), and 200, (3.)), 

XXII... T(p - ca) =T(cp—a), #71; 
= 

under which J/ast form, the sphere may be considered to be generated by 
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the revolution of the circle, which has been already spoken of as the 

Avpollonian* Locus. 

(3.) And from any one to any other, of all these various forms, it is 

possible, and easy to pass, by general Mules of Transformation,t which 

were established in the Second Book: while each of them is capable of 

receiving, on the principles of the same Book, a Geometrical Interpretation. 

(4.) But we could not, on the principles of the Second Book adone, 

advance to such subsequent equations of the same sphere, as 

OX Tae, p” = ae 1d .O.9 Boe p +@= 0, 282, VII. XIII. 

whereof the latter includes (282, (9.)) the important equation p’+1=0, 

or p?=—1, of what we have called the Unit-Sphere (128); nor to such 

an exponential expression for the variable vector p of the same spheric surface, as 

KXV. .. p = aktsthy kt, 308, XVIII. 

in which 7 and & belong to the fundamental system vk of three rectangular 

unit-lines (295), connected by the fundamental Formula A of Art. 183, 

namely, 
ia pPe kia yh eo tf, (A) 

while s and ¢ are two arbitrary and scalar variables, with simple geometricalt 

significations : because.we were not then prepared to introduce any symbol, 

such as p’, or k’, which should represent a square or other power of a vector.§ 

And similar remarks apply to the representation, by quaternions, of other 

surfaces of the second order. 

* Compare the first Note to page 180, vol. i. 

¢ This richness of transformation, of quaternion expressions or equations, has been noticed, by 
some friendly critics, as a characteristic of the present Caleulus. In the preceding parts of this work, 

the reader may compare pages 130, 141, 185, vol. i., and pages 106, 108, 109, vol. ii.; in the two 
last of which, the variety of the expressions for the second curvature (r™1) of a curve in space may be 
considered worthy of remark. On the other hand, it may be thought remarkable that, in this 

Calculus, a single expression, such as that given by the first formula (389, IV.) of page 50, vol. ii., 
adapts itself with equal ease to the determination of the vector (x) of the centre of the osculating cirele, 

to a plane curve, and to a curve of double curvature, as has been sufficiently exemplified in the 
foregoing Section. 

~ Compare the second Note to page 398, vol. i, 

§ It is true that the formula A was established in the course of the Second Book (page 160, 

vol. i.); but it is to be remembered that the symbols ijk were there treated as denoting a system of 
three right versors, in three mutually rectangular planes (181): although it has simce been found 
possible and useful, in this Third Book, to identify those right versors with their own indices or axes 
(295), and so to treat them as a system of three rectangular lines, as above. 
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404. A brief review, or recapitulation, of some of the chief expressions 

connected with the Hikpsoid, for example, which have been already established 

in these Elements, with references to a few others, may not be useless here. 

(1.) Besides the vector expression p = xa + y[3 + sy, with the scalar relation 

e+y+2=1, and with arbitrary vector values of the constants a, 2, y, 

which was lately cited (402) from the First Book, or the equations 403, I., 

without the conditions 403, I’., IL’. which are peculiar to the sphere, there 

were given in the Second Book (204, (13.), (14.)) equations which differed 

from those lately numbered as 403, XI. XII. XIII. XIV. XV., only by 

the substitution of V ® for V? ; for instance, there was the equation, 
a 6 

ine (s ey (v 5) 3 204, (14.) 

analogous to 403, XI., and representing generally* an ellipsoid, regarded as 

the Jocus of a certain system of eliipses, which were thus substituted for the 

circlest (403, XV.) of the sphere, by a species of geometrical deformation, 

which led to the establishment of certain homologies (developed in the sub- 

articles to 274). 

(2.) Employing still only quotients of vectors, but introducing two other 

pairs of vector-constants, y, 6 and 1, x, instead of the pair a, 3 in the equation 

I., which were however connected with that pair and with each other by 

certain assigned re/ations, that equation was transformed successively to 

IL: T(2+K 8) =4, 216, X. igo 

* In the case of parallelism of the two vector constants (8 || a), the equation I. represents 
generally a Spheroid of revolution, with its avis in the direction of a; while in the contrary case of 
perpendicularity (B L a), the same equation I. represents an elliptic Cylinder, with its generating lines 

in the direction of 8. Compare 204, (10.), (11.), and the Note to page 231, vol. 1. 

t The equation I. might also have been thus written, on the principles of the Second Book, 

2 

Tee s£+8%) (s2-s2) (TS) =1; 
( a B a B : B 

whence it would have followed at once (comp. 216, (7.)), that the ellipsoid I. is cut in two circles, 

with a common radius = TB, by the two diametral planes, 

p P «iP ~=0, S--S-=0. 
B é a B 

In fact, this equation I’. is what was called in 859 a cyclic form, while I. itself is what was there 
called a focal form, of the equation of the surface; the lines a“! + 8! being, by the Third Book, the 
two (real) cyclic normals, while B is one of the two (real) focal lines of the (imaginary) asymptotic cone, 
Compare the Note to page 535, vol. i. 

ts Ras 
a 
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and to a form which may be written thus (comp. 217, (5.)), 

IL... T(s+K*.p)Tp = Te - Tes 217, XVI. 
pP 

and this last form was interpreted, so as to lead to a Rule of Construction* 

(217, (6.), (7.)), which was illustrated by a Diagram (fig. 53), and from 

which many geometrical properties of that 

surface were deduced (218, 219) in a very 

simple manner, and were confirmed by calcu- 

lation with quaternions: the equation and 

construction being also modified afterwards, 

by the introduction (220) of a new pair of 

vector-constants, “ and x’, which were shown 

to admit of being substituted for « and «x, 

in the recent form III. 

(3.) And although the Equation of Con- 

Jugation 

Vee 
r 

a 
3 a -1, 316, LXIIL. rie ONE 

which connects the vectors A, u of any two points L, mM, whereof one is on 

the polar plane of the other, with respect to the ellipsoid I., was not assigned 

till near the end of the First Chapter of the present Book, yet it was there 

deduced by principles and processes of the Second Book alone: which thus 

were adequate, although not in the most practically convenient way, to the 

treatment of questions respecting tangent planes and normals to an ellipsoid, 

and similarly for other swrfacest of the same second order. 

st-8(V 
a 

* This Construction of the Ellipsoid, by means of a Generating Triangle and a Diacentric Sphere 

(page 234, vol. i.), is believed to have been new, when it was deduced by the writer in 1846, and was 

in that year stated to the Royal Irish Academy (see its Proceedings, vol. iii., pp. 288, 289), as a result 

of the Method of Quaternions, which had been previously communicated by him to that Academy (in 
the year 1843). 

t+ The following are a few other references, on this subject, to the Second Book. Expressions for 

a Right Cone (or for a single sheet of such a cone) have been given in yol. i. in pages 121, 180, 226, 

227. In page 181 the equation 8 ae ie 1, has been assigned, with a transformation in page 182, 
a 

to represent generally a Cyelic Cone, or a cong of the second order, with its vertex at the origin ; and 

to exhibit its cyclic planes, and subcontrary sections (pp. 182, 184). Right Cylinders have occurred in 
pages 195, 199, 201, 202, 228. A case of an Hiliptic Cylinder has been already mentioned (the case 
when Blain I.); and a transformation of the equation III. of the Eilipsoid, by means of reciprocals 

and norms of vectors, was assigned in page 314. And several expressions (comp. 403), for a Sphere 

of which the origin was not the centre, occurred in pages 165, 180, 192, vol. i., and perhaps elsewhere, 

without any employment of products of vectors. 
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(4.) But in this Third Book we have been able to write the equation III. 
under the simpler form,* 

V... Tip + px) =’ - 0’, 282, XXIX. 

which has again admitted of numerous transformations; for instance, of all 

those which are obtained by equating (x? — ’)? to any one of the expressions 

336, (5.), for the square of this last tensor in V., or for the norm of the 

quaternion ip + px; cyclic formst of equation thus arising, which are easily 

converted into focal forms (359); while a rectangular transformation (378, 

XXX.) has subsequently been assigned, whereby the /engths (abc), and also 

the directions, of the three semiawes of the surface, are expressed in terms 

of the two vector-constants, 14, «: the results thus obtained by calculation 

being found to agree with those previously deduced, from the geometrical 

construction (2.) in the Second Book. 

(5.) The equation V. has also been differentiated (336), and a normal vector 

v = op has thus been deduced, such that, for the ellipsoid in question, 

VE Svdp = 0, anike. Viel. Svp = ae 

a process which has since been extended (361), and appears to furnish 

one of the best general methods of treating surfacest of the second order by 

quaternions: especially when combined with that theory of /inear and vector 

functions (dp) of vectors, which was developed in the Sixth Section§ of the 

Second Chapter of the present Book. 

* Mentioned by anticipation in the Note to page 241, vol. i. 

+ Compare the second Note to page 183. The vectors : and x are here the cyclic normals, 

and 1 — « is one of the focal lines; the other being the line x’ — x’ of the page 241, vol. i. 

t The following are a few additional references to preceding parts of this Third Book, which has 

extended to a much greater length than was designed (page 322, vol. i.). In the First Chapter, the 
reader may consult pages 325, 326, 327, 328, vol. i., for some other forms of equation of the ellipsoid and 

the sphere. In the Second Chapter, pages 460, 461, vol. i., contain some useful practice, above alluded 

to, in the differentiation and transformation of the equation 7? = T(ip + px). As regards the Sixth 
Section of that Chapter, which we are about to wse (405), as one supposed to be familiar to the reader, 
it may be sufficient here to mention Arts. 357-362, and the Notes (or some of them) to pages 523, 

525, 527, 535, 546, 549, vol. i. In this Third Chapter, the sub-articles (7.)-(21.) to 373 (pages 16, 

&c.) might be re-perused ; and perhaps the investigations respecting cones and sphero-conics, in 394, 
and its sub-articles (pages 63, &c.), including remarks on an hyperbolic cylinder, and its asymptotic 
planes (in page 72). Finally, in a few longer and later series of sub-articles, to Arts. 397, &c., a 
certain degree of familiarity with some of the chief properties of surfaces of the second order has 
been assumed ; as in pages 103, 126, 129, and generally in the recent investigations respecting the 

osculating twisted cubic (pages 129, 166, &c.), to a helix, or other curve in space. 

§ It appears that this Section may be conveniently referred to, as III. ii. 6; and similarly in 

other cases. 
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405. Dismissing then, at least for the present, the special consideration 

of the ellipsoid, but still confining ourselves, for the moment, to Central 

Surfaces of the Second Order, and using freely the principles of this Third 

Book, but especially those of the Section (III, 11. 6) last referred to, we may 

denote any such central and non-conical surface by the scalar equation (comp. 

361, |p. 547, vol. i.]), 

J... fp =Spdp = 1; 

the asymptotic cone (real or imaginary) being represented by the connected 

equation, 
Il... . fo = Spgp = 0; 

and the equation of conjugation, between the vectors p, p of any two points 

Pp, P’, which are conjugate relatively to this surface I. (comp. 362, and 404, (3.), 

see also 373, (20.)), being, 

IIT... f(p, p’) =f’, p) = Sepp’ = Sp’¢p = 1; 

while the differential equation of the surface is of the form (861), 

Ve Oe dip cova, me eV ee v = op; 

this vector-function op, which represents the normal v to the surface, being at 

once linear and self-conjugate (361, (38.)) ; and the surface itself being the 

locus of all the points Pp which are conjugate to themselves, so that its equation I. 

may be thus written, 

I’... f(e,) =1, because J (ps p) =p; by 862, IV. 

(1.) Such being the form of gp, it has been seen that there are always 

three real and rectangular unit-lines, ay, az, a3, and three real scalars, C, Coy Css 

such as to satisfy (comp. 357, III.) the three vector equations, 

VI... dar =-— Cia, ar=— C202, as = — Casa ; 

whence also these three scalar equations are satisfied, 

Wil... far =¢,, far="G, Yas = ¢s; 

and therefore (comp. 362, VII.), 

AAR W So Rs (ca) =f (c2*a2) =f (cs as) = ], 
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(2.) It follows then that the three (real or imaginary) rectangular lines, 

IX. ais B, = Cy *a1, yp ea Cs *az, (3s = C3 as, 

are the three (real or imaginary) vector semiawes of the surface I.; and that 

the three (positive or negative) scalars, c, C2, cs, namely the three roots of the 

scalar and cubic equation*® M = 0 (comp. 357, (1.)), are the (always real) 

inverse squares of the three (real or imaginary) scalar semiaxes, of the same 

central surface of the second order. 

(3.) For the reality of that surface I., it is necessary and sufficient that 

one at least of the three scalars ¢, ¢, ¢; should be positive ; if all be such, 

the surface is an ellipsoid; if two, but not the third, it is a single-sheeted 

hyperboloid ; and if only one, it is a double-sheeted hyperboloid : those scalars 

being here supposed to be each finite, and different from zero. 

(4.) We have already seen (357, (2.)) how to obtain the rectangular 

transformation, 

De af) = (Sap)? ae ¢2(Sazp)? te ¢3(Sazp)’, 

which may now, by IX., be thus written, 

XI... fp = (S6:'p)? + (S6.7p)? + (SB;%p)? ; 

but it is to be remembered that, by (2.) and (3.), one or even two of these 

three vectors (3:23; may become imaginary, without the surface ceasing to 

be real. 

(5.) We had also the cyclic transformation (357, IL. Il’.), 

XII. . . fo = gp’ + SApup = p*(g — SAn) + 28ApSup, 

in which the scalar g and the vector A, mw are rea/, and the latter have 

the directions of the two (real) cyclic normals; in fact it is obvious on 

inspection, that the surface is cut in circles, by planes perpendicular to these 

two last lines. 

* It is unnecessary here to write My = 0, as in page 520, vol. i., &c., because the function ¢ is 
here supposed to be self-conjugate; its constants being also real. 

+ Compare the Note to page 527, vol. i., see also the proof by quaternions, in 378, (16.), &c., of 

the known theorem, that any two swbcontrary circular sections are homospherical, with the equation 

(373, XLIYV.) of their common sphere, which is found to have its centre in the diametral plane of the 

two cyclic normals A, bm. 
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(6.) It has been proved that the four real scalars, c,c,cg, and the five real 

vectors, aarasAp, are connected by the relations* (357, XX. and XXI.), 

XIII. ..¢, =-g — Tap, @=-g+t+Sr\u, o=-g+ Trp; 

XIV. ..a,= UATw- TA), a, = UVAn, a; = U(ATu + wTA); 

at least if the three roots c,¢,cs of the cubic M = 0 be arranged in algebraically 

ascending order (357, IX.), so that ¢ < ¢, < ¢3. 

(7.) It may happen (comp. (3.)), that one of these three roots vanishes ; 

and in that case (comp. (2.)), one of the three semiaxes becomes infinite, and 

the surface I. becomes a cylinder. 

(8.) Thus, in particular, if ¢, = 0, or g = — TAp, so that the two other roots 

are both positive, the equation takes (by XII., comp. 3857, XXII.) a form 

which may be thus written, 

Va (SApp)? 49 (SApT nu 4% SupTA)* = TAp - SAu > U2 

and it represents an elliptic cylinder. 

(9.) Again, if c, = 0, or g = SAp, the equation becomes, 

AVI. ...28ApSu0 = 1, 

and represents an hyperbolic cylinder ; the root ¢, being in this case negative, 

while the remaining root c; is positive. 

(10.) But if we suppose that ¢, = 0, or g = TAp, so that c, and c, are both 

negative, the equation may (by 357, XXIII.) be reduced to the form, 

XVII... (SAup)? + (SApTu - Sup TA)? = — TrAu - SAp < 0; 

it represents therefore, in this case, nothing real, although it may be said to 

be, in the same case, the equation of an imaginaryt elliptic cylinder. 

* These relations and a few others mentioned are so useful that, although they occurred in an 
earlier part of the work, it seems convenient to restate them here. 

+ [XV. and XVII. may be directly obtained by means of the identity p= (VAu)-! (SAup + VVAu. p).] 

{ In the Section (III. ii. 6) above referred to, many symbolical results have been established, 
respecting imaginary cyclic normals, or focal lines, &c., on which it is unnecessary to return. But it 
it may be remarked that as, when the scalar function fp admits of changing sign, for a change of 
direction of the real vector p, so as to be positive for some such directions, and negative for others, 

although f(— p) = f(+ p), the two equations, fp = + 1, fp = — 1, represent then two real and conjugate 
hyperboloids, of different species: so, when the function Jp is either essentially positive, or else 
essentially negative, for real values of p, the equation /p = 1 and “p =—1 may then be said to represent 
two conjugate ellipsoids, one veal, and the other imaginary. 
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(11.) It is scarcely worth while to remark, that we have here supposed 

each of the two vectors X and pu to be not only real but actual (Art. 1); for 

if either of them were to vanish, the equation of the surface would take by 

XII. the form, 

XVII... p?=g7, or XVII’... Tp = (- gy, 

and would represent a real or imaginary sphere, according as the scalar 

constant g was negative or positive: X and pw have also distinct directions, 

except in the case of surfaces of revolution. 

(12.) In general, it results from the relations (6.), that the plane of the 

two (real) cyclic normals, A, fy 18 perpendicular to the (real) direction of that 

(real or imaginary) semiaxis, of which, when considered as a scalar (2.), the 

inverse square C, 18 algebraically intermediate between the inverse squares ¢, Cs 

of the other two; or that the two diametral and cyclic planes (Sip = 0, Sup = 0) 

intersect in that real line (VAu) which has the direction of the real wnit-vector 

a, (1.), corresponding to the mean root c, of the cubic equation M=0: all 

which agrees with known results, respecting the circular sections of the (real) 

ellipsoid, and of the two hyperboloids. 

406. Some additional light may be thrown on the theory of the central 

surface 405, I., by the consideration of its asymptotic cone 405, II. ; of which 

cone, by 405, XII., the equation may be thus written, 

I... fp = gp* + SXpup = p*(g — SAu) + 28ApSup = 0 ; 

and which is real or imaginary, according as we have the inequality, 

Upc Ai err mill oe uae Nees 

that is, by 405, (6.), according as the product cc, of the extreme roots of the 

cubic M = 0 is negative or positive; or finally, according as the surface /p = 1 

is a (real) hyperboloid, or an ellipsoid (real or imaginary”). 

(1.) As regards the asserted reality of the cone I., when the condition II. 

is satisfied, it may suffice to observe that if we cut the cone by the plane, 

TV. ..SA(p - p) = - 9, 

the section is a circle of the real and diacentric sphere, 

V... 0? = 28up, or Ve ip ta)? = ps 

* Compare the Note immediately preceding ; also the second Note to page 536, vol. i. 
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and a real circle, because it is on the real cylinder of revolution, 

Aly TV (p a u)UX = (Tig a PTA), 

so that its radius is equal to this last real radical. 

(2.) For example, the cone 

VII. ..8? sf ORT or OVE 2 (SankGn eee nO! 

which under the form VII. occurred as early as 196, (8.), and for which 

A=a, w=, g =SaP - 2a’, and therefore TAu+g>0, the condition II. 

reduces itself to TAu-g>0; or after division by 2Ta’, &e., to the form 

(comp. 199, XIT.), 

AVUEU) Mee( Te Sy ol, or vir... 8 /E>1; 
a a 

and accordingly, when either of these two last inequalities exists, it will be 

found that the sphere 8 p = 1 is cut by the plane 8 P=1 ina real circle, the 
Pp a 

base of a read cone VII. 

(3.) As an example of the variety of processes by which problems in this 

Calculus may be treated, we might propose to determine, by the general 

formula 389, IV., the vector « of the centre of the osculating circle to the 

curve IV. V., considered merely as an intersection of two surfaces. The 

first derivatives of the equations would allow us to assume p’ = VX(p — 1), 

and therefore p” = Ap’; whence, by the formula, we have 

Sp TAL Se GIR IN cS ese Pais Gank GV ATs eelae ie 5 aay Es gx 3 

the section is therefore a circle, because its centre of curvature is constant ; and 

its radius 18, 

Xe. Cre To = 6) a Tptayd HgAt) = (Due GT), 

= the radius of the cylinder VI. 

(4.) When the opposite inequality III. exists, the radius X., the cylinder 

VI., the circle LV. V., and the cone I., become all four imaginary ; the plane 

IV. being then wholly external to the sphere V., as happens, for instance, 

with the plane and sphere in (2.), when the condition VIII. or VIII’. 
is reversed. 
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(5.) In the intermediate case, when 

Rag A ie ON ee os i= LA, 

the radius r in X. vanishes; the right cylinder VI. reduces itself to its 

axis; and the circle IV. V. becomes a point, in which the sphere is touched 

by the plane. In this case, then, the cone I. is reduced to a single (real*) 

right line, which has (compare the equations of the edliptic cylinders, 405, XV. 

XVII.) the direction of ATu-pTA, if g=-TAp, but the perpendicular 

direction of ATu + wT, if g=+ Trp. 

(6.) In general (comp. 405, X.), the equation of the cone I. admits of 

the rectangular transformation, 

XII... Jp = &(Saip)? + ¢(Sazp)? + ¢s(Sasp)? = 0; 

and the two swb-cases last considered (5.) correspond respectively (by 408, (6.) ) 

to the evanescence of the roots c,, c; of the cubic 7 = 0, with the resulting 

directions a, a; of the only real side of the cone. An analogous but 

intermediate case (comp. 405, (9.)) is that when c¢,=0, or g=SAu; in 

which case, the cone I. reduces itself to the pair of (real) planes, 

GDN vy iebvy Se 

namely to the asymptotic planes of the hyperbolic cylinder 405, XVI., or to 

those which are usually the two cyclict planes of the cone. 

(7.) The case (comp. 894, (29.)), 

MV J = BAy (OL! (cL Va. ef = GF ty =.0, 

for which the equation I. of the cone becomes, 

XV...0=/p = 2(SrApSup — p’SAp) = 28(VAp.Vup), 

may deserve a moment’s attention. In this case, the two planes, of Ap and 

up, which connect the two cycle normals X and pu with an arbitrary side p of 

the cone, are always rectangular to each other; and these two normals to the 

cyclic planes are at the same time sides of the cone, which thus is cut in 

* It may however be said, that in this case the cone consists of a pair of imaginary planes, which 
intersect in a real right line. 

t The cones and surfaces which have a common centre, and common values of the vectors A and p, 

but different values of the scalar gy, may thus be said, in a known phraseology, to be diconcyelic. 
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circles, by planes perpendicular to those two sides. And because the equation 

of the cone may (in the same case) be thus written, 

XVI... TV(A + pp = TVA —- p)p, 

while the Jengths of X and pw may vary, if their product TAu be left 

unchanged, so that A+ and X—p may represent any two lines from the 

vertex, in the plane of the two cyclic normals, and harmonically conjugate 

with respect to them, it follows that, for this cone XV., the sines of the 

inclinations of an arbitrary side p, to these two new lines, have a constant 

ratio to each other. 

(8.) In general, the second form I. of fp shows (comp. 394, (23.)), that 

the constant product of the sines of the inclinations, of a side p of the cone 

to the two cyclic planes, has for expression, 

SCVILE cos £2,008 2 2 = 3 (ao ae 8) 
[ 

while the first form I. of the same function fp reproduces the condition of 

reality II., by showing that g: TX is (for a real cone) the cosine of a real 

angle, namely, that of the quaternion product Apup, since it gives the 

relation, 

SSH Bee Dy = SUApup = cos Z Apup = cos Z ere 

(9.) We may also observe that in the case of reality II., with exclusion 

of the sub-case (6.), if as have the direction of the internal axis of the cone, 

so that 

DGD DG ie IER AEA eT IE ihe GD alse cise Lary 

the ¢wo sides (of one sheet) in the plane of Au have the directions, 

XX... pr = cs ?a, + (—¢,) 8a, pr =eotay = (01) mn ; 

if then their mutual inclination, or the angle of the cone in the plane of the 

cyche normals, be denoted by 2b, we have the values, 

eee taht eR NL ec el 2 eee ere 
SSG 65 SP TA 

the angle of the quaternion pup is therefore (by XVIII.), equal to this 

angle 2b, namely to the arcual minor axis of the sphero-conic, in which the 

cone is cut by the concentric unit-sphere. 
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(10.) The same condition of reality II. may be obtained in a quite 

different way, as that of the reality of the reciprocal cone, which is the 

locus of the normal vector, 

.O.0 5 Ce oe = 9p + VApu. 

Inverting this linear function », by the method of the Section III. 11. 6, we 

find first the expression (comp. 354, (12.), and 361, (6.)), 

XXIII... mp = Wy = p?ASdv + NuSuv - g(ASuv + wSrv) + (9? — A*n?)v, 

in which XXIV... m= (g — SAp) (9? — A2u?) = — Cre20s ; 

and next the reciprocal equation (comp. 361, XX VII.), 

XXV... 0 =Srpbv = w?(SAv)? + A?(Suv)? — 2SrAvSuw + (9? - Aw’) Vv’, 

which may be put under the form, 

v v —9 SV ie. con(zy + 22) ne 

the quotient g: TA thus presenting itself anew as a cosine, namely as that 

of the supplement of the sum of the 

inclinations of the normal v (to the 

cone I.), to the two cyclic normals d, pu 

(of that cone); or as the cosine* of ¢ 

7 —A-—b, if a and B denote (comp. 

fig. 80 [vol. i, p. 65] the two 

spherical angles, which the tangent 

are to the sphero-conic (9.) makes 

with the two cyclic arcs: so that by comparison of XXI’. and XXVI. we 

have the relation, 

XXVIL... a4 p= “p+ co=m~ 2% 

Fig. 80, bis. 

r 

* This relation was mentioned by anticipation in 394, (3.); and the relation in XXVII. may 
easily be verified, by conceiving the point of contact P in fig. 80 (vol. ii., page 65) to tend towards a 
minor summit of the conic, or the tangent arc aps to tend to pass through the two points ¢, o’, in 

which the cyclic arcs intersect. 
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(11.) Comparing the expression X- XI’. for cos 2b, with the last expression 

XVIII. for g: TAu, we derive the following construction for a sphero-conie, 

which may easily be verified by geometry :* 

Having assumed two points (L,M) on a sphere, and having described a small 

circle round one of them (say 1), bisect the arcs (Ma) which are drawn to tts 

circumference from the other point; the locus of the bisecting points (P) will 

be a sphero-conic, with the two fixed points for its two cyclic poles (or for the 

poles of its cyclic ares), and with an arcual minor axis (2b) equal to the arcual 

radius of the small circle.t 

(12.) As regards the arcual major awis (say 2a) of the same sphero-conic, 

it is (with the conditions XIX.) the angle between the two sides (comp. XX.), 

XX VIII. © + P3 = Cs 2a ar (- Ca) "a2, ps = 6; 2a, = (- C2) "az 3 

whence (comp. XXI_), 

SORT tan? win 22 © or XT Xeno Da eae een ies 
— Ca Soy ar (Gs 

and therefore, a few easy reductions being made, 

IG ape ue +su§)| = cos 3.24; 

from which we can at once infer, that if a focus of the conic be determined, 

by drawing from a minor summit to the major axis an are equal to the 

major semiaxis a, the minor awxis subtends at this focus (or at the other) a 

spherical angle equal to the angle between the two cycle arcs. 

(13.) For the two real unifocal transformations of the equation of the cone, 

or the forms, 

XXXI... a(Vap)'+5(SBp)?=0, and KXXY...a(Va'p) +5(S'p)’ = 0, 

with one common set of real values of the scalar coefficients, a and b, but with 

two real focal unit lines a, a’, and two real directive normals 3, 2’ corresponding, 

it may be sufficient here to refer to the sub-articles to 358; except that it 

should be noticed, that if the cone be read, and if the line a; have the direction 

* In fact, the bisecting radii or are parallel to the supplementary chords m’a, if um’ be a diameter 
of the sphere; and the locus of all such chords is a cyclic cone, resting on the small circle as its base. 

. [ By quaternions, if OQ@=K, UKue} = U (pum)? or Uk =— Upmp, &c. | 
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of its internal axis, so that the inequalities XIX. are satisfied, and therefore 

also (by 405, (6.)), 

A eee or oot 

instead of the inequalities 358, III., or 359, XXXVII., we are now to 

change, in the earlier formule referred to, the symbols ¢,¢,¢;a:a,a3 to 

C3CiC2a3a,a2, SO that we have now the values, 

XXXII. ..a=-G, b=e,-c,+0, if TB =TP’ =1. 

(14.) And as regards the interpretation of the unifocal form XXXI., with 

these last values, it is evidently contained in this other equation, 

XXXIV... sin z ©. sec02 & = usp = (Saas) const. ; 
a 3 ae Sp al 

the sines of the inclinations of an arbitrary side (p) of the cone, to a focal line 

(a), and to the corresponding director plane (1 (3), thus bearing to each other 

(as is well known) a constant ratio, which remains unchanged when we pass 

to the other (real) focal line (a’), and at the same time to the other (real) 

director plane (1): and the focal plane of these two lines (a, a’) being 

perpendicular to that one of the three axes, which corresponds to the root 

(here c; by XXXII.) of the cubic, of which the reciprocal is algebraically 

intermediate between the reciprocals of the other two. 

(15.) It is, however, more symmetric to employ the bifocal transformation 

(comp. 3860, VI.*), 

XXXYV...0 = (Sap)* — 2eSapSa’p + (Sa’p)? + (1 - &)p’; 

in which the scalar constant e has the value (comp. XXIX’.), 

XXXVI... e = cos 2a; 

and a, a’ are the ¢wot real and focal unit lines, recently considered (13.). 

* It is to be remembered that, in the formula here cited, the symbols a, a’ did mot denote unit- 

vectors. 

+ When those two vectors a, a’ remain constant, but the scalar e changes, there arises a system of 

biconfocal cones: or, by their intersections with a concentric sphere, a system of diconfocal sphero- 

conics. Compare the second Note to page 191. 
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(16.) The equation XXXV., for the case of a real cone, may be thus 

written (comp. XX VI. XXXYVI.), 

REQ ENGY Db aoe Vise heros! elo qe 
a a 

the swm* of the inclinations of the side p to the two focal lines a, a’ being 

thus constant, and equal (as is well known) to the major axis of the spherical 

conic: and although, when e > 1, the cone becomes imaginary, yet it is then 

asymptotic to a real ellipsoid, as we shall shortly see. 

407. The bifocal form (406, XXXYV.) of the equation of a cone may 

suggest the corresponding form, 

I...C= Cfp = (Sap)’ — 2eSapSa’p + (Sa’p)* + (1 — &°)p?, 

in which a and a’ are given and generally non-parallel unit-lines, while e and 

C are scalar constants, as capable of representing generally (comp. 360, (2.), 

(3.)) a central but non-conical surface (fo = 1) of the second order. And we 

shall find that if, in passing from one such surface to another, we suppose 

a and a’ to remain unchanged, but e and C to vary together, so as to be always 

connected by the relation, 

II...C = (e& - 1) (e+ 8e v’)/?, 

in which 7 is some real, positive, and given scalar, then all the surfaces 

I. so deduced, or in other words the surfaces represented by the common 
equation, 

ede oF (Sap)? 7 2eSapSa’p oe (Sa’p)? as (1 ‘a e*) p? LL... 2 = bijp = Sep = 2 hee ee ne 

with e for the only variable parameter, compose a Confocal System. 
(1.) The scalar form III. of fp gives the connected vector form, 

S(a = ea’) or a’ S(a’ ts ea) + (1 - e’) 
LeVine eset = pT ieee ey fo sae ae eee 

‘ ; ie (e? — 1) (e + Saa’) h 

* Or the difference, according to the choice between two opposite directions, for one of the two 
focal lines. The angular transformation XXXVII. may be accomplished, by resolving the equation 
XXXYV. as a quadratic in e, and then interpreting the result. 
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which may also be thus written, with the value II. of C, 

V... Cv = Cop = (a — ea’) Sap + (a’ - ea)Sa’p + (1 - &)p, 

so that the function @ is se/f-conjugate, as it ought to be. 

(2.) And because we have thus, 

VI... (@-1) ga =a'-ea, (e —1)l?ha’ =a - ea’, 

if we write, for abridgment, 

VIl...@=(e+ 1), = (e+ 8aa)?*, ¢& = (e—1)P, 

we shall have the values,’ 

o(ata)=-a*(at+a), 

VIII... 4¢Vac == — b* Vad, 

g(a-a) =-c*%(a-a’) ; 

comparing which with 405, (1.), (2.), we see that the three (real or imaginary) 

lines, 
EXofaeeU (net no WebUaVan tec Oana: 

of any one of which the direction may be reversed, are the three vector 

semiaxes of the surfaces fo =1; and therefore, by VII., that the system III. 

is one of confocals, as asserted. 

(3.) The rectangular transformations, scalar and vector, are now (comp. 

405, X., and 357, V. VIII.) : 

(SpU(a + a’))? i} (SpU Vaa’)’ (SpU(a - a’))? 
Kin Bal ip = e+ 1 e+Sa’ ~—e- 1 

U(a + a’). SpU(a + a’ UVaa’. Sp U Vaa’ 
ME, Hy a Pigp = eens Be ES | cee 

U(a - a’). SpU(a - a) 
1 er  — prRET E H 

e-1 

which can both be established, by the rules of the present Calculus, in several 

other ways, and from the first of which it follows that (as is well known) 

through any proposed point p of space there can in general be drawn ‘three 

confocal surfaces, of a given system III.; one an ellipsoid, for which e > 1, 
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and therefore a> l?>c>03; another a single-sheeted hyperboloid, for which 

e<1l,e>-Sad’, @>b?>0>c’; and the third a double-sheeted hyperboloid, 

for which e <—-Saa’,e>-1,a7>0>0'>¢. 

(4.) From the other rectangular transformation XI. it follows, that if 

we denote by v1 =¢,0 what the normal vector v = ¢p becomes, when p 

remains the same, but e is changed to a second root e, of the equation III. 

or X. of the surface, considered as a cubic in e, then 

XII... + — = Pg, = Pd = Poidp = ?bo.p 3 
é; —e 

but 
XIII. . . Son, = Spv = fp = /p = 1, 

f,e being formed from /p, by the substitution of e, for e; therefore, 

XIV...0= Spon = Svidp = Suv, 

and the known theorem results, that confocal surfaces cut each other 

orthogonally.* 

(5.) It follows, from V. and VI., that the inverse function pp can be 

expressed as follows: 

XV... gp = /?(aSa'p + a’Sap) — bp; 

or that p may be deduced from v by the formula, 

XVI... p= 7v = (aSa’v + a’Sav) — Bp, 

which can easily be otherwise established. Hence (comp. 361, (4.)), the 

equation of the surface reciprocal to the surface I. or IIL., or of that new 

surface which has v (instead of p) for its variable vector, is 

XVIL..1=M= Svp ly = 2/’SavSa’v — b’v?; 

the fixed focal lines a, a’ of the confocal system III., or of the corresponding 

system of the asymptotic cones, becoming thus (in agreement with known 

results) the fixed cyclic normals (or cyclic lines, comp. 3861, (6.)) of the 

reciprocal system XVII. 

* We shall soon see that the same formula XII., by expressing that v, v1, and vi or iy are 
complanar, contains this other part of the known theorem referred to, that the intersection is a line of 

curvature, on each of the two confocals. [Compare 410, (12.).] 
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(6.) In thus deducing the equation XVII. from III., no use has been 

made of the rectangular transformations X. XI., of the functions fp and gp. 

Without the transformations last referred to, we could therefore have 

inferred, by a slight modification of the form XVII., that the reciprocal 

surface (Fv = 1) with »v for its variable vector, which has the same rectangular 

system of directions for its three semiaxes as the original surface (fp = 1), but 

with inverse squares (the roots of its cubic) equal to the direct squares of the 

original semiaxes, has for equation (comp. 405, XII.), 

XVIII...1 = My =/?(Sava'v — ev’) = Srvuv + gr’, 
if 

XIX...A=la, pa=la, g=-el?=-eTry; 

the values VII. of a’, 0, & being thus deduced anew, but by a process quite 

different from that employed in (2.), under the forms (comp. 405, XIIT.), 

XX...@=c6=-9+Tr\u; P=aQ=-g+8Au; C=q=-g- Try; 

while the directions [X. of the corresponding semiaxes may be deduced as 

those of a3, a2, a;, from the formule 405, XIV. 

(7.) If the symbol w(v), or simply wy, be used to denote a new linear and 

self-conjugate vector function of v, defined by the equation, 

XXI.. . wy = pSpv — 7?(aSa’v + a’Sav), 

with p here treated as a vector constant, then (because Spy = 1) the equation 

XVI. may be thus written (comp. 354, &c.), 

XXL (wb vO: 

the three rectangular directions, of the three normals v, v1, v2 to the three 

confocals through P, are therefore those which satisfy (comp. again 354) the 

vector quadratic equation, 

XXIII... Vuwy = 0; 

and they are the directions of the axes of this new surface of the second order 

(comp. 357, &c.), 

XXIV... Svwy = (Sov)? - 2/*SavSa’y = 1, 

in which p is still treated as a constant vector, but v as a variable one. 

(8.) The inverse squares of the scalar semiaxes of this new surface (Sywy = 1) 

are the direct squares 0°, 0,”, b,? of what may be called the mean semiazes of 



200 ELEMENTS OF QUATERNIONS. PUTS tit Sai 

the three confocals ; these Jatter squares must therefore be the roots of this 

new cubic, 
XXV...0=m+m0 + m’(b")? + (07), 

in which the coefficients m, m’, m’, deduced here from the new function w, 

as they were deduced from ¢ in the Section III. 11. 6, have the values, 

m = t'(Saa‘p)’; 

XXVI...4m’ = l*(Vaa’)? + 20°8(Vap .Va'p) ; 

m” = p*? — 21’Saa’. 

Accordingly, if we observe that (because Ta = Ta’ = 1) we have among 

others the transformation, 

XXVIII... (Saa’p)? = p?(Vaa’)’ — (Sap)? — 2Saa’8apS8a’p — (Sa’p)’, 

we can express this last cubic equation XXV., with these values XX VI. of 

its coefficients, under the form, 

XXVIII... 0 = (0? + p*) {(0? — 7’Saa’)? - 14} 

+ 217(b? — I’Saa’) SapSa’p — 14((Sap)* + (Sa’p)’) ; 

which, when we change 2? by VII. to its value /’(e + Saa’), and divide by /*, 

becomes the cwdic in e, or the equation III. under the form, 

XOX LX. = (e = 1) {2?(e a Saa’) ar p°} 5 2eSapSa’p me (Sap)? = (Sa’p)*. 

(9.) As an additional test of the consistency of this whole theory and 

method, the directions of the three axes of the new surface XXIV., or those 

of the three normals (7.) to the confocals, or the three vector roots (354) of 

the equation XXIII., ought to admit of being assigned by three expressions 

of the forms, 
nv =o + bya + d'o, 

XXX. ee VNV, = Wo: ai bx; + b,'01, 

NeVq = poz ae b,° yor se b,'o2 5 

in which 0?, b,’, 6.’ are the three scalar roots of the cubic XXV. or XXVIIL., 

while o, oi, o, are three arbitrary vectors; n, m, n2 are three scalar coefficients, 

which can be determined by the conditions Spy = Spm = Spr, = 1 (comp. 

XIII.) ; and ~, x are two new auwiliary linear and vector functions, to be 

deduced here from the function w, in the same manner as they were deduced 

from ¢ in the Section lately referred to. 
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(10.) Accordingly, by the method of that Section, taking for convenience 

the given* vector p (instead of the arbitrary vectors o, o1, o:) as the subject 

of the operations ~ and x, we find the expressions, 

XXXI... Yo = /*Vaa'Saa'p, yp = l’(aSa’p + a’Sap — 2p8aa’) ; 

whence, after a few reductions, with elimination of n by the relation Spv = I, 

and by the cubic in 0°, the first equation XXX. becomes: 

XXXIT... 0 = (bv + p) {(8? — Saa’)? - 1} 

+ 1?(B? — l’8aa’) (aSa’p + a'Sap) — /4(aSap + a’Sa’p) ; 

which is in fact a form of the relation between v and p, for any one of the 

confocals, as appears (for instance) by again changing J? to /?(e + Saa’), and 

comparing with the equation LV. 

(11.) Another and a more interesting auxiliary surface, of which the axes 

have still the directions of the normals v, is found by inverting the new linear 

function w, or by forming from XXII. the inverse equation, 

AXXIT. .. (wt + 67) v=0; 
in which, 

XXXIV... wy. (Saa’p)*? = Vaa’Saa’v + 7°(VapSa’pv + Va'pSapyv) ; 

and from which it follows that the normals v to the confocals through P have 

the directions of the aves of this new cone, 

XXXV...Sywtv=0, or XXXVI... 0 = /*(Saa’v)? + 28apvS8a'pr, 

with p treated as a constant, as before. 

(12.) The vertex of this auxiliary cone being placed at the given point Pp, 

of intersection of the three confocals, we may inquire in what curve is the 

cone cut, by the plane of the given focal lines, a, a’, drawn through the common 

centre o of all the surfaces III. Denoting by o = ¢a+ a’ the vector of a 

point s of this sought section, and writing 

XXXVIT...v=c0-p=tatta -p, 

the equation XXX VI. gives the relation, 

MOR Vb ieee 5 

* The general expressions for yo and xo include terms, which vanish when o = p. 
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the section is therefore an hyperbola, which is independent of the point Pp, and 

has the focal lines of the system for its asymptotes. And because its vector 

equation may be thus written (comp. 371, II.), 

XXXIX, co =ta+ sta, 

or what may be called its guaternion equation as follows (comp. 871, I.), 

XL... 2Vac.Voa’ = ?(Vaa’)’, 

it satisfies the two scalar equations, 

XLI...m=0,; m’ =0, 

with the significations XX VI. of m and m’; it is therefore that important 

curve, which is known by the name of the Focal Hyperbola:* namely the 

limit to which the section of the confocal surface by the plane of its extremet 

awes tends, when the mean axis (26) tends to vanish. We are then led thus to 

the known theorem, that if, with any assumed point P for vertex, and with the 

Socal hyperbolat for base, a cone be constructed, the axes of this focal cone have 

the directions of the normals to the confocals through P. 

(13.) As regards the Focal Ellipse, its two scalar equations may be 

deduced from the rectangular form X., by equating to zero both the 

numerator and the denominator of its last term; they are therefore, 

DOMME SK ay ORI eae dictttics oCae taal 
S fad’ )’ 

the curve being thus given as a perpendicular section of an elliptic cylinder, 

with 7,/2 and 7,/(1 + Saq’), or (a? — ¢?)? and (0? — c’)3, for the semiaxes of 

its base, or of the ellipse itself. 

(14.) The same curve may also be represented by the equations, 

XLIII... Sap = Sa’p, TVap = (8 - 3, 
or 

XL 0k Sep ascot Vest Oe)": 

* Compare the Notes to pages 240, vol. i., and 17, vol. ii. 

+ Namely, those two of which the squares algebraically include between them that of the third ; 
this latter being, for the same reason, considered here as the mean. 

{ We shall soon see that quaternions give, with equal ease, a more general known theorem, in 
which this is included as a limit. [Compare 408, (13.), page 214. ] 
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which express that it is the common intersection of its own plane (1 a — a’) 
with two right cylinders,* which have the two focal lines a, a’ of the system 

for their aves of revolution, and have equal radii, denoted each by the radical 

last written. 

(15.) In general, the unifocal form (comp. 406, (18.)) of the equation IIL, 
namely, 

ROT Vow aa Vie (1 = e”) ((Vap)’ TP b”) =F (S(a’ = ea)p)’, 

in which a and a’ may be interchanged, shows that the two equal right 

cylinders, 

XLY...(Vap)?+@=0, XLV’... (Va’p)?+h=0, 
or 

XLVI... TVap = 8, XLVI’... TVa’'p = 8, 

which are real if their common radius b be such, that is, if the confocal (e) be 

either an ellipsoid (supposed to be rea/), or else a single-sheeted hyperboloid, 

and which have the focal lines a, a’ of the system for their aves of revolution, 

envelopet that confocal surface ; the planes of the two ellipses of contact (which 

again are real curves, if b be real) being given by the equations, 

XLVIT. ..S(a’ - ea)p = 0, XLVIIT’...S(a-ea’)p=0; 

so that they pass through the centre o of the surface (or of the system), and 

are the (real) director planes (comp. 406, (14.)) of the asymptotic cone (real or 

imaginary), to the particular confocal (e). 

(16.) Whether the mean semiawis (b) be real or imaginary, the surface 

III. (supposed to be itself rea?) is always, by the form XLIV. of its 

equation, the Joous of a system of real ellipses (comp. 404, (1.)), in planes 

parallel to the director plane XLVII., which have their centres on the focal 

line a, and are orthogonally projected into circles on a plane perpendicular to 

that line. 

(17.) The same surface is also the locus of a second system of such ellipses, 

related similarly to the second focal line a’, and to the second director 

* The reader may consult page 513 of the Lectures, for the case of this theorem which answers to 

a given ellipsoid. The focal ellipse may also be represented generally by the expression (comp. page 
417, vol. i., of these Elements), 

p = (a? — 0%)® V. af U(a + a’) ; 

or by the same expression, with a and a’ interchanged. 

+ Compare pages 202, 236, 241, 316, vol. 1. 
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plane XLVII’.; and it appears that these two systems of elliptic sections of 

a surface of the second order, which from some points of view are nearly 

as interesting as the circular sections, may conveniently be called its Centro- 

Focal Elhipses. 

(18.) For example, when the first quaternion form (204, (14.), or 404, I.) 

of the equation of the ellipsoid is employed, one system of such ellipses 

coincides with the system (204, (13.)) of which, in the first generation* of the 

surface, the ellipsoid was treated as the Jocus; and an analogous generation 

of the two hyperboloids, by geometrical deformation of two corresponding 

surfaces of revolution, with certain resulting homologies (comp. sub-arts. to 

274), through substitution of (centro-focal) ellipses for circles, conducts to 

equations of those hyperboloids of the same unifocal form; namely, if a and 

have significations analogous to those in the cited equation of the ellipsoid 

(so that 8 and not a is here a focal line), 

XLVIUL.. (s a (v5) = 1; 

the upper or the lower sign being taken, according as the surface consists of 

one sheet or of two. 

(19.) It may also be remarked that as, by changing ( to a in the 

corresponding equation of the ellipsoid, we could return (comp. 404, (1.)) 

to a form (403, XI.) of the equation of the sphere, so the same change in 

* Besides that jirst generation (I) of the Ellipsoid, which was a double one, in the sense that a 
second system (17.) of generating ellipses might be employed, and which served to connect the surface 

with a concentric sphere, by certain relations of homology (274); and the second double generation or 

construction (II), by means of either of two diacentric spheres (217, (4.), (6.), (7-), and 220, (3.)), 

which was illustrated by fig. 53 (page 234, vol. i., and page 184, vol. ii.) : several other generations 
of the same important surface were deduced from quaternions in the Lectures to which it is only 

possible here to refer. A reader, then, who happens to have a copy of that earlier work, may consult 
page 499 for a generation (III) of a system of two reciprocal ellipsoids, with a conumon mean axis (26), 

by means of a moving sphere, of which the radius (= b) is given, but of which the centre has the 

original ellipsoid for its locus; while the corresponding point on the reciprocal surface, and also the 

normals at the two points, are easily deduced from the construction. In page 502, he will find 
another and perhaps a simpler generation (IV), of the same pair of reciprocal ellipsoids, by means of 
quadrilaterals inscribed in a fixed sphere (the common mean sphere, comp. 216, (10.)); the directions of 

the four sides of such a quadrilateral being given, and one pair of opposite sides intersecting in a point 
of one surface, while the other pair have for their intersection the corresponding point of the other (or 

reciprocal) ellipsoid. In the page last cited, and in the following page, there is given a new double 
generation (V) of any one ellipsoid ; its circular sections (of either system) being constructed as 

intersections of two equal spheres (or spheric surfaces), of which the line of centres retains a fixed 

direction, while the spheres slide within two equal and right cylinders, whose axes intersect each other 
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XLVIII. conducts to equations of the equilateral hyperboloids of revolution, 

of one sheet and of two, under the very simple forms* (comp. 210, XI.), 

eM and L...8(2)=41; 
a 

XLIX...8 (2) 
a 

in which it seems unnecessary to insert points after the signs S, and of which 

the geometrical interpretations become obvious when then they are written 

thus (comp. 199, V.), 

ieee TE = /s00 2(F- 22 
a 

), Te ee ee can ia a 
2 a a a 

where T? = op: oA, while Z P is the inclination aor of the semidiameter or 
a a 

to the avis of revolution oa, and 7 _ ,? is the inclination of the same 
2 a 

semidiameter to a plane perpendicular to that axis. 

(20.) The real cyclic forms of the equation of the surface III. might be 

deduced from the unifocal form XLIV., by the general method of the 

sub-articles to 359; but since we have ready the rectangular form X., it is 

simpler to obtain them from that form, with the help of the identity, 

Pies ph a(SaU lana) tS. UVar te (Sala a’), 

by eliminating the jirst of these three terms for the case of a single-sheeted 

(in the centre of the generated surface), and of which the common radius is the mean semiaxis (0). 
Finally, in page 699 of the same volume, there will be found a new generation (V1) of the original 
ellipsoid (abc), analogous to the generation (IV) by the fixed (mean) sphere, but with new directions of 

the sides of the quadrilaterals, which are also (in this dast generation) inscribed in the circles of a 
certain mean ellipsoid (or prolate spheroid) of revolution, which has the mean axis (20) for its major 
axis, and has two medial foci on that axis, whose common distance from the centre is represented by 

the expression, 

V (a? — 62) V(B2 — c2) 
V(a?—B +e) ’ 

the common tangent planes, to this mean (or media/) ellipsoid, and to the given (or generated) ellipsoid 

(abe), which are parallel to their common axis (26), being parallel also to the two uwmbilicar diameters 
of the latter surface. 

* The same forms, but with o for p, and B for a, may be deduced from XLVIII. on the plan of 

274, (2.), (4.), by assuming an auxiliary vector o such that § - = +8? ana ve = hiss ; the - 

homologies, above alluded to, between the general hyperboloid of either species, and the equilateral 

hyperboloid of revolution of the same species, admitting also thus of being easily exhibited. 
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hyperboloid (for which b? > a* > 0 >); the second for an ellipsoid 

(c? > b* > a*® > 0); and the third for a double-sheeted hyperboloid 

(a ee0se an Sa Oe). 

(21.) Whatever the species of the surface III. may be, we can always 

derive from the unifocal form XLIYV. of its equation what may be called 

an Exponential Transformation; namely the vector expression, 

TaN sete p=ta+t yVa'p3, vahdae Wal ORE vfa + yf UVa = | ; 

the scalar exponent, t, remaining arbitrary, but the two scalar coefficients, 

wand y, being connected by this last equation of the second degree: provided 

that the new constant vector (3 be derived from a, a’, and e, by the formula, 

i (a’ . ea) U Vaa’ 

a} e+ Sad’ 
LVL..p b 

which gives after a few reductions (comp. the expression 315, III. for a’, 
when Ta = 1), 

TVIESOVaR 2 Vanes (al? ei B40, WRaao es 

VIL aVal b= SS wen Vaa oo, as 

LIX.: «V¥uaVa'B = a'UVae =T1; 

LX... S(a’ - ea)p = (e+ Saa’), Vap = ya'UVaa' ; 
while 

TEX ye foie as oe cand tas Oey eer Vet te 

(22.) If we treat the exponent, t, as the only variable in the expression 

LIV. for p, then (comp. 314, (2.)) that exponential expression represents 

what we have called (17.) a centro-focal ellipse ; the distance of its centre 

(or of its plane) from the centre of the surface, measured along the focal 

line a, being represented by the coefficient x; and the radius of the right 

cylinder, of which the ellipse is a section, or the radius of the circle (16.) 

into which that ellipse is projected, on a plane 1a, being represented by 

the other coefficient, y: while 4¢r is the excentric anomaly. 

(23.) If, on the contrary, we treat the exponent ¢ as given, but the 
coefficients « and y as varying together, so as to satisfy the equation LY. 
of the second degree, the expression LIV. then represents a different section 
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of the surface IlI., made by a plane through the line a, which makes with 

the focal plane (of a, a’) an angle = ae this latter section (like the former) 

being alcays real, if the surface itse/f be such: but being an el/ipse for an 

ellipsoid, and an hyperbola for either hyperboloid, because 

DRT... fact Naa ac by LXL.and. LX. 

(24.) And it is scarcely necessary to remark, that by interchanging 

a and a’ we obtain a Second Exponential Transformation, connected with 

the second system (17.) of centro-focal ellipses, as the first exponential trans- 

formation LIY. is connected with the first system (16.). 

(25.) The asymptotic cone fp = 0 has likewise its two systems of centro- 

Jocal ellipses, and its equation admits in like manner of two exponential 

transformations, of the form LIV.; the only difference being, that the 

equation LY. is replaced by the following, 

LXIV. .. #fa+ ¥fUVad’' = 0, 

in which, for a real cone, the coefficients of a and y* have opposite signs 

by (23.). 
(26.) Finally, as regards the confocal relation of the surfaces III., which 

may represent any confocal system of surfaces of the second order, it may 

be perceived from (4.) that an essential character of such a relation is 

expressed by the equation, 

EMV. << Vv,ov, = Vo; 

which may perhaps be called, on that account, the Hguation of Confocals. 

(27.) It is understood that the two confocal surfaces here considered, are 

represented by the two scalar equations, 

LIV LY. Sp¢p = i Sp¢p 1 Or AGA Lee, Jp = in Sp at ie 

and that the two linear and vector functions, v and v, of an arbitrary vector p, 

which represent normals to the two concentric and similar and similarly 

posited surfaces, 
LXVII... 7 =const., fp = const., 

passing through any proposed point Pp, are expressed as follows, 

LXVITI...v= op, v,= pp. 
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(28.) It is understood also, that the two surfaces LXVI. or LXYVI’. 

are not only concentric, as their equations show, but also coawral, so far as 

the directions of their aves are concerned: or that the two vector quadratics 

(comp. 304), 

LXIX...Vp¢p = 0, and UXX. 1. Vodp = 0; 

are satisfied by one common system of three rectangular unit lines. And with 

these understandings, it will be found that the equation LXY., which has 

been called above the Equation of Confocals, is not only necessary but 

sufficient, for the establishment of the relation required. 

(29.) It is worth while however to observe, before closing the present 

series of sub-articles, that the equations XII., and those formed from them 

by introducing e, and 1», give the following among other relations: 

LXXI. _fUy, = (0° = 6,7)" = —-fiUr; 5A = (6, == gh Pe = —f,Uy, ; &e. ; 

and XXL ee vee eae eT Gare ee 
and therefore, 

LXXIII. . .f,{(d.2 - 6,°)2Uv. + (b,2 - )*Uv} = 0; 

whence it is easy to see that the two vectors under the functional sign A, in 

this last expression have the directions of generating lines of the stngle- 

sheeted hyperboloid (e,) through p, if we suppose that 0,’ > b,>>0> 6’, so 

that the confocal (e,) is here an ellipsoid, and (e) a double-sheeted hyperboloid. 

(30.) But if « be taken to denote the variable vector of the ausiliary 

surface XXIV., the equation of that surface may by (7.) and (8.) be 

brought to the following rectangular form, with the meaning XXI. of w, 

LXXIV. . . 1 = Sowo = (Spc)? - 27’Sac8a’o = 6?(Sa Uv)? 

+ b(ScU)? + 6,?(ScUv,)? ; 

hence, with the inequalities (29.), its cyclic normals, or those of its asymptotic 

cone Sowo = 0, or the focal lines of the reciprocal cone Sow c = 0, that is of 

the cone XXXVI., or finally the focal lines of the focal* cone (12.), which 

rests on the focal hyperbola, have the directions of the lines LXXIII.; those 

focal lines are therefore (by what has just been seen) the generating lines of the 

hyperboloid (e,), which passes through the given point P. 

(31.) And for an arbitrary o we have the transformation, 

LXXYV. .. 7° (Spc)? — Saca’s = e (SoUv)* + e(ScUr,;)? + e.(ScUr,)’. 

* A more general known theorem, including this, will soon be proved by quaternions [page 213]. 
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408. The general equation™ of conjugation, 

ee hori) mal’: 405, III. 

connecting the vectors p, p’ of any two points Pp, P’ which are conjugate with 

respect to the central but non-conical surface fp = 1, may be called for that 

reason the Equation of Conjugate Points; while the analogous equation, 

II... f(p, p’) = 0, 

which replaces the former for the case of the asymptotic cone fp = 0, may be 

called by contrast the Hquation of Conjugate Directions: in fact, it is satisfied 

by any two conjugate semidiameters, as may be at once inferred from the 

differential equation f(p, dp) = 0 of the surface 7p = const. (comp. 362). Hach 

of these two formule admits of numerous applications, among which we 

shall here consider the deduction, and some of the transformations, of the 

Equation of a Circumseribed Cone, 

TIT... (f(p, 6’) - 1)? = (fp - 1) ('- 1); 

which may also be considered as the Condition of Contact, of the right line pr’ 

with the surface fp = 1. 

(1.) In this last view, the equation III. may be at once deduced, as the 

condition of equal roots in the scalar and quadratic equation (comp. 216, (2.) 

and 316, (80.)), 
? 

IV... 0=f(ap +2’p’) - (a +2), 
or 

V...0=a(fp — 1) + 2x0'(f(p, p’) - 1) + (fp - 1); 

which gives in general the two vectors of intersection, as the two values of the 

pean ae pe: 
expression iat i . 

w+ aw 

* For the novation used, Art. 362 may be again referred to. [On page 550, vol. i., are printed 

the formule 

F (ps p') =F (p's p) = Spop’ = Sp'gp, 

F (ps p) =Sp, 

which sufficiently explain the notation employed.] 

and 
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(2.) If we treat the point P’ as given, and denote the two secants drawn 

from it in any given direction r by ty'r and ¢,"7, then ¢, and ¢, are the roots 

of this other quadratic, f(o’ + ¢ 7) = 1, or 

VI... 0=f(ip' +7) - P= (fp - 1) + 2if/(p, 7) +7; 

denoting then by ¢,'r the harmonic mean of these two secants, so that 

2t) = 4, +t, and writing p = p’ + t.!r, we have 

Veni inm ip =f (p’; t), J (oe, p’) =1; 

we are then led in this way to the formula I., as the Equation of the Polar 

Plane of the point Pp’, if that plane be here supposed to be defined by its 

well-known harmonic property (comp. 215, (16.), and 316, (31.), (82.)). 

(3.) At the same time we obtain this other form of the condition of contact 

TII., as that of equal roots in VI., 

VIII. flees) = fr. (fe - 1), 

the first member being an abridgment of (/(0’, r))?: and because this last 

equation VIII. is homogeneous with respect to 7, it represents a cone, namely 

the Cone of Tangents (7) to the given surface fp = 1, from the given point P’. 

Accordingly it is easy to prove that the equation III. may be thus written, 

EX Sleep) ST (p ap) ie t), 

under which last form it is seen to be homogeneous with respect to p — p’. 

(4.) Without expressly introducing 7, the transformation IX. shows that 

the equation III. represents some cone, with the given point P’ for its vertex ; 

and because the intersection of this cone with the given surface is expressed by 

the square of the equation I. of the polar plane of that point, the cone must 

be (as above stated) circumscribed to the surface fp = 1, touching it along the 

curve (real or imaginary) in which that surface is cut by that plane I. 

(5.) Another important transformation, or set of transformations, of the 

equation III. may be obtained as follows. In general, for any two vectors 

p and p’, if the scalar constant m, the vector function ~, and the scalar 

function F, be derived from the linear and vector function ¢, which is 

here se/f-conjugate (405), by the method of the Section III. ii. 6, we have 

successively, 

X...f(p, p’)’ ~ fe « So” = Sepp’. Se’bp — Sppp - Sepp’ = S (Voep’. Vopgo’) 
=8. pp'bVpp’ = mS . ppp" Vpp! = mF V pp’ ; 
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and thus the equation III. of the circumscribed cone becomes, 

XI... mFVpp'+f(p-p)=0, or XII... mF Vr’ + fr = 9, 

if r=p-—p’ be a tangent from v’. Or because gf =m, and m =— Cilals 

=- abc", by 406, XXIV., we may write (with r = p — p’) either 

XIII... 0 = Srptr + Supt, if v= Vrp" = Vop’, 
XIV. Ac FV pp’ — abet 

(p 4 0’), 
or 

as the condition of contact of the line pp’ with the surface fp = 1.* 

(6.) A geometrical interpretation, of this last form XIV. of that condition, 

can easily be assigned as follows. Supposing at first for simplicity that the 

surface is an ellipsoid, let p be the point of contact, so that fp =1, f(p, 7) =93 
and let the tangent pr’ be taken equal to the parallel semidiameter oT, so 

that fr =f(o-p’)=1. Then, with the signification XIII. of v, the equation 

XIV. becomes, 
SV feo = Tr. 6/ Uv abe; 

in which the factor Tv represents the area of the parallelogram under the 

conjugate semidiameters op, or of the given surface /p = 1; while the other 

factor ,/F'Uv represents the reciprocal of the semidiameter of the reciprocal 

surface Fv =1, which is perpendicular to their plane por; or the perpen- 

dicular distance between that plane, and a parallel plane which touches the 

given ellipsoid: so that their product ,/ Fv is equal, by elementary principles, 

to the product of the three semiaxes, as stated in the formula XV. And 

the result may easily be extended by squaring, to other central surfaces. 

(7.) It may be remarked in passing, that if p, o, r be any three conjugate 

semidiameters of any central surface 7p = 1, so that 

XVI. ° Jo =fo=fr = 1, and XVII. ° . I (p, ¢) =) yc) = 77, p) = 0, 

* [The constituents of these auxiliary vectors v and r correspond to Pliicker’s six coordinates of a 

right line. A scalar equation of the type f(v, r) = 0 represents a complex of right lines provided the 
relation is independent of the absolute magnitudes of the tensors of vand +. The lines of the complex 

which pass through the extremity of a given vector p’ lie on the cone f(Vrp’, 7) = 0, 7 being variable. 

Moreover, if SAp = 1, Sa’p = 1 are the equations of any pair of planes through the right line (v, 7), 
and if we take the new auxiliary vectors 71 = A — A’ and v1 = VAX’, it is easy to prove that 71 = wv 
and vi = #7, x being a scalar. Thus we may replace v and 7 by 71 and uv, respectively in the equation 
of the complex, and we have f(71, vi) = 0 or f(71, VriA‘) = 0. The second of these equations when 
d’ is regarded as known, and 7; as variable represents the reciprocal of the cone whose vertex is at 

the origin and which is touched by the lines of the complex which lie in the arbitrary plane Sa’p = 1.] 
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and if wp + yo + %r be any other semidiameter of the same surface, we have 

then the scalar equation, 

XVIII... f(ept+yot+erlevrtyt+e2=1; 

a relation between the coefficients, 7, y, s, which has been already noticed 

for the ediipsoid in 99, (2.), and in 402, I., and is indeed deducible for that 

surface, from principles of real scalars and real vectors alone: but in extending 

which to the hyperboloids, one at least of those three coefficients becomes 

imaginary, as well as one at least of the three vectors p, a, rt. 

(8.) Under the same conditions XVI. XVII., we have also, 

XIX... Vos = + abeor = + (- m)or; 

XX. ..7=+ (—m)*6 Vpo = F (— m)4Vdpdo ; 

XXII... Spor =+ abe =+ (-—m)4; 

together with this very simple relation, 

XXIT. . . Spor . Sppgogr = - 1. 

(9.) Under the same conditions, if wp + yo + er and wp + 9a + 27 have 

only conjugate directions, that is, if they have the directions of any two 

conjugate semidiameters, the six scalar coefficients must satisfy (comp. II.) 

the equation, 
XXIII... aa’ + yy’ + 22’ = 0. 

(10.) The equation VIII., with p for p’, may be written under the form, 

XXTIV...0=Sor=Srur, if XXV... 6 =wr = dpSpgr + gr(1—- fp), 

= a new linear and vector function, which represents a normal to the cone of 

tangents from Pp, to the surface fo =1. Inverting this last function, we find 

os Pp 

AVL Aer = ono pee? = ee ; 

the equation in o of the reciprocal cone, or of the cone of normals to the 

circumscribed cone from P, is therefore, 

SOV Ti ow oo Ua Olea Ve eon) 
or finally 

XY Le eho on) ee 

a remarkably simple form, which admits also of a simple interpretation. In 
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fact, the line «: Spo is the reciprocal of the perpendicular, from the centre o, 

on a tangent plane to the cone, which is also a tangent plane to the surface; it 

is therefore one of the values of the vector v (comp. (6.), and 373, (21.)), and 

consequently it is a semidiameter of the reciprocal surface Fv = 1. 

(11.) As an application of the equation XXVIII., let the surface be 

the confocal (e), represented by the equation 407, III. or X., of which the 

reciprocal is represented by 407, XVII. or XVIII. Substituting for Fo its 

value thus deduced, the equation of the reciprocal cone (10.), with o for a side, 

becomes,* 
XXIX. . . 2/*8ac8a’e - (Spo)? = 00’, 

or 

XXX’... Saca’o — (Spo)? = eo"; 

if then the vertex P be fixed, but the confocal vary, by a change of e, or of 0? 

which varies with it, the cone XXIX. will also vary, but will belong to a 

biconcyclic system ; whence it follows that the (direct or) circumscribed cones 

From a given point are all biconfocal: and also, by 407, (80.), that their 

common focal lines are the generating lines of the confocal hyperboloidt of one 

sheet, which passes through their common vertez. 

(12.) Changing e to e in XXIX’., and using the transformation 407, 

LXXY., with the identity (comp. 407, LIII.), 

—o° = (ScUv)? + (SoU) + (SaUr)’, 

we find that if « be a normal to the cone of tangents from P to (e,), it satisfies 

the equation, 

XXX. ..0= (e-e) (SoUv)? + (4 - e) (SoU)? + (e - €) (SoUr,)? 5 

and therefore that if + be a tangent from the same point P, to the same 

confocal (e), it satisfies this other condition, 

ABA 0H (e = 7 De (SrUv)? +(e -e)7 (StUp,)? + (@ - 2p We (StU v,)’, 

which thus is a form of the equation of the circumscribed cone to (e,), with its 

vertex at a given point Pp: the confocal character (11.) of all such cones being 

hereby exhibited anew. 

* It may be observed that, when 4 = 0, this equation XXIX. represents the asymptotic cone 
the auwiliary surface 407, XXIV.; and at the same time the reciprocal of that focal cone, 407, 

XXXVI., which rests on the focal hyperbola. 

¢ This theorem (which includes that of 407, (30.)) is cited from Jacobi, and is proved, in page 

143 of Dr. Salmon’s Treatise, referred to in several former Notes. 
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(13.) It follows also from XXXI., that the awes of every cone thus 

circumscribed have the directions of the normals v, v1, v, to the three confocals 

through P; and this known theorem* may be otherwise deduced, from the 

Equation of Confocals (407, LXYV.), by our general method, as follows. ‘That 

equation gives 

v,— v || o,v (because pv, = g,v), and therefore, 

XXXII... (v,- v)Svv,= o07(fe-1), VovSvv, + Vror(1 -fp) = 93 

changing then V to 8, and » to 7, we see that v, 4, », as being the roots 

(354) of this last vector quadratic XXXII., have the directions of the axes of 

the cone, with 7 for side, 

XXXII... f(p, 7) +fr.(1 -fp) = 0; 

that is, by VIII., the directions of the awes of the cone of tangents, from P 

to (e). 

(14.) As an application of the formula XIV., with the abridged symbols 

7 and v of (5.) for p — p’ and Vpp’, the condition of contact of the line pr’ with 

the confocal (e) becomes, by the expressions 407, III., X VIII., and VIL. for 

the functions f, /, and the squares a’, 6”, c’, the following quadratic in e: 

XXXIV... (Sar)? - 2eSarSa’r + (Sa’r)? + (1 - e*)r* = *(Sava’v — ev’) ; 

there are therefore in general (as is known) two confocals, say (e) and (e,), of 

a given system, which touch a given right line; and their parameters,t e and e, 

are the two roots of the last equation: for instance, their sum is given by the 

formula, 
XXXV... (e+ ¢)7? = f*v® - 2Bar8a'r. 

(15.) Conceive then that p is a given semidiameter of a given confocal (e), 

and that dp is a tangent, given in direction, at its extremity ; the equation 

XXXIV. will then of course be satisfied,t if we change 7 to dp, and v to 

Vodp, retaining the given value of e; but it will also be satisfied, for the same 

* Compare the third Note to page 202. 
8 ye 

t This name of parameter is here given, as in 407, to the arbitrary constant ¢ = - ae , of which ee 
the value distinguishes one confocal (e) of a system from another. 

{ In fact it follows easily from the transformations (5.), that 

Jp + fap — a°b?c*F Vpdp = f(p, dp). 
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p and dp (or for the same 7 and v), when we change e to this new parameter, 

XXXVI... ¢ =-e + SaUdp . Sa’Udp — /*(VpUdp)?; 

that is to say, the new confocal (e,), with a parameter determined by this last 

formula, will touch the given tangent to the given confocal (e). 

(16.) If we at once make /* = 0 in the equation 407, III. of a Confocal 

System of Central Surfaces, leaving the parameter e finite, we fall back on the 

system 406, XX XV. of Biconfocal Cones; but if we conceive that /? only 

tends to zero, and that e at the same time tends to positive infinity, in such a 

manner that their product tends to a finite linut, r*, or that 

XXXKVIT.-- lim. 7=0, lim.e=0, “lim .e/? =r", 

then the equation of the surface (e) tends to this limiting form, 

DX RV ee pt 0, ore eX V ITT TG sage 

a system of biconfocal cones is therefore to be combined with a system of 

concentric spheres, in order to make up a complete confocal system. 

(17.) Accordingly, any given right line pr’ is in general touched by only 

one cone of the system just referred to, namely by that particular cone (e), for 

which (comp. XXXIV.) we have the value, 

XXXIX...¢=Sava’u3, or XXXIX’...¢+Saa’ = 28av8a’v7, 

with v = Vpp’, as before, so that vu is perpendicular to the given plane opr’, 

which contains the verter and the /ine; in fact, the reciprocals of the biconfocal 

cones 406, XX XV., when a, a’ are treated as given unit lines, but e as a variable 

parameter, compose the biconcyclic* system (comp. 407, X VIIT.), 

XL... Sava’y = ev’. 

But, besides the tangent cone thus found, there is a tangent sphere with the 

same centre 0; of which, by passing to the limits XXXVII., the radius r 

may be found from the same formula XXXIV. to be, 

Vp’ 
b XL. to Doe T ; 

tae Ed opt 
and such is in fact an expression (comp. 316, L.) for the length of the 

perpendicular from the origin on the given line pp’. 

* The bifocal form o tne equation of this reciprocal system of cones XL. was given in 406, XXV., 

but with other constants (A, mu, g), connected with the cyclic form (406, I.) of the equation oft he 

given system. 
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(18.) In general, the equation XXXIV. is a form of the equation of the 

cone, with p for its variable vector, which has a given vertex PY’, and is 

circumscribed to a given confocal (e). Accordingly, by making e = - Saad’ in 

that formula, we are led (after a few reductions, comp. 407, XX VII.) to an 

equation which may be thus written, 

XLII... 0 = /?(Saa’r)}? + 28ap’sSa’p’s, 

with the variable side 7 = p — p’, as before; and which differs only by the 

substitution of p’ and 7 for p and »v, from the equation 407, XXXVI. for 

that focal cone, which rests on the focal hyperbola. The other (real) ,focal cone 

which has the same arbitrary vertex p’, but rests on the focal ellipse, has for 

equation, 
XLII. . . 7?(S(a - a’)r)? = Sava’v - v’, 

as is found by changing e to 1 in the same formula XXXIV. 

(19.) It is however simpler, or at least it gives more symmetric results, to 

change e, in XXXI. to —-Saa’ for the focal hyperbola, and to + 1 for the 

focal ellipse, in order to obtain the two real focal cones with P for vertex, 

which rest on those two curves; while that third and wholly imaginary focal 

cone, which has the same vertex, but rests on the known imaginary focal 

curve, in the plane of 6 and c,is found by changing e,to-—1. This imaginary 

focal cone, and the two real ones which rest as above on the hyperbola and 

ellipse respectively, may thus be represented by the three equations, 

XLIV...0= a*(Sr Uv)? + a,?(SrU 1)? - azx?(StUy,)? } 

XLY...0=5°(S8rUv)? + 6,7(SrUp,)? + 6.°(SrU v2)? ; 

ALVA Os a (Sr Uy)? te eo, ?(SrUn)? + ¢,?*(SrUp,)? ; 

r being in each case a side of the cone, and v, », vz, having the same 

significations as before. 

(20.) On the other hand, if we place the vertex of a circumscribed cone at 

a point p of a focal curve, real or imaginary, the enveloped surface being the 

confocal (e), we find first, by XXX., for the reciprocal cones, or cones of 

normals o, with the same order of succession as in (19.), the three equations, 

MoViilsea (SOs) eas 

LGV LE Lat Sten ee 

ALEX a 08S Ula) eres 
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and next, for the circumscribed cones themselves, or cones of tangents r, the 

connected equations : 

Boe UsreHa? 03 

Tile ee + = Os 

Jess FV be =. 0; 

all which have the forms of equations of cones of revolution, but on the 

geometrical meanings of the three last of which it may be worth while to 

say a few words. 

(21.) The cone L. has an imaginary vertex, and is always ttse/f imaginary ; 

but the two other cones, LI. and LII., have each a real vertex p, with 0? > 0 for 

the first, and ¢ <0 for the second; 6 being the mean semiaxis of the ellipsoid, 

which passes through a given point of the focal hyperbola, and c’ being the 

negative and algebraically least square of a scalar semiaxis of the double- 

sheeted hyperboloid, which passes through a given point of the focal ellipse: 

while, in each case, v has the direction of the normal to the surface, which is 

also the tangent to the curve at that point, and is at the same time the avis of 

revolution of the cone. 

(22.) The semiangles of the two last cones, LI. and LII., have for their 

respective sines the two quotients, 

EA AO eo, anda Ver (= Og (— 008s 

each of those two cones is therefore real, if circumscribed to a single-sheeted 

hyperboloid, because, for such an enveloped surface (e), 4 

than the b of any confocal ellipsoid, while c, is imaginary, and its square is 

algebraically greater (or nearer to zero) than the square of the imaginary 

semiaxis ¢ of every double-sheeted hyperboloid, of the same confocal system ; 

but the cone LI. is imaginary, if the enveloped surface (e,) be either an 

hyperboloid of two sheets (6, imaginary), or an exterior ellipsoid (b, > 6); 

and the other cone LII. is imaginary, if the surface (e) be either any 

ellipsoid (c, real), or else an exterior and doubdle-sheeted hyperboloid 

(a7<a@, e?<c¢, -c?>-c). Accordingly it is known that the focal 

hyperbola, which is the locus of the vertex of the cone LI., les entirely 

inside every double-sheeted hyperboloid of the system; while the focal 

ellipse, which is in like manner the Jocus of the vertex of the cone LIL., is 

interior to every ellipsoid: and real tangents to a single-sheeted hyperboloid 

can be drawn, from every real point of space. 

/ is real, and less 
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(23.) The twelve points (whereof only four at most can be real), in which 

a surface (e) or (abc) is cut by the three focal curves, are called the Umbilics 

of that surface; the vectors, say w, w, w,, of three such umbilics, in the 

respective planes of ca, ab, be, are: 

LV... =5(ata’) +5(a-a)5 

_a(a+a’) / - 1bVad 

Lv af nda eS Pg 1—BSaad’ ’ 

1 c(a -* a’) J - 1bVaa’ : 

ee 1+S8a 1+8aa’ ’ 

and the others can be formed from these, by changing the signs of the terms, 

or of some of them. The four veal umbilics of an ellipsoid are given by the 

formula LY., and those of a double-sheeted hyperboloid by LYVI., with the 

changes of sign just mentioned. 

(24.) In transforming expressions of this sort, it is useful to observe that 

the expressions for the squares of the semiaxes, 

v=Pe+l1), BP =l(e+S8aa’), c& = l(e-1), 407, VII. 

combined with Ta = Ta’ = 1, give not only a® — c? = 2/*, but also, 

atad 1 — Saa’ 1 a’ a — 0 4 LVI... TS - | : = 008 925 = (SF) 

a-a 1 + Sad’ 2 ie a’ 6? — c\t 
LIX... 725% = | 9 -sing 22 -(5— 5); 

and 
LX... TVaa’ = ,/(1 — (Saa’)’) = sin fe = 1*(a? — b?\4 (b? —c*)h, 

with the verification, that because 

Hae Ne LXI... (a-a’) (a+ a’) = 2Vaa’, 

LXI’... T(a-a’).T(a+ a’) = 2TVaa’. 

We have also the relations, 

LXIT... T(a + a’)* + T(a - a)? = (TVaa’)*; 

LXITI... T(a + a’)* — T(a - a’)? = Saa’. (TVaa’)*; 

with others easily deduced, 
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(25.) The expression LY. conducts to the following among other con- 
sequences, which all admit of elementary verifications,* and may be 
illustrated by the annexed fig. 84. Let u, vu’ be the two real points in 
which an ellipsoid (adc) is eut by one branch 

of the focal hyperbola, with u for summit, 

and with ¥ for its interior focus; the adjacent 

major summit of the surface being z, and R, 

R being (as in the figure) the adjacent points 

of intersection of the same surface with the 

focal lines a, a’, that is, with the asymptotes 

to the hyperbola. Let also v, r be the points 

in which the same asymptotes a, a’ meet the 

tangent to the hyperbola at vu, or the normal 

to the ellipsoid at that real umbilic, of which we may suppose that the vector 

ou is the w of the formula LY.; and let s be the foot of the perpendicular 

on this normal to the surface, or tangent tv to the curve, let fall from the 

centre o. Then, besides the obvious values, 

LXIV...oz=a, or=(@-)t, on =(@ - &), 

and the obvious relations, that the intercept rv is bisected at vu, and that the 

point F is at once a summit of the focal ellipse, and a focus of that other 

ellipse in which the surface is cut by the plane (ac) of the figure, we shall 

have these vector expressions (comp. 371, (3.), and 407, VIII. LXL.): 

LXYV...ov=(a+c)a, or=(a-c)a, tTv=a(a-ad)+clat+a); 

-1 -1 

LEVI... su? = gw =-F (a+a)-5 (a-a), SU = — ac: TU; 

= = = -1 fet pi i Pe LXVII... or hi ab“ca, OR Thal abeca’ ; 

whence follow by (24.) these other values, 

LXVIII...ov=a+e, or=a-c, tTv=2b; 

LXIX...tTu=uv=), su =or=or' =abc; 

LXX... ov = Tw = (@# - 8 + )}; 

LXXI...0s = (@-8+¢-a@b?é)§ = (a — #)* (B - &)*. 

* Some such verifications were given in the Lectures, pages 691, 692, in connexion with fig. 102 

of that former volume, which answered in several respects to the present fig. 84. 



220 ELEMENTS OF QUATERNIONS. [Titer Seve 

(26.) It follows that the lengths of the sides ov, or, Tv of the umbilcar 

triangle Tov are equal to the sum and difference (a + c) of the eatreme semiazes, 

and to the mean amis (2b) of the ellipsoid ; while the area of that triangle 

= os. Tu = («= 0°)? (b? — @)* = the rectangle under the two semiaxes of the 

hyperbola, if both be treated as real. The length (T¢w)", or su, or the 

perpendicular from the centre 0, on the tangent plane at an umbilic v, is abe ; 

and the sphere concentric with the ellipsoid, which touches the four umbilicar 

tangent planes, passes through the points R, R’ of intersection of that ellipsoid 

with the focal lines a, a’, that is, as before, with the asymptotes to the 

hyperbola ; or, by (21.) (22.), with the axes of the two circumscribed right 

cylinders.* And finally the length, say uw, of the umbilicar semidiameter ov, 

is given by the formula, 

LX tele Si ee 

all which agrees (25.) with known results. 

(27.) An umbilic of a surface of the second order may be otherwise 

defined (comp. (28.)), as a real or imaginary point at which the tangent 

plane is parallel to a cycle plane; and accordingly it is easy to prove (comp. 

407, (20.)) that the umbilicar normal gw in LXVI. has the direction of a 

cyclic normal. ‘To employ this known property in verification of the recent 

expressions (25.), (26.), for the lengths of ov and su, it is only necessary to 

observe that the common radius of the diametral and circular sections of the 

ellipsoid is the mean semiaxis b (comp. 216, (7.) (9.), &c.); and that, by a 

slight extension of the analysis in (7.), (8.), (9.), it can be shown that if p, o,7 

and p’, o’, 7 be any two systems of three conjugate semidiameters of any central 

surface, fp = 1, then 

Toe Ta po +o°% 477 = p° +o? +7’, 

and 

IPRORIBTE acisrenee: 2 Mish a 

* Compare 218, (5.), and 220, (4.); in which the points B, B’ (comp. also fig. 58, p. 234, vol. i. 

[and p. 184, vol. ii.]) may now be conceived to coincide with the points r, Rr’ of the new figure 84. 
It is obvious that the theory of cirewmscribed cylinders is included in that of circumscribed cones; so 
that the cylinder circumscribed to the confocal (e), with its generating lines parallel to a given (real 

or imaginary) semidiameter y of that surface (fy = 1), may be represented (comp. III. XIV.) by the 
equation, 

Ill’... f(p, y)?=fp—1; or XIV’... FVyp = abc? ; 

with interpretations easily deduced, from principles already established. 
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(28.) A less elementary verification of the value LXXII. of uv’, but one 

which is useful for other purposes, may be obtained from either the cubic 

in 6°, or that in e, assigned in 407, (8.). For if ,°, b,, 6.’ be the roots of 

the former cubic, and e,, ¢, ¢ the roots of the latter, inspection of those 

equations shows at once that we have generally, 

LXXYV. ee p” = bs +P es + pe a 2/?Saa’ == 1? (eq + é, + Co + Saa’) ; 

or 

PAX VI; aa OP” = T'p? = Ae” + Vs 4s G = a — ‘ifm ae ‘oe = &e., 

where the semiaxes a, 0,, ¢ belong to the three confocals through any 

proposed point p. Making then, 

LXX VII. ee Og: = Gee b,? = 0, ¢," — Cc iy Dis 

we recover the expression assigned above, for the square of the length w of 

an umbilicar semidiameter of an ellipsoid. 

(29.) For any central surface, the principle (27.) shows that if A, mu be, 

as in 405, (5.), &e., the two real cyclic normals, and if g be the real scalar 

associated with them as before, then the vectors of the four real umbilics 

(if such exist) must admit of being thus expressed : 

LXXVIT...+ pA: SFA = + abe (gUXA + wTA) ; 

LXXIX...4¢%4:\/Fu=- abe (gUy + ATp) ; 

and thus we see anew, that an Ayperboloid with one sheet has (as is well 

known) no real umbilic, because for that surface the product abe of the 

semiaxes is Imaginary; or because it has no real tangent plane parallel to 

either of its two real planes of circular section. 

(30.) Of whatever species the surface may be, the three umbilicar vectors 

(23.), of which only one at most can be real, with the particular signs there 

given, but which have the forms of lines in the three principal planes, must 

be conceived, in virtue of their expressions LV. LVI. LVIL., to terminate on 

an imaginary right line, of which the vector equation is, 

TNR ei fe eA L) yates on (AN yy a CIBER 
i” , / fo 

at+a Vaa a-a 

e being a scalar variable, which receives the three values, —- Saa’, + 1, and -1, 

when p comes to coincide with w, w, and w,, respectively. And such an 

imaginary right line, which is easily proved to satisfy, for all values of the 
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variable ¢, both the rectangular and the bifocal forms of the equation of the 

surface (e), or to be (in an imaginary sense) wholly contained upon that 

surface, may be called an Umbilicar Generatrix. 

(31.) There are in general eight such generatrices of any central surface 

of the second order, whereof each connects three wmbilics, in the three 

principal planes, two passing through each of the twelve umbilicar points 

(23.); and because ¢” disappears from the square of the expression LX XX. 

for p, which square reduces itself to the following, 

LXXXI. .. p? = - 1? (2e' +e + Saa’) = — 0 - 27’, 

they may be said to be the eight generating lines through the four imaginary 

points, 1n which the surface meets the circle at infinity. 

(32.) In general, from the cubics in e and in 2’, or from either of them, 

it may be without difficulty inferred (comp. (28.)), that the eight intersections 

(real or imaginary) of any three confocals (e) (e:) (e2) have their vectors p 

represented by the formula : 

_— £Gtids lL dobibs egies. 
LXXXII. Pes l(a a a) Tray a P(a—a’) ) 

comparing which with the vector expression LX XX., we see that the three 

confocals, through the point determined by that former expression, for any 

given value of e’, are (e), (e’), and (e’) again; and therefore that two of the 

three confocal surfaces through any point of an umbilicar generatriz (80.) 

coincide: a result which gives in a new way (comp. LXXYV.) the expression 
LXXXI. for p’. 

(33.) The Jocus of all such generatrices, for al/ the confocals (e) of the 

system, is a certain ruled surface, of which the doubly variable vector may be 

thus expressed, as a function of the ¢wo scalar variables, e and e’: 

LKXXIIL .. p,,¢ = E@t + D) , Ae Alle + Bac’) (6 + Sac’ 
ata Vad’ 

2 He=1 (-1), 
a-a 

and because we have thus, for any one set of signs, the differential relation, 

LXXXIV. eae ites le a 3D.’ Pes e’» 

it follows that this ruled locus is a Developable Surface: its edge of regression 
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being that wholly imaginary curve, of which the vector is p., ., and which is 

therefore by (82.) the Jocus of all the imaginary points, through each of which 
pass three coincident confocals. 

(384.) The only real part of this imaginary developable consists of the two 

real focal curves, which are double lines upon it, as are also the imaginary focal, 

and the circle at infinity (381.) ; and the scalar equation of the same imaginary 

surface, obtained by elimination of the two arbitrary scalars e and e’, is found 

to be of the eighth degree, namely the following: 

0 = Smx* + 2am(m — n)x*y? + Z(p® — 6mn)aty! 

+ 23(3m? —- np)xty’2s’ + 2am? (n—- p)x® + 2EUm(mp — 3n*)aty? eee ( ) (n— p) (mp — 3n*)aty 
+ 2(m—n) (n—->p) (p — m)a*y*2* + Sm? (m* — Bnp)z* 

\ +2 Smn(mn - 3p*)2*y? + 22m*np(p — n)x? + mn? p? ; 

in which we have written, for abridgment, 

LXXXVI...2=-SpU(a + a), y=-SpUVaa’, z=- SpU(a - a’), 

wn LXXXVIL..m=-¢, n=c-a@, p=a@-B, 
so that 

LXXXVIII...min+p=0; 

while each sign = indicates a sum of three or of six terms, obtained by 

cyclical or binary* interchanges. 

(35.) From the manner in which the equation of this imaginary surface 

(33.) or (84.) has been deduced, we easily see by (32.) that it has the double 

property: I.st of being (comp. (20.)) the /ocus of the vertices of all the (real 

or imaginary) right cones, which can be cireumscribed to the confocals of the 

system ; and II.nd of being at the same time the common envelope of all those 

confocals: which envelope accordingly is known to be a developable} surface. 

* When zyz and abe are cyclically changed to yzx and bca, then mnp are similarly changed to 

npm; but when, for instance, retaining x and a unchanged, we make only binary interchanges of y, z, 

and of 4, c, we then change m, n, and p, to — m, — p, and — n respectively. 

t This theorem is given, for instance, in page 157 [Art. 221] of the several times already cited 
Treatise by Dr. Salmon, who also mentions the double lines &c. upon the surface; but the present 

writer does not yet know whether the theory above given, of the eight umbilicar generatrices, has 
been anticipated: the /ocus (33.) of which imaginary right lines (30.) is here represented by the vector 
equation LXXXIII., from which the scalar equation LXXXY. has been above deduced (34.), and 
ought to be found to agree (notation excepted) with the known coordinate equation of the developable 
envelope (35.) of a confocal system. 
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(36.) The eight imaginary lines (31.) will come to be mentioned again, in 

connexion with the Jines of curvature of a surface of the second order* ; and 

before closing the present series of sub-articles, it may be remarked that the 

equation in (15.), for the determination of the second confocal (e,) which touches 

a given tangent, dp or PP’, to a given surface (e) of the same system, will soon 

appear under a new form, in connexion with that theory of geodetic lines, on 

surfaces of the second order, to which we next proceed.t 

* [Compare the sub-articles to 410, page 235. | 

t [Although repetition is unavoidable, it seems well to supplement Arts. 407 and 408 by a few 
examples on the use of the general equation of confocals Sp(# + ~)-p =- 1, in which — (& +4 wu) 
replaces the o7! of 407, XV., so that «— 6? is constant. The vector @ to the pole of the plane 
Sap = 1, with respect to the quadric uw is given by (8 + u)!@=-A or D=-~-(b+u)a. The locus 

of poles of the plane is thus a right line normal to the plane, and the distance between any pair 
of poles is T(z — 2’) = (w’ — u)Ta = (0 — 6°) p-, » being the central perpendicular on the plane, and 
6 and 0’ the mean semiaxes of the quadrics. The plane touches one quadric of the system whose 
parameter w% is given by SA(@+ m)A =-— 1, this being the condition that the corresponding pole 
should lie in the plane. The vector to the point of contact is @ =— A1(S + V) (+ wo)A, or, by the 
condition, @ = A! — A“! Vasa. 

If in this equation we replace A by xa where w is a variable scalar, we see at once that the locus 
of points of contact of a system of parallel planes is a rectangular hyperboloid, and if we replace 

A by (A + 2A’) (1 + a)-1, we find the locus of the points of contact of planes through a given line to 
be a twisted cubic. In this case also the locus of poles of the planes is a hyperbolic paraboloid 
p=— (#4 4) (A+ 2d’) (1+ 2)}, since the form of the equation shows that it is the locus of lines 
dividing the line loci for any two of the planes in the same ratio. 

If w1, we, and u3 are the parameters of the three confocals which pass through the extremity of a 
given vector a, and v1, v2, and v3 the corresponding vectors of proximity, — a= (+ m)v1 = (@ + w)v2 

= (6 + u3)v3, and Savi = Save = Sav3 = 1. Combining the three expressions for a, we deduce 

uSv2v, + Syebr1 = Sribve + t2Svive, so Syive= 0, since wm is not equal to wz, or the surfaces cut at 
right angles. Again (® + 1) (v1 — v2) = (#2 — w1)v2, and on inversion v1 — vg = (uz — #1) (6 + m)-'v2. 
Operating on this by Sv3, we see that vz and vs as well as being at right angles are conjugate 
with respect to the quadric #, and therefore parallel to the principal axes of the section of that 
quadric made by Spv1 = 0; operating by Sve}, we find — 1 = — (wu — u)Syo)(@ + um) tye = 
+ (uw — u2)SUv2(@ + %)-1Uv2, so the lengths of these semiaxes are (w, — we)? and (4 — us)}, 
respectively. 

Introducing a new linear vector function analogous to that of 407, (7.), and defined by the 
equation @p = Sp + aSap, we see on referring to the relations between a, v1, vz, and v3 that 

(@ + u1)v1 = (© + u2)ve = (O + us)v3 = 0, 

so the vectors of proximity at a are the solutions of this new function and the parameters of the 
surfaces are the corresponding roots. This again proves the surfaces cut at right angles, for @ is 
self-conjugate, and its solutions are consequently mutually rectangular. 

If SaAp=1 is any plane through the extremity of a, the equation @=— (#+4%)A which 

determines its pole with respect to the quadric uw, may be replaced by a — a= — (@ + w)A, because 
Saa=1. If the pole is in the plane, @—a is at right angles to A, and we determine at once the 

parameter of the touched quadric w and the point of contact by operating on A by —®, and then 

resolving the vector obtained in and normal to the given plane. Setting off from a the component 

in the plane we get the point of contact, while the parameter of the quadric is the ratio which the 
component normal to the plane bears to the vector A. 

In this case also we have S(a— a) (9 + uw) (@— a) = 0 for the equation of the tangent cone 
from the point a to the surface wv, and the form of the equation shows that the tangent cones are 

confocal, so that the quadrics appear to cut at right angles as well as actually doing so. Also the 
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409. A general theory of geodetic lines, as treated by quaternions, 

was given in the Fifth Section (III. i. 5) of the present Chapter ; 

and was illustrated by applications to several different families of sur- 

Jaces. We can only here spare room for applying the same theory 

to the deduction, in a new way, of a few known but principal properties 

of geodetics on central surfaces of the second order; the differential 

common principal axes of the system are along the normals at a for these are the solutions 
of VvOv=0. Replacing w— a by a given vector 7, we have Sr(@ + u)-17 = 0 to determine the two 
quadrics which the line touches. If A and 2’ are the vectors of proximity to the points of contact as 

before, we have the vectors from a to the points of contact given by r=—(@+u)A, and 
7 =—(@+w)r’, wand w’ being roots of the quadratics, and 7 being parallel to 7’. But A and A’ are 
normal to the corresponding cones, hence we see SA@A’ = 0 as well as SAA’ =0. We may also write 
tT =-—AVA®A, and this, coupled with the condition Saa = 1, determines the locus of the points of 

contact, A being supposed to vary consistently with the condition. 

Another method of treatment is often useful. Any quadric may be derived from a sphere by 
operating on its vector radii by a self-conjugate linear vector function which is however real only 
when the quadric is an ellipsoid (Tait’s Quaternions, Third Edition, page 207.) 

It is obvious that if we can determine a self-conjugate linear vector function @ so that 6? = ¢, we 

may write Sppp = =— 1 in the form (6p)? = — 1 or 6» =, where Ty =1. Even in the more general 

case when ¢ is not self-conjugate but expressible in the form op = (aaSByp + bBSyap + cySaBp) 

(SaBy)1, any one of the eight functions given by 6p = (+ (+ / aaSpyp + / bBSyap + / cySaBp) 
(SaBy)- ,, satisfies the condition 6*= . It is evident that all functions of this type or of the type 
(p + u)2 are commutative in order of operation. More generally it can be shown that two functions 
are commutative in order of operation when and only when their vector solutions are parallel, a 
condition obviously true for the functions to be considered. We may consequently use the vector 

equation p= (@ + ~)2n, where Ty =1 as the equation of a confocal system, for 9? = ((@ + u)~2p)* 
=$p(@+u)1p=-1. Points on two confocals derived from the same point on a unit sphere are 
called corresponding points, and it is easy to show in this notation if p and @ on one confocal 

correspond respectively to p’ and q’ on another that Pq’ = ar’. 
Now three confocals pass through a given point. We have thus three different expressions for a 

vector p= (@+ us)? = (6+ up)? = (6+ us) 23, ninens being certain unit vectors, and wm, a, 
and ws being the parameters of the confocals through p. The form of these equations suggests the 

new expression : 
p = [(® + m4) (+ wz) (® + us) |e, 

and substituting this for p in Sp(@+ «)19 =—1, the result is Se(@+ uz) (P+ wle=—1. This 
must be satisfied for all values of w2 and w3, so we see e€ is one of eight imaginary vectors constant for 

the whole system, and satisfying <= 0, Sebe = 0, and Seb*e =-—1. For a value of e satisfying 

these equations, and for suitable choice of the three parameters p may be made the vector to any 

point in space; if one parameter is given p describes the corresponding quadric, and if two of the 
parameters are assigned, p describes the curve of intersection of the quadrics determined by them. 

This notation is suitable for investigating the properties of the umbilical generators. When 

ug = 2, we have p= (® + ua) (b+ am) %e which represents a right line of a simply infinite system 
when 7 is given and wz variable. If for the moment 7 = ( + ui)e, we deduce from the properties 

of e, 7? = St(@ + w)"17 = 0, and St@r = — 1, and from these it appears that the line is a generator of 
the quadric passing through one of the points in which the asymptotic cone intersects the circle at 

infinity (408, (30.)). Again (33.) if ¢ = 2(w2—m) the equation of one of these lines becomes 
d 3 ‘ ; 

= (2 +t nd (@ + %1)%e, showing that they belong to a developable whose cuspidal edge 1s 

p=(@+ u)*e, the locus of points through each of which pass three coincident confocals. ] 
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equation employed being one of those formerly used, namely (comp. 

380, LV.), 
L.. .Vod'o= 0, af II......Udo = const.;; 

that is, if the arc of the geodetic be made the independent variable. 

(1.) In general, for any surface, of which v is a normal vector, so that 

the first differential equation of the surface is Sydp = 0, the second differential 

equation dSydp = 0 gives, by I., for a geodetic on that surface, the expression, 

1 Bee d’p = v'Sdvdp. 

(2.) Again, the surface fp = const. being still quite general, if we write 

(comp. 368, X’., 373, IIT., &.), 

Dag: d fp = 2Srvdo = 2S5opdp, we shall have V... dfdp = 28 (¢dp . d’p) ; 

and therefore, by III., for a geodetic, 

dfdp ¢dp 
oe 8 se 28 an 0. 

Sdodgp pp 

(3.) For a central surface of the second order, dp is a linear function, and 

we may write (comp. 361, IYV.), 

VID odp = ddp = Ci, Sdodgp = Sdogdp = fdp ; 

the general differential equation VI. becomes therefore here, 

dap Paeduin ee 
NEL oie anette 

and gives, by a first integration, with the condition IL., 

IX... vfdp =hdp’?, or TX... Tv’ fUdp =h = const. ; 
or 

Kia POD ah; or XN. POD =) = const; 
where 

P = Ty" = perpendicular from centre on tangent plane, 
and 

D = (fUdp)* = semidiameter parallel to tangent ; 

these two last quantities being treated as scalars, whereof the latter may be 

real or imaginary,* together with the last scalar constant A™. 

* For the case of the ellipsoid, for which the product P.D is necessarily real, the foregoing 
deduction, by quaternions, of Joachimstal’s celebrated first integral, P.D = const., was given 
(in substance) in page 580 of the Lectures, 
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(4.) The following is a quite different way of accomplishing a first 
integration, which conducts to another known result of not less interest, 
although rather of a graphic than of a metric kind. Operating on the 
equation 407, XVI. by S.dp, and remembering that Sov = 1, and Srdp = 0, 

we obtain the differential equation, 

XI... SpvSedp = 7?(Sa’vSadp + SavSa’dp) ; 

that is, by I. and IL., 

XIT. . . Sodp . Spd’p - p’Sdpd’p = /?d(Sadp . Sa’dp), 

in which the first member, like the second, is an exact differential, because 

XIII... S(Vpdp .Vpd’o) = 3d (Vpdp)?; 

hence, for the geodetic, 

XIV... /?(Vpdp)? — 2SadpSa’dp = h’dp’, 
or 

XV... 2SaUdp . Sa’Udp - 7°?(VpUdp)? = 7’, 

h’ being a new scalar constant. 

(5.) Comparing this last equation with the formula 408, XXXVI., we 

find that the new constant h’ is the sum, e+e, of what have been above 

called the parameters,* of the given surface (e) on which the geodetic is traced, 

and of the confocal (e) which touches a given tangent to that curve: whence 

follows the knownt theorem, that the tangents to a geodetic, on any central 

surface of the second order, all touch one common confocal. 

(6.) The new constant ¢e(=h’ — e) may, by 407, LX XY. and 408, LXXYV. 

(with e for e,), be thus transformed : 

XVI... ¢,=e(TVUnidp)? + eo(TVUr.dp)? 
= ¢(SUv.dp)’ + e(SUridp)’ = const. ; 

where ¢, ¢, are the parameters of the two confocals through the point P of 

the geodetic on (e), and vw, v2 are as before the normals at that point, to 

those two surfaces (e,), (é2). 

* Compare the second Note to page 214. 

¢+ Discovered by M. Chasles. 

t This touched confocal becomes a sphere, when the given confocal is a cone. Compare 380, (5.), 

and 408, (16.), (17.) ; also the Note to page 31. 
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(7.) In fact, the two equations last cited give the general transformation, 

XV Te l*(Vpc)? — 28ac8a’o = e(VoUv)? + e,(VoU,)? + e(VoUr,)? 

o being an arbitrary vector, which may for instance be replaced by dp. 

Equating then this last expression to (e + ¢,)o’, or to e(VoUr)’ — e To’, since 

Sve = 0, we obtain the first and therefore also the second transformation 

XVI., because the three normals vr», compose a rectangular system (comp. 

407, (4.), &e.). 

(8.) It is, however, simpler to deduce the second expression X VI. from 

the equation 408, XX XI. of the cone of tangents from P to (e,), by changing 

t to Udp; and then if we write 

igik bye ih ae 

Vj 

so that o, denotes the angle at which the geodetic crosses the normal v, to (¢), 

considered as a tangent to the given surface (ce), the first integral X VI. takes 

the form,* 
XIX... ¢, = 6, sin’ % + & cos’ r%, 

or 
XX. ..a7 =a, sin’ 0, + a,” cos* 0, Ke. 5 

in which the constant a, is the primary semiaxis of the touched con- 

focal (8.). 

(9.) Without supposing that Tdp is constant, we may investigate as 

follows the differential of the real scalar 2 in IX. or X., or of the product 

P>. D”’, for any curve on a central surface of the second order. Leaving at 

first the surface arbitrary, as in (1.) and (2.), and resolving d’p in the three 

rectangular directions of v, do, and vdp, we get the general expression, 

XXII... dp = - v'Sdvdp + dp"Sdod’p + (vdp)Srdpd’p ; 

of which, under the conditions J. and II., the two last terms vanish, as in 

III. Without assuming those conditions, if we now introduce the relations 

* Under this form XX., the integral is easily seen to coincide with that of M. Liouville, 

pw? cos? ++ v*\sin? t = uw? = const., 

cited in page 290 of Dr. Salmon’s Treatise. 
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VII. which belong to a central surface of the second order, we have by V. 
and IX. the expression,* 

XXII... $dh. dp? = v’Sdrvd’p + SvdvSdvdp 

— hSdpd’p = Svdvdp™. Svdpd?p, 
or 

XXIII... dh=d.v*Sdvdp* = d. P?°D? = 2% vdvde"Svdp"d’o ; 

or finally, 

XXIV... dh. dp* = Bvdvdp . Svdpd’p, 

the scalar variable with respect to which the differentiations are performed 

being here entirely arbitrary. 

(10.) For a geodetic line on any surface, referred thus to any scalar variable, 

we have by 380, II. the differential equation, 

XXV...Svdpd’p = 0; 

and therefore by XXIV., for such a line on a central surface of the second 

order, we have again, as in (3.), 

XXVI...dz=0, or XXXVI’... =const., 

with 4 = P’D” as in X. 

(11.) But we now see, by XXIV., that for such a surface the condition 

XXVI. is satisfied, not only by this differential equation of the second order 

XXY. but also by this other differential equation, 

XXVIT. .. Svdvdp = 0; 

the product P’D~” (or PD itself) is therefore constant, not only as in (38.) for 

every geodetic on the surface, but also for every curve of another set,t represented 

by this /ast equation XXVII., which is only of the first order, and the 

geometrical meaning of which we next propose to consider. 

* In deducing this expression, it is to be remembered that 

dSdydp = dfdp = 2Sdvd%p ; 

in fact, the linear and self-conjugate form of vy = op gives, 

Sdpd*v = f (dp, d?p) = Sdyvd?p. 

[The second part of the transformation in XXII. may be effected by replacing d’p in the term 
v’Sdvd*p by the value given in XXI.] 

t Namely, the dines of curvature, as is known, and as will presently be proved by quaternions. 
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410. In general, if » and » + Av have the directions of the normals to 

any surface, at the extremities of the vectors p and p + Ap, the condition of 

intersection (or parallelism) of these two normals is, rigorously, 

I... SvAvAp = 0; 

the differential equation* of what are called the Lines of Curvature, on an 

arbitrary surface, is therefore (comp. 409, XX VIL.), 

IL... Sxdvdp = 0; 

from which we are now to deduce a few general consequences, together with 

some that are peculiar to surfaces of the second order. 

(1.) The differential equation of the susface being, as usual, 

Tipe Syde 0, 

the normal vector v is generally some function of p, although not generally 

linear, because the surface is as yet arbitrary: its differential dv is therefore 

generally some function of p and dp, which is linear relatively to the /atéer. 

And if, attending only to the dependence of dy on dp, we write 

IV...dv= odo, 

it results from what has been already proved (363), that this linear and vector 

Junction > is at the same time se/f-conjugate. 

(2.) Denoting then by 7 a tangentt pr to a line of curvature, drawn at 

the given extremity Pp of p, we see that the vector 7 must satisfy the two 

following scalar equations, in which v is supposed to be given, 

V...8rr=0, and VI... Srrgr=0; 

this tangent + admits therefore (355) of two real and rectangular directions, 

but no¢ in general of more: opposite directions being not here counted as 

* In this equation II., dp and dy are two simultaneous differentials, which may (according to the 
theory of the present Chapter, and of the one preceding it) be at pleasure regarded, either as two 
Jinite right lines, whereof dp is (rigorously) tangential to the surface, and to the line of curvature; or 
else as two infinitely small vectors, dp being, on this latter plan, an injinitesimal chord Ap. (Compare 

pages 97, 431, vol. i., and pages 4, 174, and the Notes to pages 170, 179, vol. ii.) The treatment of 
the equations is the same, in these two views, whereof one may appear clearer to some readers, and 

the other view to others. 

+ This symbol + is used here partly for abridgment, and partly that the reader may not be 
obliged to interpret dp as denoting a finite tangent, although the principles of this work allow him so 
to interpret it. 
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distinct. Hence, as is indeed well known, through each point of any surface 

there pass generally two lines of curvature: and these two curves intersect each 

other at right angles. 

(3.) A construction for the two rectangular directions of + can easily be 

assigned as follows. Assuming, as we may, that the /ength of the tangent r 

varies with its direction, according to the law, 

Vie Srarail 

Mite S8(¢rod7)=0, 

VII’. . . Sdrdr = 0, 

which gives 

or briefly 

by the properties above-mentioned of ¢; and remembering that »v is treated 

as a constant in V., so that we may write, 

IX. ..Svdr=0, and therefore (by VI.), X...Srdr = 0 ;* 

we see that, under the condition of the question, the above-mentioned /ength 

Tr, of this tangential vector r, is a maximum or minimum: and therefore that 

the two directions sought are those of the two awes of the plane conic V. VIL., 

which has its centre at the given point P of the surface, and is in the tangent 

plane at that point. 

(4.) This plane conic V. VII. may be called the Index Curve, for the 

given surface at the given point Pp; in fact it is easily proved to coincide, if 

we abstract from mere dimensions, with the known indicatrix (la courbe 

indicatrice) of Dupin,t who first pointed out the coincidence (3.) of the 

directions of its axes, with those of the lines of curvature; and also 

established a more general relation of conjugation between two tangents to 

a surface at one point, which exists when they have the directions of any 

two conjugate semidiameters of that curve: so that the lines of curvature 

are distinguished by this characteristic property, that the tangent to each is 

perpendicular to its conjugate. 

(5.) In our notations, this relation of conjugation between two tangents 

t,t, which satisfy as such the equations, 

Vi. 8er'= 0, and VW... Ser = 0, 

* (Since dr || Vorv by VIII. and IX.] 

t Développements de Géométrie (Paris, 1813), pages 48, 145, &e, 
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is expressed by the formula, 

DE Se, Sror’ = (, or lee Sr’or =.) p) 

we have therefore the parallelisms,* 

OEE reer eV ur. Al et von 

so that the equation VI. may be written under the very simple form, 

XL Lege rr 03 

which gives at once the rectangularity lately mentioned. 

(6.) The parallelism XII’. may be otherwise expressed by saying 

(comp. (4.)) that 

XIV...do and Vvd» 

have the directions of conjugate tangents ; or that the two vectors, 

XV...Ap and YVvdAr, 

have ultimately such directions, when TAp diminishes indefinitely. But 

whatever may be this length of the chord Ap, the vector VvAv has the 

direction of the line of intersection of the two tangent planes to the surface, 

drawn at its two extremities: another theorem of Dupinf is therefore 

reproduced, namely, that if a developable be circumscribed to any surface, 

along any proposed curve thereon, the generating lines of this developable are 

everywhere conjugate, as tangents to the surface, to the corresponding tangents 

to the curve, with the recent definition (4.) of such conjugation. 

* The conjugate character of these two parallelisms, or the relation, 

V.voVvor || 7, if Sryr=0, 

may easily be deduced from the self-conjugate property of », with the help of the formula 348, VII., 

in page 490, vol. i. [The equation cited becomes for present purposes ¢Vvor = Vwrr. | 

t+ Dupin proved jirst (Dév. de Géométrie, pp. 43, 44, &c.), that two such tangents as are described 

in the text have a relation of reciprocity to each other, on which account he called them ‘‘ tangentes 

conjuguées’’: and afterwards he gaye a sort of image, or construction, of this relation and of others 
onnected with it, by means of the curve which he named ‘‘J’indicatrice’’ (in his already cited 
page 48, &c.). 
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(7.) The following is a very simple mode of proving by quaternions, 

that if a tangent r satisfies the equation VI., then the rectangular tangent, 

AVE r=, 

satisfies the same equation. For this purpose we have only to observe, that 

the self-conjugate property of @ gives, by VI. and XVL., 

XVI...0= Sr’gr = Sror’ = v*Svr'or’. 

(8.) Another way of exhibiting, by quaternions, the mutual rectangularity 

of the lines of curvature, is by employing (comp. 357, I.) the self-conjugate 

Sorm, 
XVIII... gr =gr+ VArp; 

in which the vectors A, u, and the scalar g, depend only on the surface and 

the point, and are independent of the direction of the tangent. The equation 

VI. then becomes by V., 

XIX. . . 0 = SvrAry = SvrASur + SyrpSAr ; 

assuming then the expression, 

XX...7=a#VvrA + yVoup, 

XXI... y (Vvp)? = 2 (VvA)?’, 

XX’... yTVop = + eT VA ; 

we easily find that 

or 

the two directions of r are therefore those of the two lines, 

XXII... UVvA + UVop, 

which are evidently perpendicular* to each other. 

(9.) An interpretation, of some interest, may be given to this last 

expression XXII., by the introduction of a certain aumwiliary surface of the 

second order, which may be called the Index Surface, because the index curve 

(4.) is the diametral section of this new surface, made by the tangent plane 

to the given one. With the recent signification of ¢, this index surface is 

represented by the equation VII., if r be now supposed (comp. (2.)) to 

* This mode, however, of determining generally the directions of the lines of curvature, gives 

only an illusory result, when the normal vy has the direction of either A or u, which happens at an 

umbilic of the surface. Compare 408, (27.), (29.), and the first Note to page 525, vol. i. 



234 ELEMENTS OF QUATERNIONS. (IIL. ur. § 7. 

represent a line pt drawn im any direction from the given point P, and 

therefore not now obliged to satisfy the condition V. of tangency. Or if, for 

ereater clearness, we denote by p +p the vector from the origin o to a point 

of the index surface, the equation to be satisfied is, by the form XVIII. of ¢ 

(comp. 3897, II.), 

XXIII... 1 = Sp’gp’ = gp"? + SAp’up’ ; 
the centre of this auxiliary surface being thus at Pp, and its two (real) cyclic 

normals being the lines X and yu: so that VvA and Vvp have the directions 

of the traces of its two cyclic planes, on that diametral plane (Svp’ = 0) which 

touches the given surface. We have therefore, by XXII., this general theorem, 

that the bisectors of the angle formed by those two traces are the tangents to the 

two lines of curvature, whatever the form of the given surface may be. 

(10.) Supposing now that the given surface is itself one of the second order, 

and that its centre is at the origm o, so that it may be represented (comp. 406, 

XII.) by the equation, 

XXIV... 1=Spdp = gp’ + SApup, 

with constant values of A, uw, and g, which will reproduce with those values the 

Jorm XVIII. of ¢, we see that the index surface (9.) becomes in this case 

simply that given one, with its centre transported from 0 to P; and therefore 

with a tangent plane at the origin, which is parallel to the given tangent plane. 

And thus the traces (9.), of the cycle planes on the diametral plane of the 

index surface, become here the tangents to the circular sections of the given 

surface. We recover then, as a case of the general theorem in (9.), this 

known but less general theorem: that the angles formed by the two circular 

sections, at any point of a surface of the second order, are bisected by the lines of 

curvature, which pass through the same point. 

(11.) And because the tangents to these latter lines coincide generally, 

by (3.) (4.) (9.), with the axes of the diametral section of the index surface, 

made by the tangent plane to the given surface, they are parallel, in the case 

(10.), as indeed is well known, ¢o the axes of the parallel section of a given 

surface of the second order. 

(12.) And if we now look back to the Equation of Confocals in 407, (26.), 

and to the earlier formule of 407, (4.), we shall see that because the vector 1, 

in the last cited sub-article, represents a tangent to the given surface Sp¢p = 1, 

complanar™ with the normal v and the derived vector $v, 80 that it satisfies 

* Compare the Note to page 198. 
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(comp. 407, XII. XIV., and the recent formule V. VI.) the two scalar 

equations, 

XXV...Svr,=0, and XXVI...Syngr, = 0, 

which are likewise satisfied (comp. (7.)) when we change v, to the rectangular 

tangent v2, it follows that these two vectors, v, and v., which are the normals to 

the two confocals to (e) through P, are also the tangents to the two lines of 

curvature on that given surface of the second order at that point : whence 

follows this other theorem* of Dupin, that the curve of orthogonal intersection 

(407, (4.)), of two confocal surfaces, is a line of curvature on each. 

(18.) And by combining this known theorem, with what was lately 

shown respecting the umbilicar generatrices (in 408, (30.), (82.), comp. also 

(35.), (36.)), we may see that while, on the one hand, the /ines of curvature on 

a central surface of the second order have no real envelope, yet on the other 

hand, in an imaginary sense, they have for their common envelopet the system 

of the eight imaginary right lines (408, (81.)), which connect the twelve (real or 

imaginary) wmbilics of the surface, three by three, and are at once generating 

lines of the surface itself, and also of the known developable envelope of the 

confocal system. 

(14.) It may be added, as another curious property of these eight 

imaginary right lines, that each is, in an imaginary sense, tésel/f a hne of 

curvature upon the surface: or rather, each represents two coincident lines of 

that kind. In fact, if we denote the variable vector 408, LX XX. of such 

a generatrix by the expression, 

RSXIVILL We eee oat 

* Dev. de Géométrie, page 271, &c. 

t+ The writer is not aware that this theorem, to which he was conducted by quaternions, has been 

enunciated before ; but it has evidently an intimate connexion with a result of Professor Michael 
Roberts, cited in page 290 of Dr. Salmon’s Treatise, respecting the imaginary geodetic tangents to a 

line of curvature, drawn from un umbilicar point, which are analogous to the imaginary tangents to a 

plane conic, drawn from a focus of that curve. An illustration, which is almost a visible representation, 

of the theorem (13.) is supplied by Plate II. to Liouville’s Monge (and by the corresponding plate in 
an earlier edition), in which the prolonged and dotted parts of certain ellipses, answering to the real 
projections of imaginary portions of the lines of curvature of the ellipsoid, are seen to touch a system of 
four real right lines, namely the projections (on the same plane of the greatest and least axes), of the 

four real umbilicar tangent planes, and therefore also of what have been above called (408, (30.), (31.)) 
the eight (imaginary) wmbilicar generatrices of the surface. Accordingly Monge observes (page 150 
of Liouville’s edition), that ‘‘ toutes les ellipses, projections des lignes de courbure, seront inscrites 
dans ce parallélogramme dont chacune d’elles touchera les quatre cotés’’ : with a similar remark in 

his explanation of the corresponding figure (page 160). 
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in which é is a variable scalar, but co, o are two given or constant but 

imaginary vectors, such that 

AAV Lo = 0 oo = eo ace 
and 

XXIX... fo =Sogco=0, f(c, 0’) =Soe'dc=0, fo’ = 1, 

we have the imaginary normal v, with (for the case of a real umbilic) a 

real tensor, 

XXX... v=¢¢0+ do Lo, SKK [ery eae weed 
abe 

and we find, after reductions, the imaginary expression, 

XXXII... vo =+./-1 oT, 

OO-GHOL shite, oSinaye alts 
whence 

The differential equations V. VI. of a line of curvature are therefore 

symbolically satisfied, when we substitute, for the tangential vector r, either 

the imaginary line o itself, or the apparently perpendicular but in an 

imaginary sense comcident™ vector vo; and the recent assertions are justified. 

(15.) As regards the rea/ lines of curvature, on a central surface of the 

second order, we see by comparing the general differential equation II. with 

the expression 409, XXIII. for the differential of 4, or of P?D”, that this 

latter product, or the product P. D itself, 1s constantt for a line of curvature, 

as well as for a geodetic line, on such a surface, as indeed it is well known to 

be: although this /as¢t constant (P.D) may become imaginary, for the case of 

a single-sheetedt hyperboloid, and must be such for a line of curvature on an 

hyperboloid of ¢wo sheets. 

* As regards the paradox, of the imaginary vector o being thus apparently perpendicular to itself, 

a similar one had occurred before, in the investigation 353, (17.), (18.), (19.) ; and it is explained, on 

the principles of modern geometry, by observing that this imaginary vector is directed to the circle at 
infinity. Compare 408, (31.), and the Note to page 516, vol. 1. 

¢ Compare the second Note to page 229. 

+ Although the writer has been content to employ, in the present work, some of these usual but 
rather long appellations, he feels the elegance of Dupin’s phraseology, adopted also by Mobius, and 
by some other afithors, according to which the two central hyperboloids are distinguished, as elliptic 
(for the case of two sheets), and hyperbolic (for the case of one). The phrase ‘‘ guadric,”’ for the 

general surface of the second order (or second degree), employed by Dr. Salmon and Mr. Cayley, is also 

very convenient. It may be here remarked, that Dupin was perfectly aware of, or rather appears to 

have first discovered, the existence of what have since his time come to be called the focal conies ; 

which important curves were considered by him, as being at once limits of confocal surfaces, and also 
loci of wmbilics. Comp. Dév. de Géométrie, pages 270, 277, 278, 279; see also page 390 of the 

Apergu Historique, &c., by M. Chasles (Brussels, 1837). 
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(16.) And as regards the general theory of the index surface (9.), it is to be 

observed that this auxiliary surface depends primarily on the scalar function f, 

in the equation fp = 1, or generally 7p = const., of the given surface ; and that 

it is not entirely determined by means of that surface alone. For if we write, 

for instance, 

XXXIV...ff=f1, with dp = 28rdp as before, 

we shall have, as the new first differential equation of the same given 

surface, instead of III., 

XXXYV... 0 =df/p = Bnrdp, 

XXXVI...n=ffp; 
with 

and if we then write, by analogy to IV., 

XXXVII...d.nv = Ode = ngodp + n’vSrdp, 
with 

XOX V ELI et fa; 

the new index surface, constructed on the plan (9.), will have for its equation, 

analogous to X XIII., the following : 

XXXIX. .. Sp’Pp’ = nSp’¢p’ + n'(Svp’) = const. 

(17.) But if we take this last constant = n, the two index surfaces, XXIII. 

and XXXIX., will have a common diametral section, made by the given 

tangent plane, namely the index curve (4.); and they will touch each other, 

in the whole extent of that curve. And it will be found that the construction 

(9.), for the directions of the lines of curvature, applies equally well to the one 

as to the other, of these two auxiliary surfaces: in fact, it is evident that the 

differential equation II., namely Svdvdp = 0, receives no real alteration, when 

v is multiplied by any scalar, n, even if that scalar should be variable. 

(18.) And instead of supposing that the variable vector p is thus obliged, 

as in 373, to satisfy a given scalar equation, of the form* 

Jp = const., 

* Ifp=ix+jy + kz, and v= fp = F(z, y, z), and if we write, 

dv = pdx + gdy + rdz, dp = p'da + rdy + q'dz, 

dg=q'dy+p’de+r’dz, dr=r'de+q"dx + p''dy, 
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we may suppose, as in 372, that p is a given vector function of two scalar 

variables, « and y, between which there will then arise, by the same 

fundamental formula II., a differential equation of the first order and second 

degree, to be integrated (when possible) by known methods. For example, 

if we write, 
XL...p=twt+yjy+ks, dz =pde + qdy, 

we may then write also, on the present plan, which gives dfp = 2Svdp, 

dp = idx + sdy + kdz, y=— (ip +jq+ hr), 

dy =—(idp+jdqg+kdr), Sdpdy =4(dxdp + dydg + dedr) ; 

and the index surface, constructed as in (9.), and with p’ changed to Ap = Aw + jAy + /Az, will thus 

have the equation, 

(a)... $p’Ax? + dq’Ay? + 40 Az® + pAyAz + gAzAx +r Ardy = 1, 

or more generally = const.; so that it may be made in this way to depend upon, and be entirely 
determined by, the six partial differential coefficients of the second order, p'. . p'’. ., of the function v 

or fp, taken with respect to the three rectangular coordinates, xyz. And by comparing this equation 

(a) with the following equation of the same auxiliary surface, which results more directly from the 

principles employed in the text (comp. XVIII. XXIII.), 

(b). . . SAppAp = gAp? + SAApuAp = 1, 

we can easily deduce expressions for those six partial coefficients, in terms of g, A, m. Thus, for 

example, 
3D.*v = dp’ =—g9 + Sriui = SAu—g + 28iraSin 5 

but SiaSiu + S/aSju + SLAShu = — Sau; therefore, 

(c). . . 3(Ds?0 + Dy? + D,2v) = Sau — 8g = c1 + c2 + 03 = — m", 

if c1, ¢2, cz be the roots and m” a coefficient of a certain cubic (354, III.), deduced from the linear and 

vector function dy = gdp, on a plan already explained. If then the function v satisfy, as in several 
physical questions, the partial differential equation, 

the swm of these three roots, c, ¢2, ¢3, will vanish: and consequently, the asymptotic cone to the 
index surface, found by changing 1 to 0 in the second member of (a), is 7ea/, and has (comp. 406, 
XXI., XXIX.) the property that 

(oe). ss cota 4 cote.b =, 

if a, b denote its two extreme semiangles. An entirely different method of transforming, by 

quaternions, the well known equation (d), occurred early to the present writer, and will be briefly 
mentioned somewhat farther on. In the mean time it may be remarked, that because m” = 0 by (c), 

when the equation (d) is satisfied, we have then, by the general theory III. ii. 6 of linear and vector 
functions, and especially by the sub-articles to 850, remembering that is here self-conjugate, the 

formule, 
(f)...dvy+xdp=0, and (g)...po— qc =m’'o, 

x, ¥ being auxiliary functions, and m’ another coefficient of the cubic, while o is an arbitrary vector. 

For the same reason, and under the same condition (d), the function itself has the properties 

expressed by the equations, 

(bh)... pViw =Kpi-—ipe, and (i)... ¢?Vie = Voipe — m'Vur ; 

in which the ¢wo vectors 1, « are arbitrary, and m’ is the same scalar coefficient as before. 



Arts. 410, 411. ] FORMS OF DIFFERENTIAL EQUATION. 239 

we shall satisfy the equation III. by assuming (with a constant factor 

understood), 

XLI...v=ip+yq-—k, whence XLII... dv =idp+jdq; 

and thus the general equation II., for the lines of curvature on an arbitrary 

surface, receives (by the laws of 7k) the form, 

XLII... dp (dy + gdz) = dq (dv + pds) ; 

which last form has accordingly been assigned, and in several important 

questions employed by Monge*: but which is now seen to be ine/uded in 

the still more concise (and more easily deduced and interpreted) quaternion 

equation, 
Svdvdp = 0. 

411. For a central surface of the second order, we have as usual v = gp, 

Av = ¢Ap, and therefore (by 347, 348, and by the self-conjugate form of ¢), 

I... VvAv = VopdAp = PVpAp = mp*VpAp ; 

the general condition of intersection 410, I. of two normals, at the extremities 

of a finite chord Ap, and the general differential equation 410, II. of the lines 

of curvature, may therefore for such a surface receive these new and special 

JSorms : 

LES SS ApoVp ho 0,ccoreo [Woe SpApp tapes 

Til... SdogtVedp =0,.'or Til’. ... Sodogtdp = 0° 

which admit of geometrical interpretations, and conduct to some new 

theorems, especially when they are transformed as follows: 

LV ee Ap SpAp¢ pu + Sudp.SpAp¢ = 0, 

V...SrAdp.Spdpg n+ Sudp.Spdpg"rA = 0, 

* See the enunciation of the formula here numbered as XLIII., in page 133 of Liouville’s 
Monge: compare also the applications of it, in pages 274, 303, 305, 357. (The corresponding pages 

of the Fourth Edition are, 115, 240, 265, 267, 312.) The quaternion equation, Sydvdp = 0, was 
published by the present writer, in a communication to the Philosophical Magazine, for the month of 

October, 1847 (page 289). See also the Supplement to the same Volume xxxi. (Third Series) ; and 

the Proceedings of the Royal Irish Academy for July, 1846. 
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\ and pw being (as in 405, (5.), &e.) the two real cyclic normals of the 

surface: while the same equations may also be written under the still 

more simple forms, 

VI... SaAp.Sa’pAp + Sa’Ap . SapAp = 0, 

Ag Big ee Sadp : Sa’pdp oy Sa’dp 3 Sapdp = UF 

a, a’ being, as in several recent investigations, the two real focal unit lines, 

which are common to a whole confocal system. 

(1.) The vector ¢7?VpAp in IT. has by I. the direction of VvAv; whence, 

by 410, (6.), the interpretation of the recent equation II., or (for the present 

purpose) of the more general equation 410, I., is that the chord Pr’ ts perpen- 

dicular to its own polar, if the normals at its extremities intersect. Accordingly, 

if their point of intersection be called n, the polar of pp’ is perpendicular at 

once to PN and P’N, and therefore to pr’ itself. 

(2.) The equation II’. may be interpreted as expressing, that when the 

normals at Pp and P’ thus intersect in a point n, there exists a point P” in the 

diametral plane opr’, at which the normal PN” is parallel to the chord PP’: a 

result which may be otherwise deduced, from elementary principles of the 

geometry of surfaces of the second order. 

(3.) It is unnecessary to dwell on the converse propositions, that when 

either of these conditions is satisfied, there és intersection (or parallelism) of 

the ¢wo normals at Pp and P’: or on the corresponding but limiting results, 

expressed by the equations III. and III’. 

(4.) In order, however, to make any use in calculation of these new 

forms II., III., we must select some suitable expression for the self- 

conjugate function ¢, and deduce a corresponding expression for the 

inverse function ¢1. The form,* 

VAR pp = Jp + VApp; 

* The vector form VIII. occurred, for instance, in pages 520, 529, 5385, 549, vol.i., and 198, 

238, vol. ii. ; and the connected scalar form, 

Jp = gp? + Srpup, 357, II. 

has likewise been frequently employed. 
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which has already several times occurred, has also been more than once 

inverted: but the following new inverse* form, 

IX... (g — Sdn). pp = p — ASpg7y — wSpg, 

has an advantage, for our present purpose, over those assigned before. 

In fact, this form IX. gives at once the equation, 

X... (y — Sdn). p*VpAp = VpAp — SpApp"pu — uSpApg"d ; 

and so conducts immediately from II. to IV., or from III. to V. as a 

limit. 

(5.) The equation IV. expresses generally, that the chord Ap, or PP’, is a 

side of a certain cone of the second order, which has its vertex at the point p 

of the given surface, and passes through all the points P’ for which the 

normals to that surface intersect the given normal at P; and the equation 

V. expresses generally, that the two sides of this last cone, in which it is 

cut by the given tangent plane at the same point P, are the tangents to the line 

of curvature. 

(6.) But if the surface be an ellipsoid, or a double-sheeted hyperboloid, 

then (comp. 408, (29.)) the always real vectors,t @ A and gu, have the 

directions of semidiameters drawn to two of the four real umbilics ; supposing 

then that p is such a semidiameter, and that it has the direction of + pa, 

the second term of the first member of the equation IV. vanishes, and the 

cone LY. breaks up into a pair of planes, of which the equations in p’ are, 

PK lates adet o) e Ome Cley NOL ee cohen oe net 

whereof the former represents the tangent plane at the umbilic p, and the /atter 

represents the plane of the four real umbilies. 

(7.) It follows, then, that the normal at the real umbilic P is not intersected 

by any real normal to the surface, except those which are drawn at points Pv’ of 

that principal section, on which all the real umbilics are situated : but that the 

* Inverse forms, for p-!p or mp, have occurred in pages 521, 549, vol. i., and 198, vol. ii. In 
comparing these with the form IX., it will easily be seen (comp. page 221) that 

gra — rp _ gh — WA 
9? — ry” ce 

° 
2 

“1, = 

: g? — ru 
pu 

t Compare the Note immediately preceding. 



242 ELEMENTS OF QUATERNIONS. Pia Aer 

same real umbilicar normal PN is, in an imaginary sense, intersected by all the 

imaginary normals, which are drawn from the imaginary points Pv’ of either of the 

two imaginary generatrices through P. 

(8.) In fact, the locus of the point P’, under the condition of intersection 

of its normal pP’n’ with a given normal PN, is generally a quartic curve, 

namely the intersection of the given surface with the cone IV.; but when 

this cone breaks up, as in (6.), into two planes, whereof one is normal, and 

the other tangential to the surface, the general quartic is likewise decomposed, 

and becomes a system of a real conic, namely the principal section (7.) and 

a pair of imaginary right lines, namely the two umbilicar generatrices at P. 

(9.) We see, at the same time, in a new way (comp. 410, (14.)), that 

each such generatriz is (in an imaginary sense) a line of curvature: because 

the (imaginary) normals to the surface, at all the points of that generatrix, 

are situated by (7.) in one common (imaginary) normal plane. 

(10.) Hence through a real umbilic, on a surface of the second order 

there pass three lines of curvature: whereof one is a real conic (8.), and the 

two others are imaginary right lines, namely, the umbilicar generatrices as 

before. 

(11.) Ii we prefer differentials to differences, and therefore use the equation 

Y. of the lines of curvature, we find that this equation takes the form 0 = 0, 

if the point Pp be an umbilic; and that if the normal at that point be parallel 

to A, the differential of the equation VY. breaks up into two factors, namely, 

XI... SAd’?p = 0, and XIV... Sdog rAd tn =0; 

whereof the former gives to imaginary directions, and the latter gives one real 

direction, coinciding precisely with the three directions (10.). 

(12.) And if p, instead of being the vector of an wmbilic, be only the 

vector of a point on a generatrix corresponding, we shall still satisfy the 

differential equation V., by supposing that dp belongs to the same imaginary 

right line: because we shall then have, as at the umbilic itself, 

XV...SAdo=0, Spdeg rd = 0. 

An umbilicar generatrix is therefore proved anew (comp. (9.)) to be, in tts 

whole extent, a line of curvature. 

(13.) The recent reasonings and calculations apply (6.), not only to an 

ellipsoid, but also to a double-sheeted hyperboloid, four umbilics for each 

of these two surfaces being real. But if for a moment we now consider 
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specially the case of an ed/ipsoid, and if we denote for abridgment the real 

aa by A, we may then substitute in IV. and V. for A, uw, ¢"A, 

p ‘w the expressions, 

quotient 

VEN te nee oe fy oper cal 
a+e a+e 

SOV IEG e.t hae we riba es zich BOL ; -~ha- a = aed iE 26g? Up : 

ac(a + ¢) ac(a +c) 

and then, after division by A’ — 1, there remain only the two vector constants 

a, a’, the equation LV. reducing itself to VI., and V. to VII. 

(14.) The simplified equations thus obtained are not however peculiar to 

ellipsoids, but extend to a whole confocal system. 'To prove this, we have only 

to combine the equations II. and III. with the inverse form, 

XVIII... /*p"p = aSa’p + a’Sap - p(e + Saa’), 

which follows from 407, XV., and gives at once the equations VI. and VIL., 

whatever the species of the surface may be. 

(15.) The differential equation VII. must then be satisfied by the three 

rectangular directions of dp, or of a tangent to a line of curvature, which answer 

to the orthogonal intersections (410, (12.)) of the three confocals through a given 

point P ; it ought therefore, as a verification, to be satisfied a/so, when we 

substitute v for dp, v being a normal to a confocal through that point: that 

is, we ought to have the equation, 

DGB Saees SavSa’pv a3 Sa’vSapv = (. 

And accordingly this is at once obtained from 407, XVI., by operating 

with S.pv; so that the three normals v are all sides of this cone XIX., or 

of the cone VII. with dp for a side, with which the cone VY. is found to 

coincide (13.). 

(16.) And because this last equation XIX., like VI. and VII., involves 

only the two focal lines a, a’ as its constants, we may infer from it this 

theorem: ‘“* If indefinitely many surfaces of the second order have only their 

asymptotic cones biconfocal,* and pass through a given point, their normals at 

* That is, if the surfaces (supposed to have a common centre) be cut by the plane at infinity in 
biconfocal conics, real or imaginary. 
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that point have a cone of the second order for their locus’; which latter cone 

is also the locus of the tangents, at the same point, to all the lines of curvature 

which pass through it, when different values are successively assigned to the 

scalar constant a? — c? (or 2/?): that is, when the asymptotes a, a’ to the 

focal hyperbola remain unchanged in position, but the semiares (a’ - b)?, 

(2? — c*)* of that curve (here treated as both real) vary together. 

(17.) The equation VI. of the cone of chords (5.) introduces the fixed 

focal lines a, a’ by their directions only. But if we suppose that the /engths 

of those two lines are eqgua/, without being here obliged to assume that each 

of those lengths is wnity, we shall then have (comp. 407, (2.), (3.)), the 

following rectangular system of unit lines, in the directions of the ames of 

the system, 

OLE U(a +f: a’), UVaa’, Ula a a’), 

which obey in all respects the laws of yk, and may often be conveniently 

denoted by those symbols, in investigations such as the present. And then, 

by decomposing the semidiameter p, and the chord Ap, in these three 

directions XX., we easily find the following rectangular transformation* of 

the foregoing equation VI., 

S(a+a)'p S(a-a’)'p y S. (Vaa‘)"p | 

ahs S(a+a)Ap S(a-a)Ap 8.Uaa’Ap ’ 

in which it is permitted to change Ap to dp, in order to obtain a new form 

of the differential equation of the dines of curvature; or else at pleasure to v, 

and so to find, in a new way, a condition satisfied by the three normals, to 

the three confocals through pP. 

(18.) The cone, VI. or XXI., is generally the locus of a system of three 

rectangular lines; each plane through the vertex, which is perpendicular to any 

real side, cutting it in a real pair of mutually rectangular sides: while, for the 

* The corresponding form, in rectangular coordinates, of the condition of intersection, of normals 

at two points (xyz) and (z'y’'z’), to the surface, 

a2 yy? 

@lebtentomed 
is the equation (probably a known one, although the writer has not happened to meet with it), 

(2 —c?)x'  (®@— ay’ (a? — 0)2" | 

%— x’ y-y' Z— 2 
0; 

in which it is evident that xyz and 2’y's’ may be interchanged. 
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same reason, the section of the same cone, by any plane which does not pass 
through its verter p, but cuts any side perpendicularly, is generally an 
equilateral hyperbola. 

(19.) If, however, the point p be situated in any one of the three principal 
planes, perpendicular to the three lines XX., then the cone XXI. (as its 
equation shows) breaks up (comp. (6.)) into a pair of planes, of which one 

is that principal plane itself, while the other is perpendicular thereto. And 

while the former plane cuts the surface in a principal section, which is 

always a line of curvature through Pp, the datter plane usually cuts the surface 

in another conic, which crosses the former section at right angles, and gives 

the direction of the second line of curvature. 

(20.) But if we further purpose, as in (6.), that the point P is an wumbilic, 

then (as has been seen) the second plane is a tangent plane; and the second 

conic (19.) is itself decomposed, into a pair of imaginary right lines: namely, 

as before, the two umbilicar generatrices through the point, which have been 

shown to be, in an imaginary sense, both dines of curvature themselves, and 

also a portion of the envelope of all the-others. 

(21.) We shail only here add, as another transformation of the general 

equation VI. of the cone of chords, which does not even assume Ta = Ti’, 

the following: 

XXIT...S(a+a’)Ap.S(a+a’)pAp =S(a- a’)Ap.S(a-a’)pAp; 

where the directions of the two new lines, a + a’ and a — a’, are only obliged 

to be harmonically conjugate with respect to the directions of the fixed focal 

lines of the system: or in other words, are those of any two conjugate 

semidiameters of the focal hyperbola.* 

* [In order to obtain additional illustrations of the remark made at the beginning of this Article 
that SpApd-Ap = 0, and the equivalent equations lead to geometrical theorems relating to a system 
of quadrics haying the same pair of focal lines, we see in the first place if w and w’ are any two 
vectors terminating on the chord, that the equation may be written in the form Saw’¢"!(w — w’) = 0. 
This is equivalent to the vector equation (@-! + h’)w = (p-! + h)w’. Operating on this by (p-' + 9)"; 
we easily find @ = + (h’—g) (6149) wv = 0’ + (h—g) (6-1 +.9)1w’. It is obvious from the form 

of these relations that the normal at w to the quadric Sp(p-! + g)"1p = Sw(p7} + g)1 intersects the 

normal at w’ to the similar quadric Sp(p-! + g)-!p = Sw'(@-! + g)1w’; and that @ is the vector to the 

point of intersection. In particular, if w and »’ happen to lie on the same quadric, the normals still 

intersect. Returning to the general case and allowing the arbitrarily assumed scalar g to vary, it 1s 

obvious that the point of intersection of the normals describes a twisted cubic if we remember the 

results of p. 131. 

The relation between w, w’, 2, and h’ suggests the use of an auxiliary vector 7 in terms of which 

we may write w = (6! + A)r and w' = (p-) + h’)r. Thus 7 is parallel to the chord, and the equation 

of the chord is p= r+ a7. In terms of this vector, the vector to the point of intersection of 
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412. The subject of Lines of Curvature receives of course an additional 

illustration, when it is combined with the known conception of the corre- 

sponding Centres of Curvature. Wathout yet entering on the general theory 

of the curvatures of sections of an arbitrary surface, we may at least consider 

here the curvatures of those normal sections, which touch at any given point 

the /Jines of curvature. Denoting then by o the vector of the centre s of 

normals becomes @ = (p=! + g)"! (p-! + h) (p-1 +h’)r. Regarding w as fixed, we have @ = (o"!+9)"! 
(p-1 + h')w as the vector equation of the locus of intersections of the normals at w with the corre- 
sponding normals at the variable point w’ = (6! +/')r. This surface locus which consists of right 
lines and twisted cubics is easily seen to be the quadric SHwp- a —w) = 0. But we obtain a second 
interpretation for this locus since w = (1 +g) (¢!+')}@ =@+4+ (g —h’) (o-1 4+ h’)-1@ expresses 
that the normal at @ to the quadric Sp(p1 + h’)"'p=Sa(p1+h’)-!@ passes through the fixed point w. 
So we may say that the quadric is the locus of points whose normals with respect to the 

doubly infinite system of quadrics Sp(¢+ h')1p=C pass through the extremity of the given 
vector w. Returning to the vector equation of the locus, we see that the locus of points whose 
normals pass through a fixed point is a twisted cubic when 4’ is constant, or when we have to do 

only with a system of similar and similarly placed quadrics. If, on the other hand, we confine 
our attention to a system of confocal quadrics so that C is constant but h’ variable, we have 
Sa(p) + h')-'@ = C or Sw(p! + g)-* (p-1 + X’)w = C, giving A’ in terms of g. From this we deduce 
(h' — 9) ((p + 9)? = C— Sw(p4+ g)'w, and the vector equation of the locus of points on the 

system of confocals, whose normals pass through the extremity of w, becomes 

= w+ (C— Sa(g + gw) (9 + 9)'0)7, 
or 

@ = (C+ Va(p? + 9) tw) ((p? + g)tw)-}. 

We cannot delay on this curye except to state that it is a twisted quintic and unicursal, and that, 
being a quintic, it meets any quadric of the system in ten points, four of which must be foreign to 

the present inquiry as only six normals can be drawn to a quadric from a point. 
Returning to the equation w= (p-! + g)"! (p1 +h) (p14 h’)t, we shall express that the two 

points w and w’ lie on the same quadric Sp(~-! + g)"p = C. In terms of + and h, we see that w lies 

on this quadric if Sr(p-1 + A)? (p+ g)-!7 = O, and if w’ likewise lies on it, h’ must be the second 
root of this quadratic in A. Expanding in terms of 4 — g for convenience, we have 

(h — 9)*8r(g + g)-In + 2(h — g)1? + Sx(G1 + g)r = ©, 
and using this equation to eliminate 4 and h’ from the expression for @, we find 

273 Sr(plt+yg)r—C 
vom a NN ———————— = -1 Soe Se ee 

et Brtgta ayia | PO + Rory oye 
This may be reduced to simpler forms, one being 

_ VG + g)2Vo(ort +g) = (9 + g)VrVr(gt + 9)'r — Clg! +g) 
- Sr + 9) (a) 

It is obvious when C alone varies that the locus is a right line; it is easily seen when g alone varies 
that the locus is a conic section, and when both vary, it may be proved that the locus is a ruled quartic 
having the line p = ¢"!7 + wr fora triple line. 

Finally, it easily follows from the equations of this note, that every line of the triply infinite 
system obtained by assigning all possible values to 7 in the equation p= 11+ 27 is at every point 
normal to some one quadric, and at every point touches two quadrics of the doubly infinite system 
Sp (¢-1 + g)'p = C along lines of curvature. ] 
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curvature of such a section, and by & the radius ps, considered as a scalar 

which is positive when it has the direction of + v, it is easy to see that we 

have the two fundamental equations : 

Li cop + HU; 

II... Rode + dUv=0; 

whence follows this new form of the general differential equation 410, IT. of 

the lines of curvature, 

III. .. VdpdUv =.0; 

with several other combinations or transformations,* among which the 

following may be noticed here: 

IV...—-+85—= 

(1.) The equation I. requires no proof; and from it the equation II. is 

obtained by merely differentiating t as if o and AR were constant: after 

which the formula III. follows at once, and LV. is easily deduced. 

(2.) To obtain from this last equation a more developed expression for R, 

we may assume for dy, considered as a linear and self-conjugate function 

of dp (410, (1.)), the general form (comp. 410, X VIIL.), 

Video a= gdp a3 VAdpu, 

in which g, A, w are independent of do; and then, while the tangent dp has 

(by 410, XXII.) one or other of the two directions, 

VI... do || UVvoA + UVop, 

the curvature R™ receives one or other of the two values corresponding, 

Vil... A? =- Try3(¢ + SAUv.SuUv + TVAUy. TVyU>). 

* [The expression R-ldp + Tydy = zy is at times a useful transformation of II. The value of 
the scalar x need not generally be considered, though it is — dTy™.] 

t+ To students who are accustomed to injfinitesimals, the easiest way is here to conceive the diffe- 

rentials to be such. But it has already been abundantly shown, that this view of the latter is by no 
means necessary, in the treatment of them by quaternions. (Compare the first Note to page 230.) 
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(3.) One mode of arriving at this last transformation, or of showing that 

if (comp. again 410, XXII.) we assume, 

VITT er =o VAs UV op, 
then 

LXAS OSA S6A Ure Sur ee LVA Uy Ly ay, 
or 

OAT. Sur = S(VAUv .VuU rv) SV Ae TVuU>, 

or finally, 
AL en dr SU ur a SCV UAy NV Ui) DY UA Vs 

is to introduce the au«iliary quaternion, 

lien. C= VUXpv -VUpr ; 

and to prove that, with the value (or direction) VIII. of r, we have thus the 

equation (in which Vq’, as usual, represents the square of Vq), 

V_7’ 

Sq = T¢ 
XIII... 2SUAr. SUprt S57 ee T'9 a 

(4.) And this may be done, by simply observing that we have thus (with 

the value VIII.) the expressions, 

+SUA jv 
XIV. Aue S7UA = TVUp’ 

= (SUApv)? +Vq’ 
DOV TC ctor Ue TVU.TVUm@ * Ty” 

because 
XVI... Vq=-Uv.SUdApr ; 

and 
2(S¢ + Ty) 

XV Uercriea ea oe Sg coke Ty 

(5.) Admitting then the expression VII., for the curvature R-, we easily 

see that it may be thus transformed : 

DOW UL orca foe eae hae (9 + TAu. cos (.53 y =) : 
m 

and that the difference of the ¢wo (principal) curvatures, of normal sections of 

an arbitrary surface, answering generally to the two (rectangular) directions of 

the dines of curvature through the particular point considered, vanishes when 
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the normal v has the direction of either of the two cyclic normals, A, p, of the 

index surface (410, (9.)); that is, when the inde curve (410, (4.)), considered 

as a section of that index surface, is a circle: or finally, when the point in 

question is, in a received sense, an wmbilic* of the given surface. 

(6.) That surface, although considered to be a given one, has hitherto (in 

these last sub-articles) been treated as quite general. But if we now suppose 

it to be a central surface of the second order, and to be represented by the 

equation, 
XIX. .. fo = 9p? + SApup = 1, 

which has already several times occurred, we see at once, from the formula 

VII. or XVIII. (comp. 410, (10.)), that the difference of curvatures, of the 

two principal normal sections of any such surface, varies proportionally to 

the perpendicular (Tv or P) from the centre on the tangent plane, multiplied 

by the product of the sines of the inclinations of that plane, to the two cyclic 

planes of the surface. 

(7.) In general (comp. 409, (38.)), it is easy to see that 

if D denote the (scalar) semidiameter of the index surface, in the direction of 

do or of tr; but for the two directions of the /ines of curvature, these semi- 

diameters become (410, (8.), (4.)) the semiawes of the index curve. Denoting 

then by a; and a, these last semiaxes, the two principal radii of curvature of 

any surface come by LV. to be thus expressed : 

XXII. re} R, = a,’ ly ; Rs = ae” Ty. 

And if the surface be a central one, of the second order, then a,, a, are the 

semiaxes of the diametral section, parallel to the tangent plane; while Ty is 

(comp. again 409, (3.)) the reciprocal P“ of the perpendicular, let fall on that 

plane from the centre. Accordingly (comp. (6.), and 219, (4.)), it is known 

that the difference of the inverse squares of those semiaxes varies proportionally 

to the product of the sines of the inclinations, of the plane of the section to 

the two cyclic planes.t 

* Compare the Note to page 233. 

+ [The expressions of this sub-article enable us to deduce the equation of a system of quadrics 

having at a given point on an arbitrary surface the same elements of lines of curvature as the 

arbitrary surface, and the same values of the principal curvatures. 

We know that the lines of curvature at a point on a quadric are parallel to the principal axes of 
the central section parallel to the tangent plane. If 7; and 72 are unit vectors touching the lines of 
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(8.) And as regards the squares themselves, it follows from 407, LXXLI., 

that they may be thus expressed, in terms of the principal semiares of the 

confocal surfaces, and in agreement with known results : 

DO Aye ed te) Gy ee ae in 

being thus both positive for the case of an ellipsoid; both negative, for that of 

a double-sheeted hyperboloid ; and one positive, but the other negative, for the 

case of an hyperboloid of one sheet (comp. 410, (15.)). 

(9.) In all these cases, the normal + v is drawn towards the same side of 

the tangent plane, as that on which the centre o of the surface is situated 

(because Svp = 1); hence (by I. and XXI.) both the radii of curvature h,, FR, 

are drawn in this direction, or towards this side, for the ellipsoid ; but one such 

radius for the single-sheeted hyperboloid, and both radii for the hyperboloid of 

two sheets, are directed towards the opposite side, as indeed is evident from 

the forms of these surfaces. 

curvature, and if p is the vector from the centre to the point, the vectors ai71, azt2 and p compose a 

system of mutually conjugate radii of the quadric. It is easy to prove (see below) that 

(SwBy)? + (Swya)* + (SwaB)? = (SaBy)? 

is the equation of a quadric of which a, 8, and y are conjugate radii. In particular 

a2*(Swrep)? ate ay? (Swr1p)* ae a1a2*(Swrite)? = ay2a2?(Sprit2)* 

is the equation of a quadric having its centre at the origin and arbitrarily assumed directions for the 
lines of curvature at the extremity of p. Now the central perpendicular on the tangent plane at p 

has its length equal to P= Spritz =SpUv. So, by XXI., we have 

R2(Swrep)? + Ri(Swrjp)? + RiR2(SwUv)*SpUv = RiR2(SpUr)3 

for the equation of a quadric with its centre at the origin, having at an assumed point arbitrarily 

assumed directions for the lines of curvatures and arbitrarily assumed values for the curvatures. By 
varying the position of the centre, we can thus determine a system of quadrics having contact of the 

high order described with any surface at a given point. 

We cannot delay discussing this system of quadrics except to state that when the centre lies on a 
certain line, the lines of curvature of the quadric have four point contact with those of the surface. 
We can, moreover, only suggest as an exercise on the notation given in the Note to page 225, the 
investigation of the locus of points on a quadric or on a confocal system at which one or both of the 
principal curvatures are given. It seems, however, to be worth while to prove the expression for a 
quadric in terms of the conjugate radii. If the equation of the quadric is Swow = 1, and if a, 8, and 
y are conjugate radii, among the conditions are Saga = 1 and SBoa = Sypa=0. Thus 

gpa = VBy(SaBy)! and because wSaBy = aSByw + BSyaw + ySaBo, 
we have 

pw(Sapy)? = VBySByw + VyaSyaw + VaBSaBw. 

The forms of the invariants of this function afford proofs of certain well-known theorems. We see 

also easily that p-'w = aSaw + BSBw + ySyw from which known theorems may be derived, and this 
function @-' may be used with advantage in certain questions relating to confocals. Again to find a 

set of directions Ua, UB, and Uy conjugate to two quadrics depending on two functions ¢ and #1, we 
have to solve Vdiw~» =0 or Vwdi-!ow = 0.] 
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(10.) The following is another method of deducing generally the two 

principal curvatures of a surface, from the se/f-conjugate function,* 

XXIII... dv = ¢dp, 410, IV. 

which affords some good practice in the processes of the present Calculus. 

Writing, for abridgment, 

XLV. Pee Rye Aa, 
o—p dp 

where 7 is still a tangent to a line of curvature, the equation II. is easily 

brought to the form, 

XXV...-—77 = vVvor = pT - v Srv = Pr, 

where ® denotes a new linear and vector function, which however is not in 

general se/f-conjugate, because we have not generally gv || v. Treating then 

this new function on the plan of the Section III. ii. 6, we derive from it a 

new cubic equation, of the form, 

XXVI...0=M+ W’r+ Mr’ + 2, 

and with the coefficients, 

XXVII...M@=0, M=S8yv', M’=m’"-S8v'dr; 

~ being a certain auwiliary function (= mp"), and m” being the coefficient t 

* [Compare the Note to p. 554, vol.i., by which it appears that this function is self-conjugate only 
when 7 in the equation d/p = mSydp is a constant or a function of fp (see also 410, (16.)). Asan 
example, if we take » = Ty and write dUv = édp, equation IJ. of the present article becomes 
Rdp+é6dp=0. Thus the principal curvatures are two roots of the cubic of @, and the tangents to 
the lines of curvature are two of the solutions of Vdp@dp = 0. We can see that the third root is zero 

because SUvdUy = 0 or for any value of 5p, Sdp@'Uv = 0. So d’Uvy=0, and therefore a root of the 
conjugate @ is also zero. If then the symbolic cubic of @ is 6° — N"0* + N’@=0, we have the 
following expressions : 

Ri+ Rot'=-N"” and RR = N'. 

We may also write dUv = — Sdpy .. Uv = @dp where v is Hamilton’s operator, and from the properties 
of this operator it is not hard to see that 

Ry14+ Ro} = SvUv and RR) = 48Vvv'VUrUyY, 

where the accents are to be omitted when the operations indicated have been performed. The 
function & introduced in this sub-article is closely analogous to the function @ of this Note.] 

+ Compare the Note to page 237, continued in page 238. The reason of the evanescence of the 
coefficient M, or of the occurrence of a null root of the cubic, is that we have here @p-!y = 0, so that 

the symbol #10 may represent an actual vector (comp. 351). Geometrically, this corresponds to the 
circumstance that when we pass, along a semidiameter prolonged, from a surface of the second order 
to another surface of the same kind, concentric, similar, and similarly placed, the direction of the 
normal does not change. 
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analogous to M”, in the cubic derived from the function @ itse/f. The root 

r = 0 is foreign to the present inquiry; but the two curvatures, Ry, R-", are 

the two roots of the following quadratic in R*, obtained from the equation 

XXVI. by the rejection of that foreign root : 

XXVILIU...0=(2°T)) + UVR Ty + 

(11.) As a first application of this general equation XXVIII., let gr 

have again, as in V., the form gr + VAru; we shall then have the values, 

XXIX... UM” = 2g + SAUy. Sy»), 

XXX, ..M’ = (g +SrAUv. SuUv)? a (VAUv)? (VuUv)?, 
and 

=a great variety of transformed expressions ; and the two resulting curva- 

tures agree with those assigned by VII. 

(12.) As a second application, let the surface be central of the second 

order, with abc for its scalar semiaxes (real or imaginary); then the 

symbolical cubic (350) in @ becomes, 

XXXII... 0 = g? - mg’ + mo — m= (p + a”) (6 + 0°) (9 + 7); 

and the coefficients of the quadratic XXVIII. in R" take the values, in 

which JV denotes the semidiameter of the surface in the direction of the 

normal : 

XXXIT... Ait + Ryo =- M’/Ty = — (m" + fUv)P = (a? + 0° +07 - NP; 

XXXII... ROR = MT? = -— my = abe P' 

both of which agree with known results, and admit of elementary 

verifications.” 

(13.) In general, if we observe that m” — ¢ = x (850, XVI.), we shall see 

that the quadratic XXVIII. in r (or in R-'T'y) may be thus written : 

AXXIV. .. 0 = Sy (?y + rxv + Wy) ; 

or thus more briefly (comp. 398, LX XIX..), 

XXXV...0=Sv1(¢ +r). 

* As an easy verification by quaternions of the expression XXXII., it may be remarked (comp. 
408, (27.)), that if a, B, y be any three rectangular unit lines, then 

fat+fB + fy = const. = ¢1 +e. +¢3 =a% + b2 +e. 
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(14.) Accordingly, the formula XXV. gives the expression, 

XXXVI... vr = (GP +r) 1v.Srdv; 

from which, under the condition Svr = 0, the equation XX XV. follows at once. 

(15.) We have therefore generally, for the product of the two principal 

curvatures of sections of any surface at any point, the expression : 

KAM V EL... Je ne = rrely? = — v ‘Syd =-§ a p d : 
Vv Vv 

which contains an important theorem of Gauss, whereto we shall presently 

proceed. 

(16.) Meanwhile we may remark that the recent analysis shows, that the 

squares a,", a,” (7.) of the semiaxes of the index-curve are generally the roots 

of the following equation, 

OORT AAO ES 
when developed as a quadratic in a’. 

(17.) And that the same quadratic assigns the squares of the semiaxes 

of a diametral section, made by a plane L »v, of the central surface of the 

second order which has Sp¢p = 1 for its equation. 

(18.) Accordingly, Vogp has the direction of a tangent to this surface, 

which is perpendicular to p at its extremity ; and therefore the vector, 

XXXIX. ..o = p"Vpdp = op — p* = ( — p™)ps 
is perpendicular to the plane of the diametral section, which has the semi- 

diameter p for a semiaxis: so that it is perpendicular also to p itself. The 

equation, 
XL... Sa(¢ — p”)1e = 0, 

assigns therefore the values of the squares (— p’) of the scalar semiaxes of the 

central section L o; which agrees with the formula XXX VIII. 

(19.) If then a surface be derived from a given central surface of the 

second order, as the locus of the extremities of normals (erected at the centre) 

to the diametral sections of the given surface, each such normal (when real) 

having the /ength of one of the semiaxes of that section, the equation of this new 

surface™ (or locus) will admit of being written thus: 

2.4) Bela Se(¢ — p’) 7p = 0, 

* When the given surface is an ellipsoid, this derived surface XLI. is therefore the celebrated 
Wave Surface of Fresnel, which will be briefly mentioned somewhat farther on. 
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(20.) The first of the values XXIV., for the auxiliary scalar r, gives the 

expression (if v = gp, as it is for a central surface of the second order), 

XL ee] ptrv= Lirid)o =r (e+ rp; 

whence, by inversion, and operation with ¢, 

XU pp =r(o ery os XLV. Sprig tr) oc; 

and therefore, because Spv = 1, 

XLV... 7? =S8((9 + r)70. (6 + r)"90) =8. o(6 + 7) "go. 

(21.) The following is a quite different way of arriving at this result, 

which is also useful for other purposes. Considering o as the vector os of a 

point s on the Surface of Centres, that is, on the Jocus of all the centres of 

curvature of principal normal sections, the vector (say v) of the Reciprocal 

Surface is connected with o (comp. 373, (21.)) by the equations of reciprocity,* 

XLVI... Sov = Sve = 1 ; XLVII. .. Sudo = Abe XLVIII. . . Sedu = OF 

which are all satisfied by the vector expression, 

23 
Spr 

where 7 is, as before, a tangent to the line of curvature: so that, if w denote 

the variable vector of the normal plane to this last curve, the equation of that 

plane (comp. 369, IV.) may be thus written, - 

Te Solera nl ei0) 
This normal plane, to the line of curvature at Pp, is therefore at the same time 

the tangent plane to the surface of centres at s, as indeed it is known to be, 

from simple geometrical considerations, independently of the form of the 

given surface, which remains here entirely arbitrary. 

XULIX...v 

* It is understood that do and dy, in the differential equations XLVII., XLVIII., are in general 

only obliged to have directions tangential to the surface of centres, and to its reciprocal, at corre- 
sponding points: so that the equations might be in some respects more clearly written thus, 
Svic = 0, Sciv = 0, the mark d being reserved to indicate changes which arise from motion along a 
given line of curvature, while 5 should have a more general signification. Accordingly if, in 

particular, we write 5p = vdp, for a variation answering to motion along the other line, and denote 

the two radii of curvature for the two directions dp and 5p by 21 and Re, we shall have by II., 

Ri"dp + dUy = 0, Ro 8p + 8Uy = 0, and therefore by I., 

do=dki.Uv, 80 = 5p + 8(RiUy) = (1 — RiRe\vdp + S21. Uv; 

so that we have both Sdpdo = 0, and Sdpdc = 0, and therefore the tangent dp or 7 to the given line of 

curvature has the direction of the normal v to the corresponding sheet of the surface of centres, as is 
otherwise visible from geometry. And when we have thus found an equation of the form tv = 7, 
operation with S.o gives by XLVI. the value ¢ = Spr, as in XLIX., because o — p || v 1 +. 



Art. 412. | RECIPROCAL OF SURFACE OF CENTRES. 255 

(22.) The expression X LIX. for vu gives generally the relation, 

ibis ais r ari 

giving also, by 410, V. and VI., these two other equations, 

Die Suu Os andre ULL... Bade an, 

which are still independent of the form of the given surface. 

(23.) But if that surface be a central quadric,* then the equation LI. may 

be thus written, 
LV. Le Sudtyi= Srpius 

combining which with LIT. and LIII., we derive the expressions : 

_ vou —ufu | Ds useige Vari U7 Use 
SADE ail ot ac ata GV ier, pad Be eran 

wherein fu = Sug, and Fu = Sug v, as usual. 

(24.) Operating with S.» on this last expression for p, and attending to 

LIT. and LIV., we find the following guaternion forms of the Equation of the 

feciprocal of the Surface of Centres : 

Vile el sya ee oF IBVIR reese 4d Uituk 
| *— fu. Fu 
or 

ICN: Ge eel arsine or LX... Fo- 7-1; &a, 
U f- 

v 

whereof the second, when translated into coordinates, is found to agree 

perfectly with a knownt equation of the same reciprocal surface. 

(25.) Differentiating the form LX., and observing that 

OM Lee, (72) " F d.ut=48u%du, dfu=2Squdu, dFu = 28p udu, 

we find, by comparison with XLVI. and XLVIIL., the expression : 

erae Fs vipn | = 2vu fe ae 
LXII...6c= gov (fu Cfuy or LXIII. -- C= Yass (f Uv)? 

* Compare the last Note to page 236; see also the use made of this known name “ quadric,’’ for 

a surface of the second order (or degree), in the sub-articles to 399 (pages 159, &c.). 

+ The equation alluded to, which is one of the fourth degree, appears to have been first assigned 
by Dr. Booth, in a Tract on Tangential Coordinates (1840), cited in page 163 of Dr. Salmon’s Treatise. 
See also the Abstract of a Paper by Dr. Booth, in the Proceedings of the Royal Society for April, 1858. 
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or finally by XLIX., with the recent signification XXIV. of +, 

LXIV...c=r°%(6+7r)'ov, because LXV...r=fUr=/fUv: 

and, for the same reason, the equation LX. of the reciprocal surface may be 

thus briefly written, 

PAV ie er ua 1, while” LAV jo re =. 

(26.) Inverting the last form for o, and using again the relation XLVI., 

we first find for v the expression, 

LXVII...v=7r7 (6+ 7r)?¢0; 

and then are conducted anew to the equation XLV., or to the following, 

LXVIII...1=S.6(1 + r%¢)¢o. 

(27.) This last equation may also be thus written, 

LXIX...L=8.o(1 +7'9)* (6 +7776"); 

but by combining XLIII. LI. LX VII. we have, 

LXX. ..1 = (Spu =)8. o(1 + 1°14) %¢0 ; 

LXXI...0=8.0c(1 + 7"9)°*¢’o, 
hence 

a result which may be otherwise and more directly deduced, under the form 

Svu = 0 (LII.), from the expressions XLIV. LX VIL. for v and v. 

(28.) If we write, 

DAM as = Udo, + = Ulado)i. and therelore, winx nie, alia 

rand 7’ being thus wnit-tangents to the lines of curvature, the equation ITI. 

gives, generally, 

LXXIV...0 = Vrd(rr’) =- dr’ + cSr’dr, whence LXXIV’... dr’ ||7; 

of which general parallelism of dr’ to r, the geometrical reason is (comp. again 

III.) that a ine of curvature on an arbitrary surface is, at the same time, a 

line of curvature on the developable normal surface which rests upon that line, 

and to which the vectors 7’ or vdp are normals, 



Art, 412. ] RECIPROCAL OF SURFACE OF CENTRES. 257 

(29.) The same substitution LX XIII. for Up gives by II., if we denote 
by s the are of a line of curvature, measured from any fixed point thereof, so 
that (by 380, (7.), &e.), 

LXXV. oe Tdp = ds, dp = rds, Dp = Ty, 

the following general expression for the curvature of the given surface, in the 
direction r of the given line, which by LX XIV’. is also that of dv’: 

TOV Re SS. 7D Gr) =— 8. cr Dir = S(Ur Dep) - 

but D,’p is (by 389, (4.)) what we have called the vector of curvature of the 

line of curvature, considered as a curve in space, and RU is the corresponding 

vector of curvature of the normal section of the given surface, which has the 

same tangent 7 at the given point: hence the latter vector of curvature ts 

(generally) the projection of the former, on the normal v to the given surface. 

(30.) In like manner, if we denote for a moment by #7 the curvature of 

the developable normal surface (28.), for the same direction 7, the general 

formula II. gives, by LXXTIV., 

EXEC VL gee R= 7D,7r’ = —S87’D,7 =8. pe Des : 

the vector R-'r’ of this new curvature is therefore the projection on the new 

normal zr’, of the vector of curvature Dp of the given line of curvature. But 

we shall soon see that these two last results are included in one more general,” 

respecting all plane sections of an arbitrary surface. 

(31.) The general parallelism LX XIV’. conducts easily, for the case of 

a central quadric, to a known and important theorem, which may be thus 

investigated. Writing, for such a surface, 

IDSA NUR ee up eon sey ite 

so that 7 retains here its recent signification LXV., and 7” is the analogous 

scalar for the other direction of curvature, we have by LXXIV. the 

differential, 

LXXIX... dr = 28¢or' dr’ = 287r¢r’Sr’dr =0, 

because Sr@7’ = 0, by 410, XI. 

* Namely in Meusnier’s Theorem, which can be proved generally by quaternions with about the 

same ease as the two foregoing cases of it. 
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(32.) We have then the relation, 

1.0.0.4 +f Uludp) = fro? = conat, 

that is to say, the square (r’) of the scalar semidiameter (D’) of the surface, 

which is parallel to the second tangent (r’), is constant for any one line of 

curvature (r); and accordingly (comp. XXII., and the expression 407, 

LXXIJ. for fU»r,), the value of this square is, 

TEX ML af Up 2 oa So? = be eee, 

if a’, b’, c be the scalar semiaxes of the confocal, which cuts the given 

quadric (abc) along the line of curvature, whereof the variable tangent is r. 

(33.) This constancy of fUvde may be proved in other ways; for 

instance, the general equation Sydvdp = 0 gives, for a line of curvature 

on an arbitrary surface, 

LXXXII. .. dv = Sv "dv + doS _ LXXXIII. .. Vdvdp = vdpSv"dy ; 
p 

and 

15).0.0.0 I eee do¢(vdp) =(, because dp = odo ; 

while for a central quadric (fp = 1, dp = v) it is easy to show that we have 

also, 
LXXXYV... ¢(vdp) = Vedpf(vUdp) ; 

hence, for such a surface, if we suppose for simplicity that ds or Tdp is 

constant, which gives Vrd’o || do, we have, 

LXXXVI. .. df(vdp) = 28(p(vdp) . d(vdp) ) = 28vdv .f(vdp), 

a differential equation of the second order, of which a first integral is evidently, 

LXXXVII. ..f(vdo) = Cr’de*, or LXXXVII’...fU (vdp) =C = const. 

(34.) But we see that the ines of curvature on a central quadric are thus ~ 

included in a more general system of curves on the same surface, represented by 

the differential equation LXXXVI., of which the complete integral would 

involve ¢vo constants: and which expresses that the semidiameters parallel to 

those tangents to the surface, which cross any one such curve at right angles, 

have a common square, and therefore (if real) a common length, so that (in 

this case) they terminate on a sphero-conic.* 

* Compare the sub-articles (6.) (7.) (8.) to 219, in page 240, vol. i, 
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(35.) Admitting however, as a case of this property, the constancy L XXX. 

of the scalar lately called 7’, namely the second root of the quadratic XXXIV. 

or XXXYV., of which the coefficients and the first root r vary, in passing 

from one point to another of what we may call for the moment a dine of first 
curvature, we ave only to conceive * and v to be accented in the equations 

LXVI. LXVI’., in order to perceive this theorem, which perhaps is new: 

The Curve* on the Reciprocal (24) of the Surface of Centres of curvature of 

a central quadric, which answers to the second curvature of that given surface 

for all the points of a given line of first curvature, or which is ztse/f in a 

known sense the reciprocal (with respect to the given centre) of the develop- 

able normal surface (28.) which rests upon that line, is the intersection of two 

quadrics; whereof one (LXVI’.) is a cone, concyclic with the given surface 

(fo = 1); while the other (LX VI.) is a surface concyclic with the reciprocal of 

that given quadric (fv = 1). 

(36.) Again, the scalar Equation of the Surface of Centres (21.) may be 

said to be the result of the elimination of r? between the equations LX VIII. 

and LXXI., whereof the latter is the derivativet of the former with respect 

to that scalar ; we have therefore this theorem : 

An Ausiliary Quadric (LX VIII. or XLY.) touches the Second Sheet of the 

Surface of Centres of a given quadric, along a Quartic Curve, which is the 

locus of the centres of Second Curvature for all the points of a Line of First 

Curvature (85.); and (for the same reason) the same auxiliary quadric is 

circumscribed, along the same quartic, by the Developable Normal Surface (28), 

which rests on that first line: with permission, of course, to interchange the 

words first and second, in this enunciation. 

* The variable vector of this curve is easily seen (comp. XLIX.) to be, 

et. 5 mn ae 

~ Srp Syrp’ 
and the reciprocal surface (21.) or (24.) is by (25.) the locus of this quartic (35.). 

t The analogous relation, between the coordinate forms of the equations, was perhaps thought too 

obvious to be mentioned, in page 161 of Dr. Salmon’s Treatise; or possibly it may have escaped 
notice, since the quartic curve (36.) is only mentioned there as an intersection of two quadrics, which 
is on the surface of centres, and answers to points of a line of curvature upon the given surface. But 

as regards the possible novelty, even in part, of any such geometrical deductions as those given in the 

text from the guaternion analysis employed, the writer wishes to be understood as expressing himself 

with the utmost diffidence, and as most willing to be corrected, if necessary. The power of derivating 

(or differentiating) any symbolical expression of the form LXVIII., or of any analogous form, with 
respect to any scalar which it involves explicitly, as if the expression were algebraical, is an important 
but an easy consequence from the principles of the Section III. ii. 6, which has been so often 
referred to. 



260 ELEMENTS OF QUATERNIONS. PLL itarrasi7. 

(37.) When the arbitrary constant r is thus allowed to take successively 

all values, corresponding to both systems of lines of curvature, the Surface of 

Centres is therefore at once the Envelope* of the Auailiary Quadric LX VIIL., 

and the Locus of the Quartic Curve (386), in which one or other of its two 

sheets is touched, by that auxiliary quadric in one of its successive states, and 

also by one of the developable surfaces of normals to the given surface. 

(38.) To obtain the vector equation of that envelope or locus we may 

proceed as follows, using a new expression for o, in terms of v or of p, which 

may then be transformed into a function of two independent and scalar 

variables. Denoting (comp. (82.)) by a, 6, ¢, the semiaxes of the confocal 

which cuts the given surface in the given line of curvature, and by a, 2, c 

those of the other confocal, so that the normals v,, v, to these two confocals 

have the directions of the tangents 7’, + lately considered, we have not only 

the expressions LXX XI. for r, with a’b’c’ changed to a, d,, c1, but also the 

analogous expressions (comp. 407, LX X1.), 

LXXXVIITI... t= @ -—aZ = - b= 6 - c,’. 

We have therefore by XLII., combined with 407, XVI., this very Ae 

expression for o: 

LXXIX... 60 = (po? + 1")v = o2'v = o2'Op 5 

containing, in the present notation, and as a result of the present analysis, a 

known and interesting theorem,f on which however we cannot here delay. 

(39.) It follows from this last value of o, combined with the expression 

408, LX XXII. for p, that we may write, 

Sipe ieeLae (eee @ ay Lol bbs 1b70,b,8 + Pat) 
at+a Va ean a=-a@ 

as the sought Vector Equation of the Surface of Centres of curvature of a given 

quadric (abc) ; ambiguous signs being virtually included in these three terms, 

* Compare the Note immediately preceding. 

+ Namely Dr. Salmon’s theorem (page 161 of his Treatise), that the centres of curvature of a given 

quadric at a given point are the poles of the tangent plane, with respect to the two confocals. The 

connected theorem (page 136), respecting the rectilinear locus of the poles of a given plane, with 
respect to the surfaces of a confocal system, is at once deducible from the quaternion expression 407, 
XVI. for ¢-!v, although the theorem did not happen to be known to the present writer, or at least 
remembered by him, when he investigated that formula of inversion for other applications, of which 
some have been already given. 
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because in the subsequent eliminations* the semiaxes enter only by their 

squares: while /, a, a’ are constants, as in 407, &c., for the whole confocal 

system, and abe are also constant here, but a® — a,’ and a? — a’, or r’ and 

(38.), are variable, and may be considered to be the two independent scalars of 

which o is a vector function.t 

413. Some brief remarks may here be made, on the connexion of the 

general formula, 

oe Silo +r) ty = 0, 412, XXXYV. 

in which r = R'Ty (412, XXIY.), and which when developed by the rules of 

the Section III. 11. 6 takes (comp. 898, LX XIX.) the form of the quadratic, 

Il... 7? + rSvyv + Svtyv = 0, 412, XXXTV. 

with Gauss’s}t theory of the Measure of Curvature of a Surface ; and especially 

with his fundamental result, that this measure is equal to the product of the 

two principal curvatures of sections of that surface: a relation which, in our 

notations, may be thus expressed, 

I. .<V.dUy8Uy = RR,“ Vdpdo. 

(1.) As regards the deduction, by quaternions, of the equation III., in 

which d and 6 may be regarded as two§ distinct symbols of differentiation, 

* The corresponding elimination in coordinates was first effected by Dr. Salmon, who thus deter- 

mined the equation of the surface of centres of curvature of a quadric to be one of the twelfth degree. 
(Compare pages 161, 162 of his already cited Treatise.) 

+ [In the notation of the Note to page 225, the vector to the centre of curvature of the quadric “1 
along its intersection with #2 is c=p+2(@+4)"!p, the value of the scalar x being found by 
expressing that o does not change while w3 in the expression p = {(@+ 1) (® + u2) (& + us) }2€ 
receives a small increment. This gives at once 4(@+ 1 + x)pdu3 + (+ u3)pd% = 0, and therefore 
Z=uz—%m. Hence o = (+41)! (6+ u3)p, or in terms of e the vector equation of the surface of 
centres is when w#2 and w3 are variable 

o = (+ m1)3 (& + us)? (+ ws)be. 

It may also be shown in various ways that the vector equation of the reciprocal of this surface is 

v = — (6+ %)2 (& + w)* (6 + u3)"2e.] 

{ The reader is referred to the Additions to Liouyille’s Monge (pages 505, &c.), in which the 

beautiful Memoir by Gauss, entitled: Disquisitiones generales circa superficies curvas, is with great 

good taste reprinted in the Latin, from the Commentationes recentiores of the Royal Society of 
Gottingen. He is also supposed to look back, if necessary, to the Section III. ii. 6 of these Elements 
(pages 484, vol.1i., &c.), and especially to the deduction in page 486, vol.i., of y from ¢, remembering 

that the latter function (and therefore also the former) is here self-conjugate. 

§ Compare page 553, vol. i., and the Note to page 254. 
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performed with respect to two independent scalar variables, we may observe 

that, by principles-and rules already established, 

Livegegord) la aaa lan SUy = VU =- Uv. Ve; 
v v 

and that therefore the first member of III. may be thus transformed : 

V...V.dUrvdUv = V (v2 Vi ~) = — v'Svldvev. 
Vv 

(2.) Again, since we have dv = ¢dp (410, IV., &c.), and in like manner 

dv = pop, the relations Sydp = 0, Svdp = 0, and the self-conjugate property 

of ¢, allow us to write, 

VI... Vdvdv = PVdpdp, and VII... Vdpdp = v'Svdpép ; 

whence follows at once by V. the formula III., if we remember the general 

expression, deduced from the quadratic IL., 

VIL erases yp rae es a TT 
v Vv 

(3.) If then we suppose that Pp, Pi, P2 are any three near points on an 

arbitrary surface, and that R, Ri, R, are three near and corresponding points 

on the unit sphere, determined by the condition of parallelism of the radii 

OR, OR,, OR, to the normals PN, P1Ni, P2N2, the two small triangles thus formed 

will bear to each other the ultimate ratio, 

ARR Re 
IX. hs lim. APP, P, = fy Ry; 

a result which justifies (although by an entirely new analysis) the adoption 

by Gauss of this product* of curvatures of sections, as the measure of the 
curvature of the surface, with his signification of the phrase. 

(4.) As another form of this important product or measure, if we conceive 

that the vector p of the surface is expressed as a function (872) of two 

independent scalars, ¢ and uw, and if we write for abridgment, 

X...Dip=p', Dup=p, D'ip=p", DiDup=p/, Dip = p,, 

* If it be supposed to be in any manner known that a cimit such as IX. exists, or that the 

quotient of the two vector areas in III. is a scalar independent of the directions of PP1, -PP2, or 
of dp, 5p, we have only to assume that these are the directions of the lines of curvature, in order 

to obtain at once, by 412, II. [page 247], the product Ri-' R27} as the value of this quotient or limit. 
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which will allow us (comp. 372, V.) to assume for the normal vector v the 

expression, 
area Vp'p., 

it is easy to prove™ that we have generally, 

2 

XIL... ROR = 82. 9 he - (s Pe) | 
Vv Vv Vv 

which takes as a verification the well-known form, 

thy tie rt —s* 
Atel ls eho; Ti aT tea 

when we write (comp. 410, (18.)), 

XIV...p=i+jyths, p =Dip=t+khp, p= Dy =7 + kg; 

KV...v=Vp'p,=k-ip—Jq, p” =kr, p/= ks, p, = kt. 

(5.) In general, the equation XII. may be thus transformed, 

XVI... RR, = S(Vop”.Vvp,) — (Vue /)? + v*(Sp”p,, - p,”) ; 
also 

XVII... Tdp? = edé? + 2fdtdu + gdu?, 
if 

XVIII...c¢=-p'7, f=-S8p'p, g=-p}, 
whence 

ID Gel aye 

and if we still denote, as in X., derivations relatively to ¢ and u by upper 

and lower accents, we may substitute in the quadruple of the equation XVI. 

the values, 

bO.54ae 2V vp” = (é. = Qf") 0" os e’p., 2Vvp, on op’ +é9,, 

2Vvp,=— 9p + (2, - 9) pp 

».0.4 RY 2(Sp"p,, — pj") = Oy = RF, ch 7 Os 

and 

hence the measure of curvature is an explicit function of the ten scalars, 

XXII. cae eS, J; CW Ae On Cpl Gis and ey, 4 2af/ + bee 

* The quadratic in R-! may be formed by operating on 412, II. with S.p' and S.p, and then 
eliminating dé: du, 
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and therefore, as was otherwise proved by Gauss, this measure depends only* 

on the expression (X VII.) of the square of a linear element, in terms of two 

independent scalars (¢, «), and of their differentials (d¢, dw). 

(6.) Hence follow also these two other theoremst of Gauss :— 

If a surface be considered as an infinitely thin solid, and supposed to be 

flexible but inextensible, then every deformation of it, as such, will leave 

unaltered, Ist, the Measure of Curvature at any Point, and IInd, the Tota/ 

Curvature of any Area; that is, the area of the corresponding portion of 

the wit sphere, determined as in (3.) by radii parallel to normals. 

(7.) Supposing now that ¢ and w are geodetic coordinates, whereof the 

former represents the /ength of a geodetic ap from a fixed point a of the 

surface, and the latter represents the angle nap which this variable geodetic 

makes at a with a fiwed geodetic aB, it is easy to see that the general 

expression XVII. takes the shorter form, 

XXIII... Tdo? = dé? + n'du?, in which XXIV...n=Tp, = Tr; 

so that we have now the values, 

RXV esol ofa OP = 1s ogame ,. enh en 

and the derivatives of e and fall vanish. And thus the general expression XII. 

for the measure of curvature reduces itself by (5.) to the very simple form, 

XXXVI... BRR = - wn” = -n Dn; 

in which n is generally a function of both ¢ and w, although here twice 

derivated with respect to the former only. 

* The proof by quaternions, above given, of this exclusive dependence, is perhaps as simple as 
the subject will allow, and is somewhat shorter than the corresponding proof in the Lectures; in 
page 605 of which is given however the equation, 

4 (eg — f?)PRr* Ra} = (9? — 29, f! + ge) +f (C9, — 69! — 26f, - 2g9f' + 4F°'f) 
+ 9 (6? — 2ef, + eg’) — 2(eg — fF?) (¢, - 2F +9"); 

which may now be deduced at sight from XVI., by the substitutions XIX. XX. XXI., and differs 
only in notation from the equation of Gauss (Liouville’s Monge, page 523, or Salmon, page 309). 

Tt See page 524 of Liouville’s Monge. 

{ [If ¢g is a quaternion or versor function of the two scalars ¢ and uw, and if da = gdpq7! is the 
differential of a vector function of ¢ and w, the squares of the linear elements d@ and dp are identical. 
The surfaces described by p and 7 correspond point to point, and the measure of curvature at any 
point on one surface is equal to that at the corresponding point on the other. Under these circum- 

stances the surfaces are applicable. ‘To find the condition to be satisfied by g, we express that d@ is 

a differential of a function of ¢ and « by equating D:D.@ = DD. This gives in the notation of 
the text a partial differential equation for ¢ 

deg *- gpa go = apg —aepg-go*, of V.Vg4g. p= Vivo gaps] 
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(8.) The point p being denoted by the symbol (/, «), and any other point 

p’ of the surface by (¢ + At, w+ Aw), we may consider the two connected 

points P,, P:, of which the corresponding symbols are (¢+ A?, uw) and 

(4, «+ Au); and then the quadrilateral pp r’P,, bounded by two portions 

PP;, P,P’ of geodetic lines from a, and (as we may suppose) by two arcs 

PP,, P,P’ of geodetic circles round the same fixed point, will have its area 

ultimately = nAtau (by XXIII), and therefore (by XXVI., comp. (3.), (6.)) 

its total curvature ultimately = — nn’ AtAu, or =— Am’. Au, when At and Au 

diminish together, by an approach of Pp’ to P. 

(9.) Again, in the immediate neighbourhood of a, we have n = ¢, n’ =1; 

changing then — Am’ to — dyn’, and integrating with respect to ¢ from ¢ = 0, 

we obtain 1 — n’ as the coefficient of Aw in the result, and are thus conducted 

to the expression : 

XXVII. .. Total Curvature of Triangle avr’ = (1 - n’) Au, ultimately, 

if ap, AP’ be any two geodetic lines, making with each other a smad/ angle = Au, 

and if pp’ be any small are (geodetic or not) on the same surface. 

(10.) Conceive then that pa is a finite are of any curve upon the surface, 

for which therefore ¢, and consequently »’, may be conceived to be a function 

of u; we shall have this other expression of the same kind, 

XXVIII... Total Curvature of Area apa ={ (1 - n’)du = Au - f n'du; 

the area here considered being bounded by the two geodetic lines ap, Aa, 

which make with each other the finite angle Av, and by the arc pa of 

the arbitrary curve. 

(11.) If this curve be ttself a geodetic, and if we treat its coordinates ¢, u, 

and its vector p, as functions of its arc, s, then the second differential of p, 

namely, 

DDN aca pdt+ pd’u + p dt? + 2p/didu + p,du’, 

must be normal to the surface at p, and consequently perpendicular to 

p and p, Operating* therefore with S.p’, and attending to the relations 

XVIII. and XXYV., which give 

XXX... p%=-1, Sp'p,=S8p’p” =S8p’p/ = 0, Sp'p,, = — 8p,p, = nn, 

* ‘To operate with S. p, would give a result not quite so simple, but reducible to the form XXXI., 

with the help of d*s = 0. 
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we obtain the differential equation, 

XXXII... d’%=nn’dv?, or XXXII... dv=-n’du, 

if we observe that we may write, 

XXXIII... dé=cos eds, ndwu = sin vds, 
because 

XXXIV... dé? + n*dw = ds? ; 

v being here the variable angle, which the geodetic pa makes at P with ap 

prolonged. 

(12.) Substituting then for — n’du, in XXVIII, its value dv given by 

XXXIT., the integration becomes possible, and the result is Aw + Av; where 

Au is still the angle at a, and w + Av = (a — v) + (v + Av) is the sum of the 

angles at Pp and aq, in the geodetic triangle apa. 

(13.) Writing then B and c instead of P and a, we thus arrive at another 

most remarkable ‘'heorem* of Gauss, which may be expressed by the formula: 

XXXYV... Total Curvature of a Geodetic Triangle anc =A+B+C-T, 

= what may be called the Spheroidal Excess; A, B, c, in the second member, 

being used to denote the three angles of the triangle: and the total surface of 

the unit sphere (=4m) being represented by 720°, when the part corresponding 

to the geodetic triangle is thus represented by the angular excess, A+B +c-—180°. 

(14.) And it is easy to perceive, on the one hand, how this theorem 

admits of being extended, as it was by Gauss, to all geodetic polygons: and on 

the other hand, how it may require to be modified, as it was by the same 

eminent geometer, so as to give what would on the same plan be called a 

spheroidal defect, when the measure of curvature is negative, as it is for surfaces 

(or parts of surfaces) of which the principal sections have their curvatures 

oppositely directed. 

414. The only sections of a surface, of which the curvatures have been 

above determined, are the two principal normal sections at any proposed point ; 

but the general expressions of III. iii. 6 may be applied to find the curvature 

of any plane section, normal or oblique, and therefore also of any curve on a 

* The enunciation of this theorem, respecting which its illustrious discoverer justly says, ‘‘ Hoc 

theorema, quod, ni fallimur, ad elegantissima in theoria superficierum curvarum referendum esse 

videtur,’’ . . . is given in page 533 of the Additions to Liouville’s Monge. A proof by quaternions 
was published in the Lectures (pages 606-609, see also the few preceding pages), but the writer 
conceives that the one given above will be found to be not only shorter, but more clear, 
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gwen surface, when only its osculating plane is known. Denoting (as in 

389, &c.) by p and x the vectors of the given point p, and of the centre k 

of the osculating circle at that point, and by s the arc of the curve, we have 

generally (by 389, XII. and VI.), 

I. . . Vector of Curvature of Curve = KP = (p — wk)? = Dep = — V=— 

the independent variable in the last expression being arbitrary. And if we 

denote by o and & the vectors of the points s and x, in which the awis of the 

osculating circle meets respectively the normal and the tangent plane to the 

given surface, we shall have also, by the right-angled triangles, the general 

decomposition, KP! = sp! + xp™ \as vectors), or 

IT... Dp = (p — k)1 = (p -— «)7 + (9 - &)7; 

where the two components admit of being transformed as follows : 

III. . . Normal Component of Vector of Curvature of Curve (or Section) 

=(p —c) = a = (p — 6)? cos’ » + (p — a2)” sin? v 

= Vector of Normal Curvature of Surface for the direction 

of the given tangent ; 

a,, 6, being the vectors of the centres s,, s: (comp. 412) of the two principal 

curvatures, and v being the angle at which the curve (or its tangent dp) 

crosses the first line of curvature (or its tangent 7), while o is the vector of 

the centre s of the sphere which is said to osculate to the surface, in the given 

direction (of dp) ; and 

IV. . . Tangential Component of Vector of Curvature 

= (p — &)1 = vdo"Svrdp'd’p 

= Vector of Geodetic Curvature of Curve (or Section) ; 

this latter vector being here so called, because in fact its tensor represents 

what is known by the name of the geodetic* curvature of a curve upon a 

surface: the independent variable being still arbitrary. 

* The name, ‘“courbure géodésique,’’ was introduced by M. Liouville, and has been adopted by 
several other mathematical writers. Compare pages 568, 575, &c. of his Additions to Monge. 
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(1.) As regards the decomposition II., if a, 8 be any two rectangular 

vectors oA, oB,. and if y = oc = the perpendicular from o on as, then 

(comp. 316, L., and 408, XLI.), 

Pal: al Ears Yea ED ells oot A oes i Ver eny Vap | Va a + 3 

(2.) To prove the first transformation III., we have, by I. and II., 

observing that dSvdp = 0, 

Palka v _g vy ig Yyte _—Svdip _Sdedp _ «dy 

p-o Dek dp do dp’ do? «de 

(3.) Hence, by 412, (7.), 1f we denote the vector III. of normal curvature 

by RU», we have the general expressions (comp. 412, I. XXI.), 

VIToS ta= pe RUG, 2 Rees Ti Asvith: OV Lie eel yeaa 

for the case of a central quadric; D being generally the semidiameter of the 

index surface (410, (9.), &c.), or for a quadric the semidiameter of that 

surface ttse//, which has the direction of the tangent (or of do): and P being, 

for the latter surface, the perpendicular from the centre on the tangent plane, 

as in some earlier formule. 

(4.) T’o deduce the second transformation III., which contains a theorem 

of Kuler, let r, 7,, 7, denote unit tangents to the section and the two lines of 

curvature, so that 

IX. ..r=7,0080+7,8inv, and) r=7rl=72%=-1; 

we may then write generally (comp. 412, IV.), 

XK... ROTy = = 8 ha Srigr = Sogn, 

aud shall have the values (comp. 410, XI.), 

XI. eG Srigm = hal y, Sro@re = RT, Srigte c= Srogri = 0 ; 

whence 
OE te eet COS eee ein 

and the required transformation is accomplished. 

(5.) The theorem of Meusnier may be considered to be a result of the 

elimination (2.) of d?p from the expressions for the normal component III. of 
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what we may call the Vector D,’o of Oblique Curvature; and it may be 

expressed by the equation, 

PER et actin x Te een tO 
p-k pk 

ore RT. BES = = 

if it be now understood that the point s, of which o is the vector, is the 

centre of the circle which osculates to the normal section; or of the sphere 

which osculates in the same direction to the surface, as will be more clearly 

seen by what follows. 

(6.) In general, if p + Ap be the vector of any second point v’ of the given 

surface, the equation 

FAL cry = § —, with w for a variable vector, 
w — p Ap 

represents rigorously the sphere which touches the surface at the given 

point Pp, and passes through the second point P’; conceiving then that the 

latter point approaches to the former, and observing that the development* 

by Taylor’s Series of the equation /p = const. gives (if d/o = 28vdp, and 

dy = odp), 

XV...0= Ap*Afp = 2&8 me +8 tr + terms which vanish generally with Ap, 
p 

even if they be not always null, we are conducted in a new way, by the 

known conception of the Osculating Sphere for a given direction to a surface, 

to the same centre s, and radius R, as before: the equation of this sphere 

being, 
dy a xViN 8 - (lim. 8" --lim. #2 -) -g 

Ap Ap 

* Compare Art. 374, and the second Note to page 20. The occasional use, there mentioned, of 
the differential symbol dp as signifying a finite and chordal vector, in the development of f(p + dp), 
has appeared obscure, in the Lectwres, to some friends of the writer; and he has therefore aimed, for 

the sake of clearness, in at least the text of these Elements, and especially in the geometrical appli- 
cations, to confine that symbol to its first signification (100, 369, 373, &c.), as denoting a tangential 
vector (finite or infinitely small, and to a curve or surface): p itself being generally regarded as a 
vector function, and not as an independent variable (comp. 362, (3.)). 
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(7.) Conversely, if we assume a radius R, such that R” is algebraically 

intermediate between FR, and &,-', the tangent sphere, 

2Qv Ty 2Uv 

=—, or XVII’...8 = ht, 
W— p Ia W— p 

XVII...8 

will cut the surface in two directions of osculation, assigned by the formula 

XII. ; but if R* be outside those mits, there will be only contact, and not 

any (real) intersection, at least in the vicinity of Pp. 

(8.) If p’ be again, as in (6.), any second point of the surface, and if 

we denote for a moment by (II) and (3) the normal plane pnr’ and the 

normal section corresponding, we may suppose that n is the point in which 

the normals to the plane curve (3X) at Pp and P’ intersect; and if we then 

erect a perpendicular at n to the plane (II), it will be crossed by every 

perpendicular at Pp’ to the tangent p’r’ to the section, and therefore in 

particular by the normal at P’ to the surface, in a point which we may 

call n’: so that the line P’n is the projection, on the plane pr’n, of this 

second normal P’n’ to the surface. Conceiving then the plane (II) to be 

fixed, but the point Pv’ to approach indefinitely to Pp, we see that the centre 

s of curvature of the normal section (%), which is also by (6.) the centre of 

the osculating sphere to the surface for the same direction, is the limiting 

position of the point N, in which the given normal at P is intersected by the 

projection* of the near normal Pn’, on the given normal plane. 

(9.) The two components III. and IV are included in the binomial 

expression, 

XVIII... Vector of Oblique Curvature (or of Curvature of Oblique Section) 

= (p — x)? = vp Sdrdp™ + v dp "Svdp"d’p, 

which is obtained by substituting in I. the general equivalent 409, XXI. for 

d’p, and in which (as before) the independent variable is arbitrary; and the 

tangential component IV. may be otherwise found by observing that, by I. 

and II., 
2 

pees ar = S2SP _ g2OP _ _ Sydprdtp, = Fay 
and that i ‘ 

— (vdp)? = vido", because Svrdp = 0. 

* The reader may compare the calculations and constructions, in pages 600, 601 of the Lectures. 
In the language of infinitesimals, an infinitely near normal v'n' intersects the axis of the osculating 

circle, to the given normal section. 
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(10.) Another way of deducing the same component IV., is to resolve 

the following system of three scalar equations, which by the geometrical 

definition of the point x the vector & must satisfy : 

XX... 8(E-p)y=0; S(E-p)do =0; S(E - p)d’p = dp’; 

and which give, 
_ vd? vd 

arabe a Svded?o  Syvdp7'd?o’ 

or (o — €)' = &e., as before. We have also the transformations, 

XXII... Vector of Geodetic Curvature = (p - &) 

= (vdp)! S(vUdp.dUdp) = — vdp se =e. 

(11.) The definition of the point x shows also easily, that if a developable 

surface (D) be circumscribed to a given surface (s), along a given curve (c), and 

of, in the unfolding of the former surface, the point x be carried with the tangent 

plane, originally drawn to the latter surface at P, it will become the centre of 

curvature, at the new point (P), to the new or plane curve (c’) obtained by this 

development: so that the radius (px) of geodetic curvature is equal, as indeed 

it is known* to be, to the radius of plane curvature of the developed curve. 

(12.) This plane curve (c’) is therefore a circlet (or part of one) if the 

condition, 

XXIII... px = T(E - p) = const., 

* Compare page 576 of the Additions to Liouville’s Monge. 

t+ The curves on any given surface, which thus become circles by development, have also the 

tsoperimetrical property expressed in quaternions (comp. the Note to page 48) by the formula, 

XXVI...fS(Uv.dpd5p) + c5 f Tdp = 0, 

which conducts to the differential equation, 

XXVII... c1dp = V.UvdUdp (comp. 380, IV. [page 29]), 

and in which the scalar constant ¢ can be shown to have the value, 

XXVIII. ..c=(E-p)U.vdp = + T(t — p) = Radius of Geodetic Curvature, 

= radius of developed circle; and each such curve includes, by XXVI., on the given surface, a 
maximum area with a given perimeter: on which account, and in allusion to a well-known classical 

story, the writer ventured to propose, in page 582 of the Lectwres, the name ‘‘ Didonia”’ for a curve 
of this kind, while acknowledging that the cwrves themselves had been discovered and discussed by 
M. Delaunay. 
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be satisfied; but it degenerates into a right line, if this radius of geodetic 

curvature be infinite, that is, if 

POAT pnt le Ae ahs! SNR IAD. OcG ese cbvalyalini eth 

or finally (by 380, II., comp. 409, XXV.), if the original curve (c) be a 

geodetic line on the given surface (s), and therefore also on the developable (p) : 

which agrees with the fundamental property (882, 383) of geodetics on a 

developable surface. 

(13.) Accordingly it may be here observed that the general formula IV., 

combined with the notations and calculations of 382, conducts to the 

eda + dv 

aky oe 

curve on a developable surface, whereof the element ds crosses a generating 

line at the variable angle v, while zdzv is the angle between two such 

consecutive lines: a result easily confirmed by geometrical considerations, 

and agreeing with the differential equation s + v0’ = 0 (382, IX.) of geodetics 

on a developable. 

415. We shall conclude the present Section with a few supplementary 

remarks, including a new and simplified proof of an important theorem (354), 

which we have had frequent occasion to employ for purposes of geometry, and 

which presents itself often in physical applications of quaternions also: 

namely, that if the linear and vector function @ be self-conjugate, then the 

Vector Quadratic, 

expression (s + 0’) T'p”, for the geodetic curvature of any 

lao Vpedp =), 304, I. 

represents generally a System of Three Real and Rectangular Directions; and 

that these (comp. 405, (1.), (2.), &c.) are the directions of the Aves of the 

Central Surfaces of the Second Order, which are represented by the scalar 

equation, 
II. . . Segp = const. ; 

or more generally, 

III. . . Sopp = Cp’ + C’, where CO and C” are any two scalar constants. 

(1.) It is an easy consequence of the theory (850) of the symbolic and 

cubic equation in @, that if c be a root of the derived algebraical cubic M = 0 

(354), and if we write ® = ¢ + c (as in that Article), the new linear and vector 

function ®p must be reducible to the binomial form (351), 

IV... Pp = dp + cep = Sap + B'Sa’p, with V... VBa+ Va = 0, 
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as the condition (353, XXXVI.) of self-conjugation. With this condition we 
may then write, 

WI>. . B = Aa+ Ba’, RB’ = A’d’ + Ba; 

and it is easy to see that no essential generality is lost, by supposing that 
a and a’ are two rectangular vector units, which may be turned about in 
their own plane, if 8 and 3’ be suitably modified: so that we may assume, 

VII... a?=a®=-1, Saa’=0; whence VIII... da= — 2, @a’ = - 2, 

and IX... V’a' = Baa’ =- VBa, Va’ = Aad’, VP’a=- A’ad’. 

(2.) The equation I., under the form, 

X...Vpp=0, is satisfied by XI...g9=0, or XII... Vaa'p=0; 

and it cannot be satisfied otherwise, unless we suppose, 

XIII... p=aa+a’a’, and XIV... V(x + 2’) (xa + x'a’) = 0; 

that is, by IX., 
XV... Bia? - 2) + (A -A’)ze’ = 0: 

while conversely the expression XIII. will satisfy I., under this condition XV. 

But this quadratic in 2 : 2, of which the coefficients B and A — JA’ do not 

generally vanish, has necessarily two real roots, with a product =-1; hence 

there always exists, as asserted, a system of three real and rectangular directions, 

such as the following, 

XVI... va+2'a’, wa-2a, and ad (or Vaa’), 

which satisfy the equation I.; and this system is generally definite; which 

proves the first part of the Theorem. 

(3.) The lines a, a’ may be made by (1) to ¢urn in their own plane, 

till they coincide with the two first directions XVI.; which will give, 

AVIT - 2B 20; Vbledaer hea, 
and therefore, 

XVIII... $9 =-— cp + AaSap + A’a’Sa’p 

= (c > A) aSap 7 (c + A’) a’Sa’p + caa’Saa’p ; 

and thus the scalar equation II. will take the form, 

XIX... Sopp = (¢ + A) (Sap)? + (¢ + A’) (Sap)? + € (Saa’p)* = const., 
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which represents generally a central surface of the second order, with its three 

axes in the three directions a, a’, aa’ of p; and does not cease to represent such 

a surface, and with such axes, when for Sp¢p we substitute, as in III., this 

new expression : 

XX... Sogo - Cp? = Spgp + C ((Sap)*? + (Sa’p)? + (Saa’p)’) = C” = const.; 

the second surface being in fact concyelic (or having the same cyclic planes) 

with the first, and the new term, — Cp, in op, disappearing under the sign 

V.p: so that the second part of the Theorem is proved anew. 

(4.) It would be useless to dwell here on the cases, in which the surfaces 

XIX., XX. come to be of revolution, or even to be spheres, and when 

consequently the directions of their awes, or of p in I., become partially or 

even wholly indeterminate. But as an example of the reduction of an equation 

in quaternions to the form I., without its at first presenting itself under that 

form, we may take the very simple equation, 

XXI... pip = ipxp, with « not |l:, 

which may be reduced (comp. 354, (12.)) to 

ASL av p Vink =i0s 

and which is accordingly satisfied (comp. 3738, XXIX.) by the three rect- 

angular directions, 

XXIII... Ue - Un, Vix, Ue+ Uk, 

of the axes (abc) of the eliipsoid, 

XXIV... T (tp + px) =? - 2, 282, XIX. 

which is one of the surfaces of the concyclic system (comp. III.), 

XXV... Sipxp = Cp’? + C’, 

as appears from the transformations 336, XI., &c. 

(5.) In applying the theorem thus recently proved anew, we have on 
several occasions used the expression, 

XVI eee. 410, IV. 

in which v is a vector normal to a surface whereof p is the variable vector, 

and the function ¢ is treated as sedf-conjugate (363). 
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(6.) It is, however, important to remark that, in order to justify the 
assertion of this last property, the following expression of integral form, 

KRG Les c(Sudo, 

must admit of being equated to some scalar function of p, such as 3fp + const., 

without its being assumed that p itse/f is a function, of any determinate form, 

of a scalar variable, ¢. The self-conjugation of the linear and vector function 

¢ in XXVI., is the condition of the existence of the integral XX VIL., considered 

as representing such a scalar function (comp. again 363). 

(7.) There are indeed several investigations, in which it is sufficient to 

regard v as denoting some normal vector, of which only the direction is 

important, and which may therefore be multiplied by an arbitrary scalar 

coefficient, constant or variable, without any change in the results (comp. the 

calculations respecting geodetic lines, in the Section III. ii. 5, and many 

others which have already occurred). 

(8.) And there have been other general investigations, such as those 

regarding the lines of curvature on an arbitrary surface, in which dv was 

treated as a self-conjugate function of dp, while yet (comp. 410, (17.)) the 

fundamental differential equation Svdvdp = 0 was not affected by any such 

multiplication of v by n. 

(9.) But there are questions in which a factor of this sort may be 

introduced, with advantage for some purposes, while yet it is inconsistent 

with the self-conjugation above mentioned, unless the multiplier » be such as 

to render the new expression Snvdp (comp. XX VII.) an exact differential of 

some scalar function of p. 

(10.) For example, in the theory of Reciprocal Surfaces (comp. 412, (21.)), 

it is convenient to employ the system of the ¢hree connected equations, 

XXVIII... Sve x Vi Svdo ead), Spdv =); 073, Lydols 

but when the /ength of v is determined so as to satisfy the first of these 

equations, v! being then the vector perpendicular from the origin on the tangent 

plane to the given but arbitrary surface of which p is the vector, while p” is 

the corresponding perpendicular for the reciprocal surface with v for vector, the 

differential dv loses generally its self-conjugate character, as a linear and vector 

function of dp: although it retains that character if the scalar function /p be 

homogeneous, in the equation fp = const. of the original surface, as it is for the 
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case of a central quadric,* for which v = gp, dv = ¢dp, &e., as in former 

Articles. 

(11.) In fact, the introduction of the first equation XXVIII. is equivalent 

to the multiplication of v by the factor n =(Svp)"'; and if we write (comp. 

410, (16.)), 

XXIX...dfp =2Srvdp, dv= dp, dn =Scdp, 

we shall have this new pair of conjugate linear and vector functions, 

XXX...d.nv= dp =ngdp + vSodp, XXXII... O'dp = npdp + oSrdp ; 

and these will not be equal generally, because we shall not in general have 

o||v. But this last parallelism exists in the case of homogeneity (10.), because 

we have then the relations, 

XXXII... 28up = rfp, d.n?=dSvp = rSndp, 

if r be the number which represents the dimension of fp (supposed to 

be whole). 

(12.) On the other hand it may happen, that the differential equation 

Svdp = 0 represents a surface, or rather a set of surfaces, without the 

expression Svdp being an exact differential, as in (6.); and then there necessarily 

exists a scalar factor, or multiplier, n, which renders it such a differential. 

(13.) For example the differential equation, 

XXXII... Sypdp = Svdp =U, WIth AA DV et = Vyp, iy = Vydp = odp, 

represents an arbitrary plane (or a set of planes), drawn through a given line y ; 

but the expression Sypdp itselfis not an exact differential, and the integral 

XXVII. represents no scalar function of p, with the present form of », of 

which the differential dv is accordingly a linear function gdp, which is not 

conjugate to itself, but to its opposite (comp. 349, (4.)), so that we have here 

p dp =— ddp. 
(14.) But if we multiply v by the factor, 

XXXV...n=v"=(Vyp)*, which gives XXXVI...dn=Scdp, o=2n*yVyp, 

* It was for this reason that the symbol Ty was not interpreted generally as denoting the 
reciprocal, P-1, of the length of the perpendicular from the origin on the tangent plane, in the 

formule of 410, 412, 414: although, in several of those formule, as in an equation of 409, (3.), 

that symbol was so interpreted, for the case of a central surface of the second order. 
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and therefore Syo = 0, Spo = — 2n, then the new normal vector nv, or v, 

is found to have the self-conjugate differential, 

XXXVII...d.nv=d.v1=- v'Vydp. v7 = Odp = P'dp; 

and accordingly the new expression, 

XXXVIITI.. . Snvdp = 8v'dp =8 vy with y constant, 

is easily seen to be an exact differential, namely (if Ty = 1), that of the angle 

which the plane of y and p makes with a fixed plane through y: so that, 

when vy is thus changed to ny, the integral in XX VII. acquires a geometrical 

signification, which is often useful in physical applications, since it then 

represents the change of this angle, in passing from one position of p to 

another; or the angle through which the variable plane of yp has revolved. 

(15.) In fact, the general formula 335, XV. for the differential of the angle 

of a quaternion gives, if we write 

KK Ee ey y =const., po=const., Ty =1, 
Po 

the two connected expressions : 

EL...dcg=2 8"; XLI.. ./S—— =+ AZ (Vyp: Vyp) ; 
ade 

which contain the above-stated result, and can easily be otherwise established. 

(16.) In general, if the linear and vector function dv = odp be not self- 

conjugate, and if the function d.nv = @dp be formed from it as in (11.), it 

results from that sub-article, and from 349, (4.), that we may write, 

XLII... (¢- ¢’)dp = 2Vydp, (® - ®’)dp = 2Vydp, 

with the relation, 

oid oes 2Y, = any + Vvo ; 

where y, y, are independent of dp, although they may depend on p ttse/f. If 

then the new linear function dp is to be self-conjugate, so that y, = 0, we 

must have 

XLIV... 2ny+Vvo=0, and therefore XLV... Syv=0; 

which latter very simple equation, not involving either n or o, is thus a form, 
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in quaternions, of the Condition of Integrability* of the differential equation 

Svdp = 0, if the vector y be deduced from v as above. 

(17.) The Bifocal Transformation of Sp¢p, in 360, (2.), has been sufficiently 

considered in the present Section (III. iii. 7); but it may be useful to remark 

here, that the Three Mixed Transformations of the same scalar function fp, 

in the same series of sub-articles, include virtually the whole known theory 

of the Modular and Umbilicar Generations of Surfaces of the Second Order.t 

(18.) Thus, in the formule of 360, (4), if we make e = 1, « is the vector 

of an Umbilicar Focus of the surface fp = 1, and Z is the vector of a point on 

the Umbilicar Directrix corresponding ; whence the wmbilicar focal conic and 

dirigent cylinder (real or imaginary) can be deduced, as the Joci of this point 

and /ine. 

(19.) Again, by making e, and e; each = 1, in the formule of 360, (6.), 

we obtain Zwo Modular Transformations of the equation of the same surface ; 

€1, €; being vectors of Modular Foci, in two distinct planes, and Zi, 2; being 

vectors of points upon the Modular Directrices corresponding: whence the 

modular focal conics, and dirigent cylinders (real or imaginary), are found by 

easy eliminations. 

(20.) Thus, by assuming that either 

XLVL, Slee eth Senne et 

KTV Lie MeRiioee Ney osy ae. a —.0: 
or 

* If the proposed equation be 

Sydp = pdx + gdy+rdz=0, sothat v=—(ip+jq+ kr), 

we easily find that 2y =1P+jQ+4R, where 

P=D.qg—Dyr, Q=D.r—D.p, R= Dyp— Deg: 

the condition of integrability XLV. becomes therefore here, 

pP+qQ+rk=0, which agrees with known results. 

[In terms of the operator v, the condition is Syyy = 0. For if nSvdp = d fp = — Sdpv . fp is true 
for all differentials dp, we must have v/p=— mv. Operating on this by y and remembering that 
Vv’ is scalar, V?/p = — nvv — yn. gives, on operating by Sy, the condition as stated above. ] 

t [The formula of the three mixed transformations are 

Sppp = g (p — €)? + 28a (p — ¢) Su(p— ¢) +e, nO 

nd Spop = gi(p — €1)? + (Sai(p — 3))? + (Saa(p — Gi)? + 41, AVL. anc 

Spp = ga(p — €3)* — (SAa(p — ())? — (Sua(p — G3)? + ss eee 
with obvious conditions for homogeneity in p. See pages 545, 546, vol. i.] 
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the equations 360, XVI., XVII. may be brought to the forms, 

XLVIII. .. (e- a)? = m7 (p — 2:),, XLIX... (9 - «3)? = m;?(p — Z;)?, 

with the values, 
e e 

ln m=) —— and LE sm =)-~—- 
Cy C3 

in which ¢, ¢, c; are the three roots of a certain cubic (M = 0), or the inverse 

squares of the three scalar semiawes (real or imaginary) of the surface, arranged 

in algebraically ascending order (357, IX., XX.; 405, (6.), &.): and m,, m; 

are the two (real or imaginary) Modul, or represent the modular ratios, in the 
two modes of Modular Generation* corresponding. 

(21.) It is obvious that an equation of the form, 

LIT. .. Top = C= const. 

represents a central quadric, if ¢p be any lineart and vector function of p, of 

the kind considered in the Section III. ii. 6, whether self-conjugate or not ; 

but it requires a little more attention to perceive, that an equation of this 
other form, 

LIT... Tip -V. BVya)=T(a -V. Vp), 

represent such a surface, whatever the three vector constants a, 3, y may be. 

The discussion of this last form would present some circumstances of interest, 

and might be considered to supply a new mode of generation, on which 

however we cannot enter here. 

* MacCullagh’s rule of modular generation, which includes both those modes, was expressed in 
page 437 of the Lectures by an equation of the form, 

T (p — a) = TV. yVBp; 

in which the origin is on a directrix, 8 is the vector of another point of that right line, a is the vector 
of the corresponding focus, y is perpendicular to a directive (that is, generally, to a cyclic) plane, 
p is the vector of any point P of the surface, and + Sfy is the constant modular ratio, of the 
distance ap of Pp from the focus, to the distance of the same point P from the directrix ob, measured 

parallel to the directive plane. The new forms (360), above referred to, are however much better 

adapted to the working out of the various consequences of the construction ; but it cannot be necessary, 
at this stage, to enter into any details of the quaternion transformations: still less need we here 
pause to give references on a subject so interesting, but by this time so well known to geometers, as 
that of the modular and umbilicar generations of surfaces of the second order. But it may just be 
noted, in order to facilitate the applications of the formule L. and LI., that if we write, as usual, 

for ali the central quadrics, a* > 6 > c*, whether J? and c* be positive or negative, then the roots 
C1, €2, ¢3 coincide, for the ellipsoid, with a~*, b-*, c-?; for the single-sheeted Ayperboloid, with 

e*, a*, b-*; and for the dowble-sheeted hyperboloid with b-*, c*, a-*, (comp. page 206). 

t In page 226 the notation, 
dfp = 2Svdp = 2S¢pdp, 409, LY. 

was employed for an arbitrary surface ; but with the understanding that this function pp (comp. 363) 
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(22.) The surfaces of the second order, considered hitherto in the present 
Section, have all had the origin for centre. But if, retaining the significations 
of ¢, f, and F, we compare the two equations, 

LIV... f(p —«)=C, and LV... fp — Wep =C’, 

we shall see (by 362, &c.) that the constants are connected by the two 

relations, 

LVI... © =:¢x, Y=C-fe=C-Sax=C-F; 

so that the equation, 

LVII. .. fp - Weo = f (0 — ge) — Fe, 
is an identity. 

(23.) Ii then we meet an equation of the form LY., in which (as has 

been usual) we have still /o = Sopp = a scalar and homogeneous function of p, 

of the second dimension, we shall know that it represents generally a surface of 

that order, with the expression (comp. 347, IX., &.), 

LVIII...« = 7 = m We = Vector of Centre. 

(24.) It may happen, however, that the two relations, 

LIX...m=0, Tye>0, 

exist together ; and ¢hen the centre may be said to be at an infinite distance, 

but in a definite direction: and the surface becomes a Paraboloid, elliptic or 

hyperbolic, according to conditions which are easy consequences from what 

has been already shown. 

(25.) On the other hand it may happen that the two equations, 

TEX n=O erie= 0, 

are satisfied together; and then the vector x of the centre acquires, by 

LVIII., an indeterminate value, and the surface becomes a Cylinder, as has 

been already sufficiently exemplified. 

was generally non-linear. It may be better, however, as a general rule, to avoid writing v = gp, 
except for central quadrics ; and to confine ourselves to the notation dy = odp, as in some recent and 

several earlier sub-articles, when we wish, for the sake of association with other investigations and 

results, to treat the function o as linear (or distributive) ; because we shall thus be at liberty to treat 

the sunface as general, notwithstanding this property of ¢. As regards the methods of generating a 
quadric, it may be worth while to look back at the Note to page 204, respecting the Six Generations 
of the Ellipsoid, which were given by the writer in the Lectures, with suggestions of a few others, as 
interpretations of quaternion equations, 
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(26.) It would be tedious to dwell here on such details; but it may be 

worth while to observe, that the general equation of a Surface of the Third 

Degree may be thus written : 

189.0 Fer Sepq py + Sp¢p + Syp Hy Ch e20. 

C and y being any scalar and vector constants; gp any linear, vector, and 

self-conjugate function; and gq, g’, g” any three constant quaternions: while 

op is, as usual, the variable vector of the surface. 

(27.) In fact, besides the one scalar constant, C, three are included in the 

vector y, and six others in the function ¢ (comp. 358); and of the ten which 

remain to be introduced, for the expression of a scalar and homogeneous 

function of p, of the third degree, the three versors Ug, Ug’, Ug” supply 

nine (comp. 312), and the tensor T.qq’q” is the tenth. 

(28.) And for the same reason the monomial equation, 

aT eae S¢pq'pq’’p = 0, 

with the same significations of g, q’, 9’, represents the general Cone of 

the Third Degree, or Cubic Cone, which has its vertex at the origin of 

vectors. 

(29.) If then we combine this last equation with that of a secant 

plane, such as Seo + 1 = 0, we shall get a quaternion expression for a 

Plane Cubic, or plane curve of the third degree: and if we combine it with 

the equation p?+ 1=0 of the unit-sphere, we shall obtain a corresponding 

expression for a Spherical Cubic,* or for a curve upon a spheric surface, 

which is cut by an arbitrary great circle in three pairs of opposite points, 

real or imaginary. 

(30.) Finally, as an example of sections of surfaces, represented by 

transcendental equations, let us consider the Screw Surface, or Helicoid,t of 

which the vector equation may be thus written (comp. the sub-arts. to 314) : 

LXIII...p=c(w+aja+ya"y, with Ta-1, y=VaB, and y>0; 

* Compare the Note to page 38, vol. i.; see also the theorem in that page, which contains 
perhaps a new mode of generation of cubic curves in a given plane; or, by an easy modification, 
of the corresponding curves upon a sphere. 

t Already mentioned in pages 419, vol. i., 12, 28, 85. The condition y > 0 answers to the 
supposition that, in the generation of the surface, the perpendiculars from a given helix on the axis 
of the cylinder are not prolonged beyond that axis. 
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a being the wnit axis, while 3, y are two other constant vectors, a, ¢ two 

scalar constants,.and w, y two variable scalars. 

(31.) Cutting this surface by the plane of By, or supposing that 

LXIV...0=SyBp = B’Sap - SaBSPp, and writing LXY...c = b8af, 

we easily find that the scalar and vector equations of what we may call the 

Serew Section may be thus written : 

LAYVI...d(@ + a)'= y8.07 3 LXVIL...«:/9 =y(y8. a® = BS. a*), 

(32.) Derivating these with respect to 2, and eliminating 6 and 7’, we 

arrive at the equation, 

Loe VL p= (a + a) p + 8Y, iW UATA oe Ty”; 

but sy in LXVIII. is the vector of the point, say «, in which the 

tangent to the section at the point (x, y), or P, intersects the given line y, 

namely the line in the plane of that section which is perpendicular to the 

axis a: we see then, by LXIX., that this point of intersection depends only 

on the constant, b, and on the variable, y, being independent of the constant, a, 

and of the variable, x. 

(33.) To interpret this result of calculation, which might have been 

otherwise found with the help of the expression 372, XII. (with 8 changed 

to y) for the normal v to a screw-surface, we may observe, first, that the 

equation I,X VII., which may be written as follows, 

LXX...p=yV. a3, and gives LXXI...TVap =yT'y, 

would represent an ellipse, if the coefficient y were treated as constant ; 

namely, the section of the right cylinder LXXI. by the plane LXIV. ; 

the vector semiaves (major and minor) of this ellipse being ys and yy 

(comp. 314, (2.)). 

(34.) By assigning a new value to the constant a, we pass to a new 

serew surface (30.), which differs only in position from the former, and may 

be conceived to be formed from it by sliding along the aris a; while the 

value of x, corresponding to a given y, will vary by LXVI., and thus we 

shall have a new screw section (31.), which will cross the ellipse (33.) in a 

new point a: but the tangent to the section at this point will intersect by 

(32.) the minor axis of the ellipse in the same point @ as before. 
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(35.) We shall thus have a Figure* such as the following (fig. 85.) ; 

in which if F be a focus of the ellipse Bc, and e@ (as above) the point of 

convergence of the tangents to the screw sections 

at the points Pp, a, &c., of that ellipse, it is easy 

to prove, by pursuing the same analysis a little 

farther, Ist, that the angle (g), subtended at 

this focus F by the minor semiaxis oc, which 

is also a radius (r) of the cylinder LXXL., is 

equal to the inclination of the ais (a) of that 

cylinder to the plane of the ellipse, as may indeed be inferred from 

elementary principles; and IInd, what is less obvious, that the other angle 

(h), subtended at the same focus (F) by the interval oc, or by what may 

be called (with reference to the present construction, in which it is supposed 

that d< 0, or that the angles made by D,zp and £3 with a are either both 

acute, or both obtuse) the Depression (s) of the Skew Centre (G), is equal to 

the inclination of the same axis (a) to the Aeliz on the same cylinder, 

which is obtained (comp. 314, (10.)) by treating y as constant, in the 

equation LXIIT. of the Screw Surface. 

SECTION 8. 

On a few Specimens of Physical Application of Quaternions, 

with some Concluding Remarks. 

416. It remains to give, according to promise (368), before concluding 

this work, some examplest of physical applications of the present Calculus: 

and as a first specimen, we shall take the Statics of a Rigid Body. 

(1.) Let a, ...,a, be n Vectors of Application, and let B.,.. Bp» be n 

corresponding Vectors of Force, in the sense that n forces are applied at 

the points Ai,..A, of a free but rigid system, and are represented as usual 

by so many right lines from those points, to which /ines the vectors OB, . . OBn 

are equal, though drawn from a common origin ; and let y (= oc) be the vector 

* Those who are acquainted, even slightly, with the theory of Oblique Arches (or skew bridges), 

will at once see that this fig. 85 may be taken as representing rudely such an arch: and it will be 
found that the construction above deduced agrees with the celebrated Rule of the Focal Excentricity, 
discovered practically by the late Mr. Buck. This application of Quaternions was alluded to, in 
page 620 of the Lectures. 

+ The reader may compare the remarks on hydrostatic pressure, in pages 483, 484, vol. i. 
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of an arbitrary point c of space. Then the Hquation* of Equilibrium of the 

system or body, under the action of these n applied forces, may be thus 

written : 

Tr Ve y) 8 =05 “ortthis ls Vy sp ars ap: 

(2.) The supposed arbitrariness (1.) of y enables us to break up the 

formula I. or I’., into the two vector equations: 

TOS 35-0 egal le ev gence 

of each of which it is easy to assign, as follows, the physical signification. 

(3.) The equation II. expresses that if the forces, which are applied at 

the points a,.. of the body, were all transported to the origin o, their 

statical resultant, or vector sum, would be zero. 

(4.) The equation III. expresses that the resultant of all the couples, 

produced in the usual way by such a transference of the applied forces to 

the assumed origin, is null. 

(5.) And the equation I., which as above includes doth II. and IIL., 

expresses that if all the given forces be transported to any common point c, 

the couples hence arising will balance each other: which is a sufficient 

condition of equilibrium of the system. 

(6.) When we have only the redation, 

IV. .. S(3B8. BVap) = 0, 

without (3 vanishing, the applied forces have then an Unique Resultant = =P, 

acting along the line of which I. or I’. is the equation, with y for its variable 

vector. 

(7.) And the physical interpretation of this condition IV. is, that when 

the forces are transported to 0, as in (8.) and (4.) the resultant force is in 

the plane of the resultant couple. 

(8.) When the equation II., but not III., is satisfied, the applied forces 

compound themselves into One Couple, of which the Avis = 2Vaf3, whatever 

may be the position of the origin. 

(9.) When neither II. nor III. is satisfied, we may still propose so to 

place the auxiliary point c, that when the given forces are transferred Zo 7, 

* We say here, ‘‘ equation’’: because the single quaternion formula, I. or I’., contains virtually 

the six usual scalar equations, or conditions, of the equilibrium at present considered. 
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as in (5.), the resultant force 33 may have the direction of the axis ZV(a- y)3 

of the resultant couple, or else the opposite of that direction ; so that, in each 

case, the condition,* 

shall be satisfied by a suitable limitation of the auxiliary vector y. 
(10.) This last equation V. represents therefore the Central Amis of the 

given system of applied forces, with y for the variable vector of that right 

line: or the aais of the serew-motion which those forces tend to produce, when 

they are not in balance, as in (1.), and neither tend to produce translation 

alone, as in (6.), nor rotation alone, as in (8.).t 

(11.) In general, if g be an auwiliary quaternion, such that 

VI... q3B = 3Vaf, 

its vector part, Vq, is equal by (V.) to the Vector-Perpendicular, let fall from 

the origin on the central axis; while its scalar part, Sq, is easily proved to be 

the quotient,t of what may be called the Central Moment, divided by the Total 

Force: so that Vg = 0 when the central axis passes through the origin, and 

Sq = 0 when there exists an wnique resultant. 

(12.) When the total force 3 does not vanish, let Q be a new auxihary 

quaternion, such that 3 Sa 
xa Sa 

VD teat: Ga 8 8° 

VIET c= SQ = 89, cand LX yctiog By Q, 
with 

for its scalar and vector parts; then cS represents, both in quantity and in 

direction, the Awis of the Central Couple (9.), and y is the vector of a point c 

which is on the central acis (10.), considered as a right line having situation in 

space: while the position of this point on this “ine depends only on the given 

system of applied forces, and does not vary with the assumed origin o. 

* The equation V. may also be obtained from the condition, 

Vv’... T3V(a— y)B =a minimum, 

when y is treated as the only variable vector ; which answers to a known property of the Central 

Moment. 

¢ [In the expressive language of Sir Robert S. Ball the forces constitute a wrench upon a screw. ] 

t [This scalar has been aptly termed by Sir Robert Stawell Ball the pitch of the screw. ] 
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(13.) Under the same conditions, we have the transformations, 

XK... 300 = +50; XI... T3aB = (¢ — y*)'T 3B; 

XII... 3VaB = c38 + Vy3p; XIII... (3 Vas)’ = (38)? + (Vysp)’ ; 

whereof XII. contains the known /aw, according to which the avis of the 

couple (4.), obtained by transferring all the forces to an assumed point 0, 

varies generally in quantity and in direction with the position of that point : 

while XIII. expresses the known corollary from that law, in virtue of which 

the quantity alone, or the energy (‘T'S Va(3) of the couple here considered, is the 

same for all the points 0 of any one right cylinder, which has the central axis 

of the system for its avis of revolution. 

(14.) If we agree to call the quaternion product pa.aa’ the quaternion 

moment, or simply the Moment, of the applied force aa’ at a, with respect to the 

Point vp, the quaternion sum Saf in X. may then be said to be the Total 

Moment of the given system of forces, with respect to the assumed origin 0; 

and the formula XI. expresses that the tensor of this swum, or what may be 

called the quantity of this total moment, is constant for all points o which are 

situated on any one spheric surface, with the point c determined in (12.) for its 

centre: being also a minimum when o is placed at that point c ‘tse/f, and 

being then equal to what has been already called the central moment, or the 

energy of the central couple. 

(15.) For these and other reasons, it appears not improper to call generally 

the point c, above determined, the Central Point, or simply the Centre, of 

the given system of applied forces, when the total force does not vanish ; 

and accordingly in the particular but important case, when all those forces 

are parallel, without their sum being zero, so that we may write, 

XIV... 6:=4,8,.. Bu=aB, TSB > 0, 

the scalar c in (12.) vanishes, and the vector y becomes (comp. Art. 97 on 

bary-centres), 

bia, +. . + Ona Sba 
ORV en OC tes Vie a ee ee oe Is 

so that the point c, thus determined, is independent of the common direction 

B, and coincides with what is usually called the Centre of Parallel 
Forces. 
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(16.) The conditions of equilibrium (1.), which have been already 

expressed by the formula I., may also be included in this other quaternion 
equation, 

XVI... Total Moment = Xaf3 = a scalar constant, 

of which the value is independent of the origin; and which, with its sign 

changed represents what may perhaps be called the Total Tension of the 

system.* 

(17.) Any infinitely small change, in the position of a rigid body, is 

equivalent to the alteration of each of its vectors a to another of the form, 

XVII...a+ da=ate+t Vaa, 

e and « being ¢wo arbitrary but infinitesimal vectors, which do not vary in 

the passage from one point a of the body to anothert: and thus the 
conditions of equilibrium (1.) may be expressed by this other formula, 

XVIII. . . 38880 = 0, 

which contains, for the case here considered, the Principle of Virtual Velocities, 

and admits of being extended easily to other cases of Statics. 

417. The general Equation of Dynamics may be thus written, 

I... 3mS (Dea — &)da = 0, 

with significations of the symbols which will soon be stated ; but as we only 

propose (416) to give here some specimens of physical application, we shall 

aim chiefly, in the following sub-articles, at the deduction of a few formule 

and theorems, respecting Awes and Moments of Inertia, and subjects there- 

with connected. 

(1.) In the formula I., ais the vector of position, at the time ¢, of an 

element m of the system; da is any variation of that vector, geometrically 

compatible with the mutual connexions between the parts of that system ; 

* [This of course is what Clausius has since called the virial.] 

+ [Compare pages 83-85, and observe that the transformation 

e=erl.i= (Ser} + Ver):= (p+ @), (yp = Ser, @ = Ver!) 

shows that the displacement of the body may be accomplished by a rotation round the axis whose 
equation is p= @-+ 4x, accompanied by a proportional translation along that axis. This screw 
translation is called a twist by Sir Robert Ball, In the same way a moving body is said to have a 

twist-velocity on an instantaneous screw. ] 
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the vector m& represents a moving force, or & an accelerating force, which 

acts on the element m of mass; D and 8 are marks, as usual, of derivating 

and taking the scalar; and the summation denoted by 3% extends to all the 

elements, and is generally equivalent to a triple integration, or to an addition 

of triple integrals in space. And the formula is obtained (comp. 416, (17.)), 

by a combination of D’Alembert’s principle with the principle of virtual 

velocities, which is analogous to that employed in the Mécanique Analytique 

by Lagrange. | 

(2.) For the case of a free but rigid body, we may substitute for da the 

expression «+ Via, assigned by 416, XVII.; and then, on account of the 

arbitrariness of the two infinitesimal vectors « and v, the formula I. breaks up 

into the two following, 

Il... 3m(D/a - €) = 0; 1B E er ae a Reo Oa 

which correspond to the two statical equations 416, II. and III., and contain 

respectively the law of motion of the centre of gravity, and the law of 

description of areas. 

(3.) If the body have a fixed point, which we may take for the origin o, 

we eliminate the reaction at that point, by attending only to the equation 

III.; and may then express the connexions between the elements m by the 

formula, 

IV... Da= Via, whence V...D/a= Via - VaDu; 

« being the Vector-Awis of instantaneous Rotation of the body, in the sense 

that its versor Ur represents the direction of the avis, and that its tensor Tr 

represents the angular velocity, of such rotation at the time ¢. 

(4.) By V., the equation III. becomes, 

VI... SmaVaDu = sm (ViaSca - Va) ; 

and other easy combinations give the laws of areas and living force, under 
the forms, 

VIL... SmaDja - 3mV f a&dt = y = a constant vector ; 

VIII. . . $3m(D,a)* — SmS f caEdt = ¢ = a constant scalar. 

(5.) When the applied forces vanish, or balance each other, or more 

generally when they compound themselves into a single force acting at 

the fixed point, so that in each case the condition 

IX... SmVaé = 0 
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is satisfied, the equations (4.) are simplified ; and if we introduce a linear, 

vector, and self-conjugate function @, such that 

XX... pe = SmaVa = c3ma*® — SmaSa, 

and write h* for - 2c, they take the forms, 

XI... @De+ Vii= 0; XI. dety=0; XI... Sidi'= 2’; 

y and h being two real constants, of the vector and scalar kinds, connected 

with each other and with ¢ by the relation, 

AIV...8ey +? =0; also XYV...6Du= Vey. 

It may be added that y is now the vecfor sum of the doubled areal velocities 

of all the elements of the body, multiplied each by the mass m of that 

element, and each represented by a right line aD,a perpendicular to the plane 

of the area described round the fixed point o in the time d¢; and that A’ is 

the living force, or vis viva of the body, namely the positive swm of all the 

products obtained by multiplying each element m by the square of its linear 

velocity, regarded as a scalar (TD,a).* 

* [The following elegant method of dealing with a body rotating about a fixed point is due to 

Clifford (Dynamic, vol. ii., page 75). If p is the vector to any moving point, Dyp its velocity, and 
dip its velocity relative to the body, it is geometrically evident that 

Dip = dip + Vip. 

This may be regarded as a formula of differentiation connecting D; and d, as p may be any vector 
whatever. In particular, replacing p by 1, 

Du = du, 

or the rate of change of the angular velocity is the same whether referred to fixed axes or to axes 

moving in the body. (Compare Routh’s Rigid Dynamics, Part I., Arts. 249, 250.) 

Again, from fundamental principles the rate of change of angular momentum of the body about 
the fixed point is equal to the impressed couple about that point. If then 7 is the couple, and if 

— gu is the angular momentum (retaining Hamilton’s notation) we have, on replacing p by — qu, the 

dynamical equation 
— = Didi = digi + Vidi. But didi = pda, 

because the function does not change relatively to the body, so Euler’s equations are contained in 

pdu + Vidi = — 7. 

As another example, on replacing p by Dgp or by its equivalent dip + Vip, we deduce the formula of 
acceleration 

Dep = de(dip + Vip) + Ve(dep + Vip) 

dip + 2Videp + Vdup + ViVup. 

If p is the vector to a point fixed in the body, this becomes D;*p = Vdup + ViVip, and on taking 
moments and summing for the various elements of the body, the dynamical equations may be easily 

derived anew. ] 
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(6.) When cis regarded as a variable vector, the equation XIII. represents 

an ellipsoid, which is fixed in the body, but moveable with it ; and the equation 

XIV. represents a tangent plane to this ellipsoid, which plane is fiwed m space, 

but changes in general its position relatively to the body. And thus the 

motion of that body may generally be conceived, as was shown by Poinsot, 

to be performed by the rolling (without gliding) of an ellipsoid upon a plane ; 

the former carrying the body with it, while its centre o remains fixed: and 

the semidiameter (1) of contact being the vector-axis (3.) of instantaneous 

rotation. 

(7.) The ellipsoid XIII. may be called, perhaps, the Hiipsoid of Living 

Force, on account of the signification (5.) of the constant A’ in its equation ; 

and the fixed plane XIV., on which it rolls, is parallel to what may be called 

the Plane of Areas (Sry = 0): no use whatever having hitherto been made, 

in this investigation, of any aves or moments of inertia. But if we here admit 

the usual definition of such a moment, we may say that the Moment of Inertia 

of the body, with respect to any axis . through the fixed point, is equal to the 

living force h? divided by the square* of the semidiameter Tr of the ellipsoid 

XIII. ; because this moment is, 

AVI... Sm(TVaUi)? = PF Sm(Via)* = — Seige = De. 

(8.) The equations XIT. and XIII. give, 

XVII... 0 = y’Sigt - V(t)? =8u, if XVII... v = ype - 16%; 

and this equation XVII. represents a cone of the second degree, fixed in the 

body (comp. (6.)), but moveable with it, of which the axis cis always a side, 

and to which the normal, at any point of that side, has the direction of the 

line vy. But it follows from XI., or from XII. XV., and from the properties 

of the function ¢, that Dy is perpendicular to both g: and g%, and therefore 

also by XVIII. to v; the cone XVII. is therefore touched, along the side 1, 

by that other cone, which is the locus in space of the instantaneous awis of 

rotation. We are then led by this simple quaternion analysis, to a second 

* Hence it may easily be inferred, with the help of the general construction of an ellipsoid (217, 
(6.)), illustrated by fig. 53 in page 234, vol. i., and page 184, that for any solid body, and any given 
point A thereof, there can always be found (indeed in more ways than one) two other points, B and c, 

which are likewise jixed in the body, and are such that the square-root of the moment of inertia, round 

any axis AD, is geometrically constructed by the line Bp, if the point p be determined on the axis, by 

the condition that a and p shall be equally distant from c. This theorem, with some others here 

reproduced, was given in the Abstract of a Paper read before the Royal Irish Academy on the 10th 
of January, 1848, and was published in the Proceedings of that date. 
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representation of the motion of the body, which also was proposed by Poinsot : 
namely, as the rolling of one cone on another. 

(9.) To treat briefly by quaternions some of MacCullagh’s results on this 
subject, it may be noted that the dine y, though jixed in space, describes in the 
body a cone of the second degree, of which the equation is, by what precedes, 

XIX... PSypty + Wy’? =0, if XX...g=Ty, or XXI... y+ =0; 

while, if we write y = 0c, the point c is indeed fixed in space, but describes a 

sphero-conic in the body, which is part of the common intersection of the cone 

XIX., the sphere XXI., and the reciprocal ellipsoid (comp. XIII.), 

XXII... Syg ty = 7’. 

(10.) Also, the normal to the new cone (9.), at any point of the side y, has 

the direction of g’g"y + h’y, or of «+ Ay? (comp. XIV.); and if a line in 

this direction be drawn through the fixed point o, it will be the side ef contact 

of the plane of areas (7.), with the cone of normals at o to the cone XIX. ; 

which J/ast (or reciprocal) cone rolls on that plane of areas. 

(11.) As regards the Aves of Inertia, it may be sufficient here to observe 

that if the body revolve round a permanent axis, and with a constant velocity, 

the vector axis cis constant; and must therefore satisfy the equation, 

XXIII... Vige=0, because XXIV... Dye =0; 

it has therefore in general (comp. 415) one or other of Three Real and 

Rectangular Directions, determined by the condition XXIII.: namely, 

those of the Awes of Figure of either of the two Reciprocal EKillpsoids, 

Ree LT: 

(12.) And the Three Principal Moments, say A, B, C, corresponding to 

those three principal axes, are by XVI. the three scalar values of — «gr; so 

that the symbolical cubic (350) in @ may be thus written, 

XXV...(¢+ A) (6+ B) (9+ C) = 9. 

(13.) Forming then this symbolical cubic by the general method of the 

Section III. ii. 6, we find that the three moments A, B, C, are the three roots 

(always real, by this analysis) of the algebraic and cubic equation, 

XXVI... A? — 2n*4? + (nt +n”) A - (n’n® — nn) = 0; 
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in which, n’, n”, n’* 

XXVII... 2? =- Sma’; 0? =- Smm'(Vaa')?; n”? = Smm'm" (Saaa’)’ ; 

are three positive scalars, namely, 

112 and the combination n’n” - n’? is another positive scalar, of which the value 

may be thus expressed, 

XXVIII... ABC = nn” — n’ = mm’? (Vad)? 

+ 23mm'm’ (Taa’Ta'a”’Ta’’a + Saa’Sa’a’Sa’’a), 

if a, a’, a’, &e. be the vectors of the mass-elements m, m’, m’’, &c. 

(14.) And because the equation XXV. gives this other symbolical result, 

XXIX...- ABC$? = ¢? + (4+ B+C)o+ BC+ CA+ AB, 

it follows that XXX... 970 =0; 

and therefore, by XV., &c., that if a body, with a fixed point, &., begin to 

revolve round one of its three principal axes of inertia, it will continue to 

revolve round that axis, with an wnchanged velocity of rotation. 

(15.) It has hitherto been supposed, that all the moments of inertia are 

referred to axes passing through one point o of the body; but it is easy to 

remove this restriction. For example, if we denote the moment XVI., 

by Jo, and if J,, be the corresponding moment for an axis parallel to 1, but 

drawn through a new point Q, of which the vector is w, then 

XXXI... LD, = 0? 3m (Vila - w))? = LT, + 23m. S (we Vix) + pam, 

XXXIT...k3m= Sma, and XXXIII... 9 =TVol, 

so that « is the vector of the centre of inertia (or of gravity) of the body, and 

p is the distance between the two parallel axes. 

(16.) If then we suppose that the condition 

XXXIV... Ve =0 

is satisfied, that is, if the axis. pass through the centre of inertia, we shall 

have the very simple relation, 

AAV Oe ded, Fe eg 

which agrees with known results.* 

* [In like manner, if 
Ppt = Bm(a— w) V(a— ow), 

we find 
Pot = Pot — V(KVar + wVar)sm + wVordm. 
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418. As a third specimen of physical applications of quaternions, we propose 

to consider briefly the motions of a System of Bodies, m, m’, m”,... regarded 

as free material points, of which the variable vectors are a, a’, a’,... and 

which are supposed to attract each other according to the law of the inverse 

square: the fundamental formula employed being the following, 

mn 

T(a-a’) 
t Meme aaa =.0; sity Leas 

P thus denoting the Potential (or force-function) of the system, and the 

variations da, da’, ... being infinitesimal, but otherwise arbitrary. 

(1.) To deduce the formula I., with the signification II. of P, from the 

general equation 417, I. of dynamics, we have first, for the case of two 

bodies, the following expressions for the accelerating forces, 

, 

Pieler ee ae oe ls 
(a-—a’)r (a’ — a)” 

whence follows the transformation,* 

— mm’ g o(a—a) - 9 
7 

a-a r 
IV. ..-S(m&éa + m’é'6a’) = 

a result easily extended, as above. If the Jaw of attraction were supposed 

different, there would be no difficulty in modifying the expression for the 

potential accordingly. 

(2.) In general, when a scalar, f (as here P), is a function of one or 

more vectors, a, a’,.. . its variation (or differential) can be expressed as a 

linear and scalar function of their variations (or differentials), of the form 

SpPea + SP’da’ +. . (or SSGda); in which BP, BP’... are certain new and 

finite vectors, and are themselves generally functions of a, a’, ..., derived 

When the point o is at the centre of inertia, so that « is zero, this takes the simple form 

Put = Pot + MoVar = (po — MoSo): + Mw, 

M being the mass of the body. It is evident that the linear functions ¢,, and oy — MwSw have the 
same principal directions, and comparing XXI., page 199, and the Note to page 224, it appears that 

these directions are the normals to the three confocals 

Sw (M-!do0 + A) a = 1 

which pass through the point 0 (Binet’s theorem). The distribution of the assemblage of these 
principal axes has virtually been considered in the Note to page 245.] 

* Jt may not be useless here to compare the expression in page 461, vol. i., for the differential of 

a proxvnity. 
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from the given scalar function 7. And we shall find it convenient to extend 

the Notation* of Derivatives, so as to denote these derived vectors B, 2’, &e., 

by the symbols, Df, Daf, &c. In this manner we shall be able to write, 

Vie Oi iat a eae ode 

and the differential equations of motion of the bodies m, m’, m’’, . . will take 

by I. the forms: 

VI...mD?a+D,P=0, m’Dfa’ + DaP =), &o. ; 

or more fully, 
i 4? 

oe me tah a Vee a= (ae opuD(aeae’) + (Eau aaa +..3 &6, 

(3.) The laws of the centre of gravity, of areas, and of living force, result 

immediately from these equations, under the forms, 

VIII... SmDia= 6; IX... SmVaDa=¥7; 
and 

Ky i Day = oe de 

in which §, y are constant vectors, fH is a constant scalar, and 27’ is the 

living force of the system (comp. 417, (5.)). 

(4.) One mode (comp. 417, (2.)) of deducing the three equations, of 

which these are the first integrals, is the following. To obtain VIIL., 

change every variation 6a in I. to one common but arbitrary infinitesimal 

vector, «. For IX., change da to Via, da’ to Via’, &e.; « being another 

arbitrary and infinitesimal vector. Finally, to arrive at X., change variations 

to differentials (da to da, &c.), and integrate once, as for the two former 

equations, with respect to the time ¢. 

(5.) The formula I. admits of being integrated by parts, without any 

restriction on the variations Sa, by means of the general transformation, 

XI. Pare s (Da . 6a) = DS (Dia ° a) 4 46 . (D.a)’, 

combined with the introduction of the following definite integral (comp. X.), 

t 

>in F-| (P + That. 

* In this extended notation, such a formula as dfp = 2Svdp would give, 

v = 2Dofp. 
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(6.) In fact, if we denote by a, a‘, .. the initial values of the vectors 

a,a’,..or their values when ¢=0, and by Diya, Dua’, . . the corresponding 

values of Da, Dia’, . ., we shall thus have, as a first integral of the equation 

I., the formula, 

XIII... SmS (Dia. da — Dea. 8a) + 8F'= 0; 

in which no variation dé is assigned to ¢, and which conducts to important 

consequences. 

(7.) To draw from it some of these, we may observe that if the masses 

m, m’,.. be treated as constant and known, the complete integrals of the 

equations VI. or VII. must be conceived to give what may be called the 

final vectors of position a, a’,.. and of velocity Dia, Dia’, . . in terms of the 

initial vectors ay, a'o,.. Dou, Doa’,.. and of the téme,t: whence, conversely, we 

may conceive the initial vectors of velocity to be expressible as functions of 

the initial and final vectors of position, and of the time. In this way, then, 

we are led to consider P, 7, and F' as being scalar functions (whether we are 

or are not prepared to express them as such), of a, a’, . . a, a’o,.. and ¢; and 

thus, by (2.), the recent formula XIII. breaks up into the two following 

systems of equations: 

XIV...mDa+D,F=0, m’ Dw’ + DvF = 0, &e. ; 
and 

XV...—mD,a+D,,F=0, -m'Da’ + Du F = 0, ke. ; 

whereof the former may be said to be intermediate integrals, and the Jatter to 

be final integrals, of the differential equations of motion of the system, which 

are included in the formula I. 

(8.) In fact, the equations XIV. do not involve the final vectors of 

acceleration Da, ..as the differential equations VI. or VII. had done; and 

the equations XV. express, at least theoretically, the dependence of the final 

vectors of position a,..on the time, ¢, and on the initial vectors of position 

a, .. and of velocity D,a, . . as by (7.) the complete integrals ought to do. 

And on account of these and other important properties, the function 

here denoted by / may be called the Principal* Function of Motion of the 

System. 

* This function was in fact so called, in two Essays by the present writer, ‘‘ On a General 
Method in Dynamics,’’ published in the Philosophical Transactions (London), for the years 1834 and 
1835 ; although of course coordinates, and not quaternions, were then employed, the latter not haying 

been discovered until 1843: and the notation S, since adopted for scalar, was then used instead of / 
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(9.) If the initial vectors a, .. and D,a, . . be given, that is, if we 

consider the actual progress in space of the mutually attracting system of 

masses m,.. from one set of positions to another, then the function / depends 

upon the time alone; and by its definition XII., its rate or velocity of increase, 

or its total derivative with respect to ¢, 1s thus expressed, 

eV a ic ee 

(10.) But we may inquire what is the partial derivative, say (D,F’), of the 

same definite integral F, when regarded (7.) as a function of the final and 

initial vectors of position a,..a),.. Which involves also the time explicitly, 

and is now to be derivated with respect only to that variable ¢, as if the final 

vectors a, .. were constant: whereas in fact those vectors alter with the time, 

in the course of any actual motions of the system. 

(11.) For this purpose, it is sufficient to observe that the part of the total 

derivative DF, which arises from the last-mentioned changes of a, . . is (by 

XIV. and X.), 
OV Si etal) | = 213s 

and therefore (by XVI. and X.), that the remaining part must be, 

AVI... (DF) = P.-T=- 4. 

(12.) The complete variation of the function F is therefore (comp. XIII.), 

when ¢ as wellasa,..anda,,.. is treated as varying, 

XIX... dF =—- Hét — 3m8Diada + SmSDada. 

(13.) And hence, with the help of the equations X. XIV. XV., it is easy 

to infer that the principal function / must satisfy the two following Partial 

Differential Equations in Quaternions : 

XX... (DF) - $307(D.F)? = P; 

XXI... (DF) - 430r(D,,F) = Py; 

in which P, denotes the initial value of the potential P. 

(14.) If we write 
t 

XXIT. . eo 2T dt, 

so that V represents what is called the Action, or the accumulated living 
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force, of the system during the time ¢, then by X. and XII. the two fetus 

integrals F' and V are connected by the very simple relation, 

CEL Ee Va Ed: 

whence by XIX. the complete variation of V, considered as a function of the 
final and initial vectors of position, and of the constant H of living force, 
which does not explicitly involve the time, may be thus expressed, 

XXIV... d8V = t8A - SmSDyada + smSD,aéea,. 

(15.) The partial derivatives of this new function V, which is for some 

purposes more useful than 7, and may be called, by way of distinction from 

it, the Characteristic* Function of the motion of the system, are therefore, 

XXV...D,V =- mDua, &e. ; 

XXVI...D,,V = + mD,a, &e. ; 
and 

DOA Dore Nb bed Marna fs 

(16.) The intermediate integrals (7.) of the differential equations of motion, 

which were before expressed by the formule XIV., may now, somewhat less 

simply, be regarded as the result of the elimination of H between the formule 

XXV. XXVII.; and the final integrals of those equations VI. or VII., which 

were expressed by XV., are now to be obtained by eliminating the same 

constant H between the recent equations XX VI. XX VIL. 

(17.) The Characteristic Function, V, is obliged (comp. (138.)) to satisfy 

the two following partial differential equations, 

XXVIII... $3m7(D.V)? + P+ H=0; 

XXIX.....33m7(Da, V2 + Pi + =.0; 

it vanishes, like J’, when ¢ = 0, at which epoch a = a, a’ =a',, &c.; each of 

these two functions, / and V, depends symmetrically on the initial and final 

vectors of position: and each does so, only by depending on the mutual 

configuration of all those initial and final posttions. 

ERE NON ENS ARI, LAE AMET LL TLS TS EST CT ee 

* The Action, V, was in fact so called, in the two Essays mentioned in the preceding Note. The 

properties of this Characteristic Function had been perceived by the writer, before those of that which 

he came afterwards to call the Principal Function, as above. 
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(18.) It follows (comp. (4.), see also 416, (17.), and 417, (2.)), that the 

function F must satisfy the two conditions, 

AX Xs. (Df 4D) eOs © RX XT SN (aD ay ad ye 3 

which accordingly are forms, by XIV. XV., of the equations VIII. and IX., 

and therefore are expressions for the law of motion of the centre of gravity, 

and the law of description of areas. And, in like manner, the function V is 

obliged to satisfy these two analogous conditions, 

OGRE SD sya yc Om XK OS Vid Da on 

which accordingly, by XXV. XXVL, are new forms of the same equations 
VIII. IX., and consequently are new expressions of the same two laws. 

(19.) All the foregoing conditions are satisfied when ¢ is smadi, that is, 

when the ¢éme of motion of the system is short, by the following approximate 

expressions for the functions # and V, with the respectively derived and 

mutually connected expressions for H and ¢: 

t 2 
§ XKXIV...F=5(P+P) +5; 

XXXV...V=s(P+P,+ 2H); 

2 

XXXVI...H=- (DF) =-4(P+P,) + ae 

XXXVIT...¢=DaV =5(P +P, + 2H); 

in which s denotes a real and positive scalar, such that 

XXXVIII... 8? =- 3m(a-—a,)*, or XXXIX...8 =~ 3mT(a - a,)?. 

419. As a fourth specimen, we shall take the case of a free point or particle, 

attracted to a fixed centre* 0, from which its variable vector is a, with an 

accelerating force = Mr’, if r = Ta = the distance of the point from the 

* When two free masses, m and m’, with variable vectors a and a’, attract each other according to 

the law of the inverse square, the differential equation of the relative motion of m about m' is, by 
418, VILI., 

I’... Da- a’) =(m+m’) (a—a) rl, if r= T(a—a’); 

and this equation I’. reduces itself to I., when we write a for a — a’, and M for m+ m’. 
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centre, while U is the attracting mass: the differential equation of the 

motion being, 
I... D’a = Mar, 

if D (abridged from D,;) be the sign of derivation, with respect to the 

time ¢. 

(1.) Operating on I. with V.a, and integrating, we obtain immediately 

the equation (comp. 388, (5.)), 

IT. .. VaDa = B = const. ; 

which expresses at once that the orbit is plane, and also that the area 

described in it is proportional to the time; UB being the fixed unit-normal 

to the plane, round which the point, in its angular motion, revolves posi- 

tively ; and T3 representing in quantity the double areal velocity, which 

is often denoted by ec. 

(2.) And it is important to remark, that these conclusions (1.) would have 

been obtained by the same analysis, if 77! in I. had been replaced by any 

other scalar function, f(r), of the distance; that is, for any other law of central 

Soree, instead of the law of the inverse square. 

(3.) In general, we have the transformation, 

ITT... a*Ta = dUa: Vada, 

because, by 334, XV., &c., we have, 

IV. ..dUa = V(da.a™) .Ua = a*Ua. Vada = a Ta’. Vada ; 

the equation I. may therefore by II. be transformed as follows, 

V...Da=yDUa, if VI...y=- Mp"; 

and thus it gives, by an immediate integration, 

VIL... Da=y(Ua-«), or VII’... Da=(e-Ua)y, 

e being a new constant vector, but one situated in the plane of the orbit, to 

which plane (3 and y are perpendicular. 

(4.) But a, Da, D’a are here (comp. 100, (5.) (6.) (7.)) the vectors of 

position, velocity, and acceleration of the moving point; and it has been 

defined (100, (5.)) that if, for any motion of a point, the vectors of velocity 
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be set off from any common origin, the curve on which they terminate is the 

Hodograph* of that motion. 

(5.) Hence a and Da, if the latter like the former be drawn from the 

fixed point 0, are the vectors of corresponding points of orbit and hodogragh ; 

and because the formula VII. gives, 

VIII...SyDa=0, and IX... (Da+ye=y’, 

it follows that the hodograph is, in the present question, a Circle, in the 

plane of the orbit, with — ye (or + ey) for the vector of its centre, and with 

Ty = MT" for its radius, which radius we shall also denote by h. 

(6.) The Law of the Circulart Hodograph is therefore a mathematical 

consequence of the Law of the Inverse Square; and conversely it will soon 

be proved, that no other law of central force would allow generally the 

hodograph to be a circle. 

(7.) For the law of nature, the Radius (h) of the Hodograph is equal, 

by (1.) and (8.), to the quotient of the attracting mass (I), divided by the 

double areal velocity (‘T[3 or c) in the orbit; and if we write 

Xow em Ls; 

this positive scalar e may be called the Hzcentricity of the hodograph, regarded 

as a circle excentrically situated, with respect to the fixed centre of force, 0. 

(8.) Thus, if e<1, the fixed point o is énterior to the hodograph circle ; 

if e = 1, the point o is on the circumference; and if e > 1, the centre o of force 

is then exterior to the hodograph, being however, in a// these cases, situated 

im its plane. 

(9.) The equation VII. gives, 

XI. ..2¢-Ua=- y'Da = Da. y"; 

operating then on this with S.a, and writing for abridgment, 

XII... p= By? = MTC’? = 7M", and XIII... SUae = cos 2, 

* Compare fig. 82, p. 97, vol. i. [and p. 302]; see also pages 99, vol. i., 29, 112, from the two 
latter of which it may be perceived, that the conception of the hodograph admits of some purely 

geometrical applications. 

t This law of the circular hodograph was deduced geometrically, in a paper read before the Royal 

Irish Academy, by the present author, on the 14th of December, 1846; but it was virtually contained 
in a quaternion formula, equivalent to the recent equation VII., which had formed part of an earlier 
communication, in July, 1845, (See the Proceedings for those dates; and especially pages 345, 347, 
and xxxix, xlix, of vol. iii.) 
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so that » is a constant and positive scalar, while » is the inclination of a to -«, 

we find, 

ALY...r+Sace=p; or XV..-.7r P 
~~ L+ecosv’ 

the orbit is therefore a plane conic, with the centre of force o for a focus, 

having e for its excentricity, and p for its semiparameter. 

(10.) And we see, by XII., that if this semiparameter p be multiplied by 

the attracting mass IZ, the product is the square of the double areal velocity ¢ ; 

so that this constant ¢ may be denoted by (Mp)*, which agrees with known 

results. 

(11.) If, on the other hand, we divide the mass (JZ) by the semiparameter 

(p), the quotient is by XII. the square of the radius (MTP" or h) of the 

hodograph. 

(12.) And if we multiply the same semiparameter p by this radius MT" 

of the hodograph, the product is then, by the same formula XII., the constant 

T6 or ¢ of double areal velocity in the orbit, so that h = Mc" = cp”. 

(13.) If we had operated with V.a on VII’., we should have found, 

XVI...68=V.a(e—-Ua)y = (Sae+r)y; 

which would have conducted to the same equations XIV. XV. as before. 

(14.) If we operate on VII. with S.a, we find this other equation, 

XVII. ..-rDr =SaDa = yVae; 
but 

AVI oy fa i= . (by VI. and XII., comp. (11.)), 

and 

XIX. ..— (Vaz)? = er? - (p—r)? =p(2r—-p- ra"), 

if we write 

XX... a= nace 
Laeee 

hence squaring X VII., and dividing by 7”, we obtain the equation, 

Oba» (as) u (= mea . 
dé rar 

(15.) It is obvious that this last equation, XXI., connects the distance, r, 

with the time, t, as the formula XV. connects the same distance 7 with the 

true anomaly, v; that is, with the angular elongation in the orbit, from the 
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position of least distance. But it would be improper here to delay on any 

of the elementary consequences of these two known equations: although it 

seemed useful to show, as above, how the equations themselves might easily 

be deduced by guaternions, and be connected with the theory of the hodograph. 

(16.) The equation II. may be interpreted as expressing, that the 

parallelogram (comp. fig. 32, p. 97, vol. i.) under 
the vectors a and Da of position and velocity, 
or under any two corresponding vectors (5.) of 

the orbit and hodograph, has a constant plane R 

and area, represented by the constant vector [, 

which is perpendicular (1.) to that plane. But 6 eae 
it is to be observed that, by (2.), these constancies, 

and this representation, are not peculiar to the 

law of the inverse square, but exist for al/ other laws of central force. 

(17.) In general, if any scalar function R (instead of I’) represent 

the accelerating force of attraction, at the distance r from the fixed centre o, 

the differential equation of motion will be (instead of I.), 

P T 

Fig. 32, bis. 

XXII... D’a = Rra! =- RUa; 

and if we still write VaDa = (3, as in IL., the formula IV. will give, 

XXIII... Da =- DR.Ua - RrBUe, = 1B; 

in which B=cUB, if ¢= Tf, as before. 

(18.) Applying then the general formula 414, I., we have, for any law* 

of force, the expressions, 

Dia ¢ 
XXV... Vector of Curvature of Hodograph = a Vv Da Be Ua ; 

XXXVI... Radius (h) of Curvature of Hodograph = Rr’c 

Force x Square of Distance 

~ Double Areal Velocity in Orbit ’ 

of which the last not only conducts, in a new way, for the Jaw of nature, to 

the constant value (7.), 2 = Mfc’, but also proves, as stated in (6.), that for 

* The general vatue XXVI., of the radius of curvature of the hodograph, was geometrically 

deduced in the Paper of 1846, referred to in a recent Note. 
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any other law of central force the hodograph cannot be a circle, unless indeed 

the orbit happens to be such, and to have moreover the centre of force at 

ats centre. 

(19.) Confining ourselves however at present to the law of the inverse 

square, and writing for abridgment (comp. (5.)), 

XXVIII... x = 0H = ey = Vector of Centre u of Hodograph, 

which gives, by (5.) and (7.), 

XX VIEL... Tx = eh, 

the origin o of vectors being still the centre of force, we see by the properties 

of the circle, that the product of any two opposite velocities in the orbit is 

constant; and that this constant product* may be expressed as follows, 

XXIX... (e-1)AUc. (0 + Ll) AUn = W(1 - &) = Mor, 

by XVIII. and XX. 

(20.) The expression X XIX. may be otherwise written as x* - y’; and 

if v be the vector of any point u external to the circle, but in its plane, and 

u the length of a tangent ur from that point, we have the analogous formula, 

XXX... W= 7 - (u-x«) = Tv - x)? - 

(21.) Let + and 7’ be the vectors or, ot’ of the ¢wo points of contact of 

tangents thus drawn to the hodograph, from an external point v in its plane; 

then each must satisfy the system of the three following scalar equations, 

XXXII... Syr = 0; 

MXKIL Gerla: 

XXXII... S(r - x) (u-K=y'5 

* In strictness, it is only for a closed orbit, that is, for the case (8.) of the centre of force being 
interior to the hodograph (e<1), that two velocities can be opposite ; their vectors having then, by the 

fundamental rules of quaternions, a scalar and positive product, which is here found to be = Ma-, by 

XXIX., in consistency with the known theory of elliptie motion. The result however admits of an 
interpretation, in other cases also. It is obvious that when the centre o of force is exterior to the 

hodograph, the polar of that point divides the circle into two parts, whereof one is concave, and the 

other convex, towards 0 ; and there is no difficulty in seeing, that the former part corresponds to the 

branch of an hyperbolic orbit, which can be described under the influence of an attracting force: while 

the /atter part answers to that other branch of the same complete hyperbola, whereof the description 
would require the force to be repulsive. 
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whereof the first alone represents the plane; the two first jointly represent 

(comp. (5.)) the circle; and the third expresses the condition of conjugation 

of the points tr and vu, and may be regarded as the scalar equation of the polar 

of the latter point. Jt is understood that Syu = 0, as well as Syx = 0, &e., 

because y is perpendicular (8.) to the plane. 

(22.) Solving this system of equations (21.), we find the two expressions, 

XXXIV...r=Kkt+y(y tu) (u—-—K)7; 

XXXIV’... TH=K+y(y-4) (v—K)7; 

in which the scalar w has the same value as in (20.). As a verification, these 

expressions give, by what precedes, 

XXXV...S(r-x«) (7 -v) =0; XXXV’...8(7 - x) (* -v) =0; 

au KOKO Vil sealed (eee 

In fact it is found that 

XXXVIT...7r-va=u(uty) (v—K)7; 

XXXVIII...T(uw+y)=T(v-.«); 
and 

OO. 0.6 MOEN Oe Aes Tay 

u+-y being here a quaternion. 

(23.) If v’ be the vector ov’ of any point v’, on the polar of the point 

u with respect to the circle, then changing 7 to v’, and w to z, in XXXIV., 

we find this vector form (comp. (21.)) of the equation of that polar, 

XL. . vu =Kt+ (7 +8) (vu — x)", 

or, by an easy transformation, 

XLII... (h? + w)v’ = hu + we + ay (k - v), 

in which g is an arbitrary scalar. 

(24.) If then we suppose that vu’ is the intersection of the chord Tr’ with 

the right line ov, the condition 

2 

TIT AVv' ve O! will pivee RLUTE, emer 
US Sku 

but 
XLIV. .. Vku. (k -— v) = KS (ku — v’) + vS (ku — &’) ; 
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the coefficient then of «, in the expanded expression for v’, disappears as it 

ought to do: and we find, after a few reductions, 

XLV. ..v= (1+ 4 ) yin e+ Bev 
v’—Sxu v—vu Sku ” 

a result which might have been otherwise obtained, by eliminating a new 

scalar y between the two equations, 

XLVI. ..u'=yv, S(yv-«) (v-«) =’. 

(25.) Introducing then two auxiliary vectors, A, uw, such that 

XLVIL...A=vu Sv, or Sxv = vA =dz, 

and therefore 

XLVIT’...rA-K=utVev, SeA=dA*, (A- KP =K-A’, 

and 
Zi a\h 

XLVI. .=2(1+(1+>=*)), whenas SclfXps (ek ey 

we have the very simple relation, 

XLIX. .. (v—A) (v’-A) = (u-A)*, or L... Lu. Lv’ = i’, 

if A=o1L, and w=om. Accordingly, the point 1 is the foot of the perpen- 

dicular let fall from the centre # on the right line ov, while m is one of the two 

points m, m’ of intersection of that line with the circle ; so that the equation L. 

expresses, that the points u, v’ are harmonically conjugate, with respect to the 

chord mm’, of which 1 is the middle point, as is otherwise evident from 

geometry. 

(26.) The vector a of the orbit (or of position), which corresponds to the 

vector r(= Da) of the hodograph (or of velocity), and of which the length is 

Ta = 7 = the distance, may be deduced from 7 by the equations, 

LI...a=r(e-1r)y", and LIT...Vra=-B=My"; 

whence follow the expressions, 

LITI. . . Potential = Mr = (say) P = Sr(xk — 7) = S8v(k-7) 5 
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the second expression for P being deduced from the first, by means of the 

relation XXXYV. 

(27.) The first expression LIII. for P shows that the potential is equal, 

Ist, to the rectangle under the radius of the hodograph, and the perpendicular 

from the centre o of force, on the tangent at T to that circle; and IInd, to 

the square of the tangent from the same point t of the hodograph, to what 

may be called the Circle of Excentricity, namely to that new circle which has 

oH for a diameter. And the first cf these values of the potential may be 

otherwise deduced from the equality (7.) of the mass MY, to the product he of 

the radius / of the hodograph, multiplied by the constant ¢ of double areal 

velocity, or by the constant parallelogram (16.) under any two corresponding 

vectors. 

(28.) The second expression LIII. for the potential P, corresponding 

to the point t of the hodograph, may (by XXXIV., &c.) be thus 

transformed, with the help of a few reductions of the same kind as those 

recently employed : 

M hSqtuyVq 
POs 1A a ee 

LIV eee if Vn ave 

q being thus an auxiliary quaternion ; and in like manner, for the other 

point tT’ lately considered, we have the analogous value, 

2 _ 

TEV nee eran 
r Ve+w 

whence 

TAVCT ee e 
V+’ 

and therefore, 

tee STUN EVILS i yey a Saree 

iy oS Gols BL LIX. . an? Saecnmnyr 

and finally, 

PME PU ted Be a? 
LX. ° PRT ea org) sl pC =0OU.UL 

(29.) In fact, the same second expression LIII. shows, that if v and v’ be 
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the feet of perpendiculars from Tt and 1 on ut, then the potentials are, 

LAI... P=ou. ty, and Pf =ov.rv’'; 

and it is easy to prove, geometrically, that the segment v'L is the harmonic 

mean between what may be called the ordinates, tv, tv’, to the hodographic 

axis AL. 

(30.) If we suppose the point vu to take any new but near position v, in 

the plane, the polar chord tr’, and (in general) the length wu of the tangent ur, 

will change ; and we shall have the differential relations : 

LXII...dr = (r-v) S(t — x) du; 

LXIT’. .. dr’ = (7’- uv) 8 (7 - x) du; 
and 

LXITT. .. du =u"S(« - v) du. 

(31.) Conceiving next that vu moves along the line ov, or LU, so that we 

may write, 

ene lg ,_ Lo LXIV...v=(e¢-&) (u-A), if shadmrerige and é 

we shall have, 

LXV...dv=(u—-A)dw=u(x-e') "de, with x>1>é, 

if u be on Lm prolonged, and if o be on the concave side of the are Tm?’ ; and 

thus, by LITI., the differential expressions (30.) become, 

LXVI...dr=(v-7r)*P(w-e) de; dr =(v-7)'P (w-e’) de; 

and 
LXVII...duw=w'8q. (#-e’)"dz, with Sg=v(A- 0); 

so that 

LX VE pede er a ee corneas p, 
u(x — é’) u(x —-eé) | 

Such then are the /engths of the two elementary arcs Tr, and vr, of the 

hodograph, intercepted between two near secants ntT’ and nr’ drawn 

from the pole n of the chord mm’, and having u and u, for their own poles ; 

and we see that these arcs are proportional to the potentials, P and P’, or by 

LXI. to the ordinates, tv, v’v’, or finally to the lines nt, Nr’: and accordingly 
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we have the inverse similarity (comp. 118), of the two small triangles with n 

for vertex, 

| LXIX... Anrr, «’ nr/7’, 

as appears on inspection of the annexed figure 86. 

Fig. 86. 

(32.) For any motion of a point, however complex, the element dt of 

time which corresponds to a given element dDa of the hodograph, is found 

by dividing the latter element by the vector D’a of accelerating force ; if 

then we denote by dé and d?’ the times corresponding to the elements dr 

and dr’ (31.), we have the expressions, 

LXX...d¢=M.P*,Tdr = ee Breit: 

, ; = oi Mdz " rv da 
LXX’...d¢= uM. P’’.Tdr iePaeee = ey 

because, for the motion here considered, the measure or quantity of the force 

is, by I. and LIIL., 

LX ED ae aie 

(33.) The times of hodographically describing the two small circular ares, 
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tr and 1’'r’, are therefore inversely proportional to the potentials, or directly 

proportional to the distances in the orbit ; and their swm is, 

Be Ue ate (neon) da TRO dé ee (S +B) eee ee 
that is, by LX. and LXIV., 

TARERGTIL EA, Fae eh te Te ROL ee er 
u(e —e')*9 

(34.) We have also the relations, 

LEXV. ..u=(0'-1ly, and LXXVL..—=(1-e%g'; 

so that the sum of the two small times may be thus expressed, 

eee a a ere yi) 

EXSKVIDY mr dpelay Seen Ie a ) S 

or finally, 
a®(1 - e)8\3 dw | LKXVIIL. .. dé +d¢=2 ae erin: 

: LXXIX...2%=secw, or w=ZMtiw in fig. 86, 

in which figure v’w is an ordinate of a semicircle, with the chord mm’ of the 

hodograph for its diameter. 

(35.) The two near secants (31.), from the pole n of that chord, have been 

here supposed to cut the half chord uM ‘¢se//, as in the cited figure 86; but if 

they were to cut the other half chord Lm’, it is easy to prove that the formule 

LXXVIII. LXXIX. would still hold good, the only difference being that 

the angle w, or MLw, would be now obtuse, and its secant # < — 1. 

(36.) A circle, with vu for centre, and wu for radius, cuts the hodograph 

orthogonally in the points T and 1’; and in lke manner a near circle, with uv, 

for centre, and u + dw for radius, is another orthogonal, cutting the same 

hodograph in the near points rt, and r/ (31.). And by conceiving a series of 

such orthogonals, and observing that the differential expression LXX VIII. 

depends only on the four scalars, Ma’, e’, w, and dw, which are all known 

when the mass M and the five points 0, L, M, U, U, are given, so that they do 

not change when we retain that mass and those points, but alter the radius / 

of the hodograph, or the perpendicular uu let fall from its centre u on the 

fixed chord Mm’, we see that the swm of the times (comp. (33.)), of hodographically 

describing any two circular ares, such as T,r and 1’r’, even if they be noé smad., 
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but intercepted between any two secants from the pole n of the fixed chord, is 

independent of the radius (h), or of the height ux of the centre u of the hodograph. 

(37.) If then two circular hodographs, such as the two in fig. 86, having a 

common chord mm’, which passes through, or tends towards, a common centre 

of force 0, with a common mass M there situated, be cut by any two common 

orthogonals, the sum of the two times of hodographically describing (33.) the two 

intercepted arcs (small or large) will be the same for those two hodographs. 

(38.) And as a case of this general result, we have the following Theorem* 

of Hodographic Isochronism (or Synchronism) : 

“ Tf two circular hodographs, having a common chord, which passes through, 

or tends towards, a common centre of force, be cut perpendicularly by a third 

circle, the times of hodographically describing the intercepted arcs will be equal.” 

For example, in fig. 86, we have the equation, 

LXXX. .. Time of rut’ = time of wmw’. 

(39.) The time of thus describing the arc rr’ (fig. 86), if this arc be 

throughout concavet towards o (so that «> 1 > e’, as in LXY.), is expressed 

(comp. LX XVIII.) by the definite integral, 

; rag Cee lee dw 
LXXXI... Time of tur’ = 2 ‘ae I (hae oo wa)? 

and the time of describing the remainder of the hodographic circle, if this 

remaining are 1’m’r be throughout concave towards the centre o of force, is 

expressed by this other integral, 

LXXXII... Time of v’m’t = 2 — sie x i. a U i» (1—é cos w)? 

(40.) Hence, for the case of a closed orbit (e* <1, e<1, a>0), if m denote 

the mean angular velocity, we have the formula, 

SEES Qa ae\z 7 dw a?\2 
DAA A LLIC} < Ne Lime oe 1 pe eee a)" Periodic Time - 2 ( a) (1 - e”) | ieetanant Qa ( a 

or LXXXIV... UM = a'n*, as usual. 

* This Theorem, in which it is understood that the common centre of force (0) is occupied by a 

common mass (IM), was communicated to the Royal Irish Academy on the 16th of March, 1847. (See 

the Proceedings of that date, vol. iii., page 417.) It has since been treated as a subject of investigation 
by several able writers, to whom the author cannot hope to do justice on this subject, within the very 

short space which now remains at his disposal. 

+ Compare the Note to page 303. 
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The same result, for the same case of elliptic motion, may be more rapidly 

obtained, by conceiving the chord mm’ through o to be perpendicular to 0x ; 

for, in this position of that chord, its middle point 1 coincides with o, and 

e = 0 by LXIV. 

(41.) In general, by LX XVI, we are at liberty to make the substitution, 

1 3 a /2\3 3 a*(1 —e”) ul i , with g = half chord of the hodograph ; LXXXV... ( = 

supposing then that e’ =— 1, or placing o at the extremity m’ of the chord, 

we have by LXXXTI., 

LXXXVI... Parabolic time of tur’ = = esse, ; 

for, when the centre of force is thus situated on the circumference of the 

hodographic circle, we have by (8.) the excentricity e=1, and the orbit 

becomes by XV. a parabola. For hyperbolic motion (e? >1, e>1, a< 0), 

the formula LXXXTI. (with or without the substitution LXXXY.) is to be 

employed if e’<-1, that is, if o be on um’ prolonged; and the formula 

LXXXILI., if e’ > 1, & < sec w, that is, if o be situated between m and v. 

(42.) For any law of central force, if p, P’ be the points of the orbit which 

correspond to the points 1, 1 of the hodograph, and if a be the point of 

meeting of the tangents to the orbit at p, Pp’, as in the annexed figure 87, 

while the tangents to the hodograph at 1, 1 meet as before in v, we shall 

have the parallelisms, 

LXXXVII...or || ut, op’ || Tu, Pal] or, ap’ || ov’; 

writing then, 

LXXXVIII... op=a, op’ =a’, or=Da=r, or = Da’ =7, ov=v, 0Q=u, 
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most of which notations have occurred before, we have the equations, 

LXXXIX. ..0 = Va(r - v) = Va'(u - 7’) = Vr(w — a) = Vr'(a’ — w); 

thus 
XC... Vav = Var = 8B = Va'r’ = Va'v, a —all vu, PP’ || ov, 

and 
XOI... Vrw = Vra =- 8 = Vr'a = Vr'w, r-7 || w, TT || 0a. 

Geometrically, the constant parallelogram (16.) under op, or, or under oP’, oT, 

is equal, by LXXXVII., to each of the four following parallelograms: 

I. under op, ov; II. under or’, ov; III. under oa, or; and IV. under 

0a, ot’; whence PP’ || ov, and t’T || 0a, as before. 

(43.) The parallelism XC. may be otherwise deduced for the law of the 

inverse square, with recent notations, from the quaternion formule, 

GO LTP SEA eae ney ich eX CL moe eS, 
r+r A-v u r+yr 

and which may be obtained in various ways; whence it may also be inferred, 

that if s denote the length T(a’ — a) of the chord pr’ of the orbit, then (comp. 

fig. 86.), 
s U cal: Se 

SS eek INTE T:UL = &. =sin w; 

w being the same auxiliary angle as in (34.), &e. 

(44.) It is easy to prove that 

KOIV...A-r=(1+4)=, nova (1-2)2 
whence ye y/ v 

r-vX PF +r ea ‘ 

Se ey ae Andee RO Vl eee (°-A)u=K.P (r-A)u; XOVEs. cL 

the lines i1, Lr’ are therefore in /ength proportional to the potentials, P, P’; 

and their directions are equally inclined to that of ov, but at opposite sides of it, 

so that the line iv bisects the angle ru’. Accordingly (see fig. 86), the three 

points T, L, T’ are on the circle (not drawn in the figure) which has nu for 

diameter ; so that the angles uur’, TLU are equal to each other, as being 

respectively equal to the angles urt’, rr’u, which the chord rr’ of the hodo- 

graph makes with the tangents at its extremities: the triangles TLV, TLV’ 

are therefore similar, and ur is to 11’ as tv to r’v’, that is, by LXI., as 

P to P’, or as 7’ to r. 
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(45.) Again, calculation with quaternions gives, 

(v-r)(X=7) _(u-r) (A-7)_ 
AOVIT ; pa = (v—«) (v—A) (v—Ky, 

Tieng Ty § 
whence 

Vere ee ee eS oa wa sin 203 SS aaa ee 

such then is the common ratio, of the segments vu’, u’t’ of the base rv’ of the 

triangle TLT’, to the adjacent s¢des LT, LT’, which are to each other as 7” to r 

(44.) ; and because this ratio is also that of s to r + 7’, by (48.), we have the 

proportion, 
/ Le XOIX... op:op': pr =r: is =LT : LT: Tr, 

and the formula of inverse similarity (118), 

Ooi ALLE Toc OPP, 

Accordingly (comp. the two last figures), the base angles opp’, op’p of the 

second triangle are respectively equal, by the parallelisms (42.), to the angles 

TUL, TUL, and therefore, by the circle (44.), to the base angles Tr’L, r’rL, of 

the first triangle: but the two rotations, round o from P to Pp’, and round L 

from v’ to T, are oppositely directed. 

(46.) The investigations of the three last sub-articles have not assumed 

any knowledge of the form of the orbit (as elliptic, &c.), but only the /aw of 

attraction according to the inverse square, or by (6.) the Law of the Circular 

Hodograph. And the same general principles give not only the expression 

LXXVI. for the constant Ma", but also (by LX. LXIV. LXXIV. LXXIX.) 

this other expression, 

, eye 

eae NOs Ie whence. Ch.) == an = 

2a 1-e’ cos w’ 
NG ae ; 

r+r 

which last may be considered as a quadratic in e’, assigning two values (real 

or imaginary) for that scalar, when the first member of CII. and the angle w 

are given; the sine of this latter angle being already expressed by XCIII. 

(47.) Abstracting, then, from any ambiguity* of solution, we see, by the 

* That there ought to be some such ambiguity is evident from the consideration, that when a 
focus 0, and two points P, v’ of an elliptic orbit are given, it is still permitted to conceive the motion 
to be performed along either of the two elliptic arcs, pr’, P'p, which together make up the whole 

periphery. But into details of this kind we cannot enter here. 
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definite integrals in (39.), that the time of describing an arc PP’ of an orbit, 

with the law of the inverse square, is a function (comp. (86.)) of the three ratios, 

ae r+r 8 
CII. . ap eee 

which is a form of Lambert’s Theorem, but presents itself here as deduced 

from the recently stated Theorem of Hodographic Isochronism (38.), without 

the employment of any property of conic sections. 

(48.) The differential equation I. of the present relative motion may be 

thus written (comp. 418, I., and generally the preceding Series 418) : 

CIV...S.D*ada+SP=0, whence OV...7=P+4H, 

as in 418, X., if we now write, 

CVI... 2=-4Da? =- 47’, and OVII... H=—; 

in fact (by LITI., comp. (20.) (21.)), 

CVIILI.. 2H =2(P -f) =2P + f= 71 ==. 

(49.) Integrating OLV. by parts, &c., and writing (as in 418, XII. XXIL.), 

t t 

CIX... F=| (T+P)dé, and OX... 7 =| 27at, 
0 0 

so that /’ may again be called the Principal Function and V the Characteristic 

Function of the motion, we have the variations, 

CXI... df =Sréa — Sr’da’ - Hdt; CXII... dV =Srda — Sr’da' + HOH; 

in which a, a’ (instead of a), a) denote now what may be called the initial and 

final vectors (op, op’) of the orbit ; whence follow the partial derivatives, 

CXL Der = Diva ORME Se Dee Dy ear 

GRAVY DF) 2 07T-Seand Ree Da aare 

F being here a scalar function of a, a’, ¢, while V is a scalar function 

of a, a, H, if M be treated as given. 



Art. 419. | PARTIAL DIFFERENTIAL EQUATIONS. 315 

(50.) The two vectors a, a’ can enter into these two scalar functions, only 

through their dependent scalars 7, 7’, s (comp. 418, (17.)) ; but 

OXVI...dr=-r'Sada, 87’ =- 7 Sa'da’, ds = - s'S(a’ — a) (6a’ - 8a) ; 

confining ourselves then, for the moment, to the function V, and observing 

that we have by CXII. the formula, 

OXVII. ..S(rda — 7’da’) = D,V. dr + DV. dr’ + DSV. 8s, 

in which the variations 6a, da’ are arbitrary, we find the expressions, 

CXVIIIL...7=-ar"D,V + (a’ ~ a) sD. 

OXVIIT’... 7 =+ a'r "D,V + (a’ - a)s?DV; 

which give these others, 

CXIX...D,V =rV(a' - a)r: Vad ; 

OX TKS Dy Via = a’) 7 : Vad’ ; 

and 

OXX...D,V =sP: Vad’, 

because 
Var = Var’ = p. 

(51.) But, by XCII’,, 

CXXL ..rrt re’ =(rt7’)v’ |v ll a’ -a, 

the chord tr of the hodograph, in figs. 86, 87, being divided at v’ into 

segments Tu’, u'r’, which are inversely as the distances r, r’, or as the lines 

op, oP’ in the orbit; we have therefore the partial differential equation, 

CXXII...D,V=D,;V, and similarly, CXXIII...D,F=D,F; 

so that each of the two functions, / and V, depends on the distances r, 7’, only 

by depending on their sum, r + 7’. 

(52.) Hence, if for greater generality we now treat M as variable, 

the Principal Function F, and therefore by CXIV. its partial derivative 

=—(D;F’), are functions of the four scalars, 

OXXIV...r#7;08, t and i. 
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(53.) And in like manner, the Characteristic Function (or Action-Function) 

V, and its partial derivative (by OXV.) the Time, t=D,V, may be considered 

as functions of this other system of four scalars (comp. (47.)), 

CXXV...r+r7r, 8s, H, and MU; 

no knowledge whatever being here assumed, of the form or properties of the 

orbit, but only of the /aw of attraction. 

(54.) But this dependence of the time, ¢, on the four scalars OXXY., is a 

new form of Lambert’s Theorem (47.) ; which celebrated theorem is thus 

obtained in a new way, by the foregoing quaternion analysis. 

(55.) Squaring the equations CXVIII. CXVIII’., attending to the 

relation CX XII., and changing signs, we get these new partial differential 

equations, 

CXXVI... 2P + 2H =(D,V)? + (D.V)? + “——~D, V.DV; 

yr? — 7? + 8? 
CXXVI..:2P+2H = (D, V)? i (DeVoe sie ccen veda’ ibys Vy. A 

because 

CARVIN aaa) fa eine (de ay rae 

Hence, by merely algebraical combinations (because P = Mr, and P’ = Mr’), 

we find: | 

M M 
CXXVIIT...4((D,V)? + (DsV)*) = H + ——— + —— 

r+r+s rt+r—-s 

GXSCER ED eye 
Prien se. Fi ee 

[XEXEXE 80 (DSI) Ign ae ee Ma =) 
r+n+s 

CRREX Cres, (1) Vel), Payne ae asa = (4) 
r+r—s r+n—s a 

(56.) But, by CXII. CX VII. CXXII., we have the variation, 

OXXXI...d6V -#H=3(D,V+ DV) 8 (r+r’ +8) 

+3(D,V- DV) 6 (r+7 - 3s); 
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and the function V vanishes with ¢, and therefore with s, at least at the 

commencement of the motion; whence it is easy to infer the expressions,” 

OXXXIL... r-{ a : 5) -f (4 : HY as; 
N\rtnrts 2 Arbre 4a 

OXXXIII... t= | ( cacaitae =) sheet i Ge =) a 
r+rt+s 2 s\ftrt+s 

As a verification,t when ¢ and s are small, and therefore 7’ nearly = 7, we 

have thus the approximate values, 

OXXXIV...V = (2P + 2H)*s = (27)*s = 27t; 

OXXXV...¢ = (2P + 2H)*s = (2T)*s; 

in which s may be considered to be a small are of the orbit, and (27’)2 the 

velocity with which that are is described. 

(57.) Some not inelegant constructions, deduced from the theory of the 

hodograph, might be assigned for the case of a closed orbit, to represent the 

eacentric and mean anomalies ; but whether the orbit be closed or not, the are 

tmT of the hodographic circle, in fig. 86, represents the are of érue anomaly 

described : for it subtends at the hodographic centre H an angle Tut’, which 

is equal to the angular motion Por’ in the orbit. 

(58.) We may add that, whatever the special form of the orbit may be, the 

equations CX VIII. CX VIII’. give, by CXXIL., 

OXXXVI... 7’ -—7 = (Ua’ + Ua) D,V; 

from which it follows that the chord rr’ of the hodograph is parallel to the 

bisector of the angle por’ in the orbit: and therefore, by XCL., that this angle 

is bisected by oa in fig. 87, so that the segments Pr, RP’, in that figure, of the 

chord PP’ of the orbit, are inversely proportional to the segments TU’, ut’ of the 

chord v1" of the hodograph. 

* Expressions by definite integrals equivalent to these, for the action and time in the relative 
motion of a binary system, were deduced by the present writer, but by an entirely different analysis, 
in the First Hssay, &c., already cited, and will be found in the Phil. Trans, for 1834, Part i., pages 

285, 286. It is supposed that the radical in CX XXIII. does not become infinite within the extent of 
the integration ; if it did so become, transformations would be required, on which we cannot enter here. 

t An analogous verification may be applied to the definite integral LXXXI.; in which however 
it is to be observed that both r +r’ and s vary, along with the variable w: whereas, in the recent 
integrals CXXXII. CXXXIII., r + 7’ is treated as constant. 
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(59.) We arrive then thus, in a new way, and as a new verification, at 

this known theorem: that if two tangents (ap, ar’) to a conic section be drawn 

from any common point (a), they subtend equal angles at a focus (0), whatever 

the special form of the conic may be. 

(60.) And although, in several of the preceding sub-articles, geometrical 

constructions have been used only to ¢lustrate (and so to confirm, if confirmation 

were needed) results derived through calculation with quaternions; yet the 

eminently suggestive nature of the present Calculus enables us, in this as in 

many other questions, to dispense with its own processes, when once they have 

indicated a definite train of geometrical investigation, to serve as their substitute. 

(61.) Thus, after having in any manner been led to perceive that, for the 

motion above considered, the hodograph is a circle* (5.), of which the radius 

HT is equal (7.) to the attracting mass M, divided by the constant parallelo- 

gram (16.) under the vectors op, or of position and velocity, in the recent 

figures 86 and 87, which parallelogram is equal to the rectangle under the 

distance op in the orbit, and the perpendicular oz let fall from the centre o 

of force on the tangent ur to the hodograph, we see geometrically that the 

potential P, or the mass divided by the distance, for the point p of the orbit 

corresponding to the point T of the hodograph, is equal (as in (27.)) to the 

rectangle under ut and oz, and therefore, by the similar triangles HTV, voz, 

to the rectangle under ov and Tv (as in (29.)). 

(62.) In like manner, the three potentials corresponding to the second 

point 1’ of the first hodograph, and to the points w and w’ of the second 

hodograph, in fig. 86, are respectively equal to the rectangles under the same 

line ou, and the three other perpendiculars 1T’v’, wx, w’x’, on what we have 

called (29.) the hodographice axis, HL; so that, for these two pairs of points, in 

which the two circular hodographs, with a common chord mm’, are cut by a 

common orthogonal with v for centre, the four potentials are directly proportional 

to the four hodographic ordinates (29.). 

(63.) And because the force (Mr) is equal to the square of the potential 

(Mr), divided by the mass (iM), the four forces are directly as the squares of 

the four ordinates corresponding ; each force, when divided by the square of 

* This follows, among other ways, from the general value XXVI. for the radius of curvature of 

the hodograph, with any law of central force; which value was geometrically deduced, as stated in the 

Note to page 302, compare the Note to page 300, by the present writer, in a Paper read before the 

Royal Irish Academy in 1846, and published in their Proceedings. In fact, that general expression 

for the radius of hodographic curvature may be obtained with great facility, by dividing the element 
fdt of the hodograph (in which f denotes the force), by the corresponding element er-*d¢ of angular 
motion in the orbit. 
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the corresponding hodographic ordinate, giving the constant or common 

quotient, 

CXXXVII... ov?: &. 

(64.) It has been already seen (81.) to be a geometrical consequence of 

the two pairs of similar triangles, NTT, nT/1’, and Ntv, nr’v’, that the two 

small ares of the first hodograph, near v and '’, intercepted between two near 

secants from the pole n of the fixed chord mw’, or between two near orthogonal 

circles, with u and uv, for centres, are proportional to the two ordinates, rv, TV’. 

(65.) Accordingly, if we draw, as in fig. 86, the near radius (represented 

by a dotted line from w) of the first hodograph, and also the small perpen- 

dicular uy, erected at the centre vu of the first orthogonal to the tangent ut, 

and terminated in y by the tangent from the near centre v,, the two new 

pairs of similar triangles, rHT,, uTy, and THV, UU,Y, give the proportion, 

CXXXVIII... rr: tv = vv,: vr; 

which not merely confirms what has just been stated (64.), for the case of the 

first hodograph, but proves that the four small ares, of the two circular hodo- 

graphs in fig. 86, intercepted between the two near orthogonals, are directly 

proportional to the four ordinates already mentioned. 

(66.) But the ééme of describing any small hodographic arc is the quotient 

(32.) of that arc divided by the force; and therefore, by (63.), (65.), the four 

small times are inversely proportional to the four ordinates. And the harmonie 

mean U'L between the two ordinates ry, t’v’ of the first hodograph, does not 

vary when we pass to the second, or to any other hodograph, with the same 

fixed chord mM’, and the same orthogonal circles ; it follows then, geometrically, 

that the swm (33.) of the two small times is the same, in any one hodograph as 

in any other, under the conditions above supposed : and that this sum is equal 

to the expression, 

OXXXIX. . a ae _ 2M. vu’ ss 

” ov? PUreuL Ou. LM? UL 

which agrees with the formula LX XIII. 

(67.) On the whole, then, it is found that the Theorem of Hodographic 

Isochronism Seika admits of BSIDE 4 Recmeered ie ly sie BtnOURy, By po 

* It appears from an ies siidananaie to have been Raat thus that the author orally 

deduced tlie theorem, in his communication of March, 1847, to the Royal Irish Academy ; although, 

as usually happens te cases of invention, his own previous processes of investigation had involved 

principles and methods, of a much less simple character. 
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suggested (60.) by quaternions: and sufficient hints have been already given, 

in connexion with fig. 87, as regards the geometrical passage from that theorem 

to the well-known Theorem of Lambert, without necessarily employing any 

property of conic sections. : 

420. As a fifth specimen, we shall deduce by quaternions an equation, 

which is adapted to assist in the determination of the distance of a comet, or 

new planet, from the earth. 

(1.) Let W be the mass of the sun, or (somewhat more exactly) the sum 

of the masses of sun and earth; and let a and w be the heliocentric vectors of 

earth and comet. Write also, 

Do la=r) lw, alo = a) = 2.6 Uw =1a) =p, 

so that r and w are the distances of earth and comet from the sun, while ¢ is 

their distance from each other, and p is the unit-veetor, directed from earth 

to comet. Then (comp. 419, I.), 

II... D’a=- Mr*a, Dew =—- Mio, 
and 

Ill... D?. 0 = D?(w - a) = WM (r? - w*) a — Mew, 
with 

IV...w=- (a+ 2p)? =7" + 2 - 228ap. 

(2.) The vector a; with its tensor 7, and the mass W/, are given by the 

theory of the earth (or sun); and p, Dp, D’p are deduced from three (or more) 

near observations of the comet ; operating then on III. with 8.pDp, we 

arrive at the formula, 

Vv 

ee SpDpUa bs 

SpDpD’p +r (G =) 

which becomes by IV., when cleared of fractions and radicals, and divided 

by s, an algebraical equation of the seventh degree, whereof one root is the 

sought distance* z, of the comet, (or planet) from the earth. 

421. As a sivth specimen, we shall indicate a method, suggested by 

quaternions, of developing and geometrically decomposing the disturbing 

force of the sun on the moon, or of a relatively superior on a relatively 

inferior planet. 

* Compare the equation in the Mécanique Oéleste (Tom. I., p. 241, new edition, Paris, 1848). 
Laplace’s rule for determining, by inspection of a globe, which of the two bodies is the nearer to the 
sun, results at once from the formula V. 
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(1.) Let a, o be the geocentric vectors of moon and sun; *, s their 

geocentric distances (r = Ta, s = To); M the sum of the masses of earth and 

moon; and S the mass of the sun; then the differential equation of motion 

of the moon about the earth may be thus written (comp. 418, 419), 

J... D’a= M. da + S.(ho - $(6 - a)), 

if D be still the mark of derivation relatively to the time, and 

II... da = p(a) =a Ta’; 

so that ¢a is here a vector-function of a, but not a linear one. 

(2.) If we confine ourselves to the term Ma, in the second member of I., 

we fall back on the equation 419, I., and so are conducted anew to the laws 

of undisturbed relative elliptic motion. 

(3.) If we denote the remainder of that second member by y, then n may 

be called the Vector of Disturbing Force ; and we propose now to develope this 

vector, according to descending powers of T(o:a), or according to ascending 

powers of the quotient 7: s, of the distances of moon and sun from the earth. 

(4.) The expression for that vector may be thus transformed :* 

Ill. .. Vector of Disturbing Force = n = D’a - Moa 

= Ssto1{1 - (1 - aot)! T (1 - ao*)3} 

= Ssto4{1 - (l-aot)? (1 -o7%a)*} 

NES hat f ~ € + : ao! + _ (ao)? +. , € + 3o7a+ : e (oa)? +. ) : 

that is, 
w aN 

IV...n=m+mt+73 + &., 

V...m =— Ssto3 (toa + Zao) = OF (a + d0ao") = m,1 + m,23 

oS? a Pe 
Ve. Ne eres (aca + 26 + doaca'o ) = Noy1 + Ye2 + Ney35 &e. 

the general termt of this development being easily assigned. 

* [Observe that (o — a)-) = {(1 — ao )o}-! =o !(1 — ao~)-1.] 

+ Such a general term was in fact assigned and interpreted in a communication of June 14, 1847, 

to the Royal Irish Academy (Proceedings, vol. iii., p. 514); and in the Lectures, page 616. The 
development may also be obtained, although less easily, by Zaylor’s Series adapted to quaternions. 

Compare pages 473, 475, 477, 478, vol. i. of the present work ; and see page 358, vol. i., &c., for 

the interpretation of such symbols as cao~', aoa}. 
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(5.) We have thus a first group of two component and disturbing forces, 

S. 
which are of the same order as — ; a second group of three such forces, of the oe 2 

S7? 
same order as —-; a ¢hird group of four forces, and so on. 

S 

(6.) The first component of the first group has the following tensor and 

versor, 

Ni eee det Unisi ae Ua; 

it is therefore a purely ablatitious force 

MN, acting along the moon’s geocentric 

vector EM prolonged, as in the annexed 

figure 88. 

(7.) The second component mn’, of the same first group, has an exactly 

triple intensity MN’ = 3MN; and its direction is such that the angle nov’, 

between these two forces of the first group, 1s bisected by a line ms’ from the 

moon, which is parallel to the sun’s geocentric vector ES. 

(8.) If then we conceive a line em’ from the earth, having the same 

direction as the last force mn’, this new line will meet the heavens in what 

may be called for the moment a fictitious moon },, such that the are )), of 

a great circle, connecting it with the true moon } in the heavens, shall be 

bisected by the sun ©, as represented in fig. 88. 

(9.) Proceeding to the second group (5.), we have by VI. for the first 

component of this group, 

3Sr? Uneaten aUo 

8st’ a 
VL Gear re 

a line from the earth, parallel to this new force, meets therefore the heavens 

in what may be called a first fictitious sun, ©., such that the arc of a great 

circle, ©@., connecting it with the true sun, is bisected by the moon ), as in 

the same fig, 88. 

(10.) The second component force, of the same second group, has an 

intensity exactly double that of the first (Tn... = 2T'm,1); and in direction 

it is parallel to the sun’s geocentric vector Es, so that a line drawn in its 

direction from the earth would meet the heavens in the place of the sun ©. 

(11.) The third component of the present group has an intensity which 

is precisely five-fold that of the first component (Tm, 3 = 51m, 1); and a line 
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drawn in its direction from the earth meets the heavens in a second fictitious 

sun @z, such that the are ©, ©:, connecting these ¢wo fictitious suns, is 

bisected by the true sun ©. 

(12.) There is no difficulty in extending this analysis, and this interpre- 

tation, to subsequent groups of component disturbing forces, which forces 

increase in number, and diminish in intensity, in passing from any one group 

to the next; their intensities, for each separate group, bearing numerical ratios 

to each other, and their directions being connected by simple angular relations. 

(13.) For example, the third group consists (5.) of four small forces, 

Nay 1+ + N34, Of which the ‘ntensities are represented by a multiplied 

respectively by the four whole numbers, 5, 9, 15, and 85; and which have 

directions respectively parallel to lines drawn from the earth, towards a second 

fictitious moon ),, the true moon, the first fictitious moon }, (8.), and a third 

fictitious moon );; these three fictitious moons, like the two fictitious suns 

lately considered, being all situated in the momentary plane of the three 

bodies B, M, S: and the ¢hree celestial arcs, )2), )),:, ):);, being each equal to 

double the are }© of apparent e/ongation of sun from moon in the heavens, 

as indicated in the above cited fig. 88. 

(14.) An exactly similar method may be employed to develop or 

decompose the disturbing force of one planet on another, which is nearer 

than it to the sun; and it is important to observe that no supposition is 

here made, respecting any smallness of excentricities or inclinations. 

422. As a seventh specimen of the physical application of quaternions, 

we shall investigate briefly the construction and some of the properties of 

Fresnel’s Wave Surface, as deductions from his principles or hypotheses* 

respecting light. 

(1.) Let p be a Vector of Ray-Velocity, and uw the corresponding Vector of 

Wave-Slowness (or Index- Vector), for propagation of light from an origin 0, 

within a biaxal crystal; so that 

aes Sup =—] ; Eheeee. Sudp i ; and therefore III... Sedu oe 0, 

* The present writer desires to be understood as not expressing any opinion of his own, respecting 

these or any rival hypotheses. In the next Series (423), as an eighth specimen of application, he 

proposes to deduce, from a quite different set of physical principles respecting light, expressed however 

still in the language of the present Calculus, MacCullagh’s Theorem of the Polar Plane; intending 

then, as a ninth and final specimen, to give briefly a quaternion transformation of a celebrated equation 

in partial differential coefficients, of the first order and second degree, which occurs in the theory of 

heat, and in that of the attraction of spheroids. 
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if dp and du be any infinitesimal variations of the vectors p and p, consistent 

with the scalar equations (supposed to be as yet unknown), of the Wave- 

Surface and its Reciprocal (with respect to the unit-sphere round o), namely 

the Surface of Wave-Slowness, or (as it has been otherwise called) the Indew*- 

Surface: the velocity of light in a vacuum being here represented by unity. 

(2.) The variation ép being next conceived to represent a small displace- 

ment, tangential to the wave, of a particle of ether in the crystal, it was 

supposed by Fresnel that such a displacement dp gave rise to an elastic force, 

say oe, not generally in a direction exactly opposite to that displacement, but 

still a function thereof, which function is of the kind called by us (in the 

Sections ITI. ii. 6, and III. ii. 7) “near, vector, and self-conjugate; and which 

there will be a convenience (on account of its connexion with certain optical 

constants, a, 6, c) in denoting here by ¢7'8p (instead of gdp): so that we shall 

have the two converse formule, 

LV... 0p = doe; Vow. 66 = gop. 

(3.) The ether being treated as incompressible, in the theory here considered, 

so that the normal component w Sue of the elastic force may be neglected, or 

rather suppressed, there remains only the tangential component, 

VI... wt Vyuce = de — pw Spde, 

as regulating the motion, tangential to the wave, of a disturbed and vibrating 

particle. 

(4.) If then it be admitted that, for the propagation of a rectilinear 

vibration, tangential to a wave of which the velocity is Ty, the tangential 

force (3.) must be exactly opposite in direction to the displacement Sp, and equal 

in quantity to that displacement multiplied by the square (Tu) of the wave- 

velocity, we have, by V. and VI., the equation, 

VII... gdp — wSude = usp, 

or VITT A Co = (hot on) aces 

* This brief and expressive name was proposed by the late Prof. MacCullagh (Zransactions 
R. I. A., vol. xviii., part i., page 38), for that reciprocal of the wave-surface which the present 
writer had previously called the Swiface of Components of Wave-Slowness, and had employed for 
various purposes: for instance, to pass from the conical cusps to the circular ridges of the Wave, and 
so to establish a geometrical connexion between the theories of the two conical refractions, internal 

and external, to which his own methods had conducted him (Transactions R. I. A., vol. xvii., part i., 

pages 125-144). He afterwards found that the same Surface had been otherwise employed by 
M. Cauchy (Hzercises de Mathématiques, 1830, page 36), who did not seem however to have perceived 
its reciprocal relation to the Wave. 
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combining which with II., we obtain at once this Symbolical Form of the 

scalar equation of the Index Surface, 

DSS Sh ct aed Py rena et) eg Pee 

or by an easy transformation, 

DS AM iI Sug (gp? — uw?) tw ; 

Su(w? — o) 3 
or finally, 

leer 

while the direction of the vibration ép, for any given tangent plane to the 

wave, is determined generally by the formula VIII. 

(5.) That formula for the displacement, combined with the expression Y. 

for the elastic force resulting, gives 

XIE... $0 =- guSude, and XIII... de =- vSpds, 
if 

XIV...(@-pm)v=yp, or XV... u=(%—- pw’) "pn, 

v being thus an auxiliary vector ; and because the equation XI. of the index 

surface gives, 

XVI...Suv=-1, while XVII... Vuéde = 0, by XIIL., 

it follows that the vector v, if drawn like p and wp from 0, terminates on the 

tangent plane to the wave, and is parallel to the direction of the elastic force. 

(6.) The equations XIV. XVI. give, 

OV LU a peu" = Sugu cle 

whence 
XIX... v*Sudu = Sudu = - Sudn, 

because 6Suv = 0, by XVI., and dSudu = 28 (gu. dv), by the self conjugate 

property of ¢; comparing then XIX. with III., we see that +p (as being 

1 every du) has the direction of » + v', and therefore, by I. and XVI., that 

we may write, 

SA A espe Si es Ue a Se RRL Sop aes 

which last equation shows, by (9.), that the ray is perpendicular (on Fresnel’s 

principles) zo the elastic force de, produced by the displacement dp. 
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(7.) The equations XX. and XXI. show by XIV. that 

XXIII... (0? -¢)v=p7, whence XXIV...u=(p*- ¢)'p7; 

we have therefore, by XXII., the following Symbolical Form (comp. (4.)) of 

the Equation of the Wave Surface, 

XXV...05= Se7(¢ — pr) os 

or, by transformations analogous to X. and XI., 

XXVI...1=Sp¢(o-p*)'o?; XXVII...1=Sp(p? - ¢")"p; 

and we see that we can return from each equation of the wave, to the corre- 

sponding equation of the index surface, by merely changing p to u, and ¢ to d?: 

but this result will soon be seen to be included in one more general, which 

may be called the Rule of the Interchanges.* 

(8.) The equation XX V. may also be thus written, 

XXVIII... Se (o - p*)"p = 0; 

* [Tait finds the envelope of the plane Sup = — 1 subject to the condition XI., 1 = Su(u? — >)", 

and thus obtains the equation of the wave surface. If we differentiate XI. and introduce the 
auxiliary vector v of equation XIV., the result becomes Sdu(v-!+ du) =0. Also Spdu = 0, and as du 

is otherwise arbitrary , 
wp = vl+ be 

Squaring this relation we find 2p? =u? — uv, and operating by Su we have =u? —v*= xp? 
Thus # = p-? and we recover XX., whence the result follows as in the text. 

The equation of the electro-magnetic wave surface has been obtained by Tait on the following 
lines. (Proceedings R. S. HE. April 2, 1894, or Scientific Papers, vol. ii., pages 390-1.) 

A system of plane waves running with normal velocity va = — uw}, (Ta = 1) is defined by 

61 = ef (vt + Sap), 02=nf(vt + Sap). (i) 

These equations satisfy 

$161 = Vv02, $262 = — Vv, (ii) 

the quaternion equivalents of Clerk Maxwell’s electro-magnetic equations provided 

pie =Vun, 2 = — Vue. (iii) 
Assuming the linear functions 1 and ¢2 to be both self-conjugate, we find on elimination of 7, 

pie = — Vudo!Vue = — mo! VuVooudre, 

if mz is the third invariant of ¢2. An easy step shows that 

mapie + Supa. pre = pouSugre, 
so that ; 

€ = (magi + Supap . 2) pauSmore. (iv) 

Operating on (iv) by Sou, we have the equation of the index surface 

1 = Suga(magi + Sudan» 2) 12m. (v) 
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but under this last form it coincides with the equation 412, XLI.; hence, by 

412, (19.) the Wave Surface may be derived from the auxiliary or Generating 

Ellipsoid, 
ANEAS. . Sp¢p =], 

by the following Construction, which was in fact assigned by Fresnel* himself, 

but as the result of far more complex calculations :—Cut the ellipsoid (abe) by 

an arbitrary plane through its centre, and at that centre erect perpendiculars to 

that plane, which shall have the lengths of the semiaxes of the section ; the locus of 

the extremities of the perpendiculars so erected will be the sought wave surface. 

(9.) And we see, by IX., that the Index Surface may be derived, by an 

exactly similar construction, from that Reciprocal Ellipsoid, of which the 

equation is, on the same plan, 

POACA Spo 7p =]. 

(10.) If the scalar equations, XX VII. and XI., of the wave and index 

surface, be denoted by the abridged forms, 

AXATS fp = if and AA ee Fu = ik 

Comparing this equation with XI., we are led to assume yp’ = oon, and substitution in (v) affords 
the equation 

1 = Su’ (mage *oige + uw)’. (vi) 

The equation of the tangent plane to the wave surface is 

Sup=—1, or Sp’¢22p=-1, or Sy'p’ =-1, (vii) 

1p = 2p. Comparing these results with I. and XI., we see that p’, uw’, and — moo2 *oio2 2 
correspond respectively to Hamilton’s p, wu, and ¢, and we deduce the equation 

1 = Sp'(p? + ma p2*ortpat)-tp (viii) 
analogous to XXVII. It only remains to replace p’ in terms of p by a transformation the converse of 
that from (vy) to (vi), and we obtain the equation of the wave surface 

1 = Spp2(Spp2-'p . po? + magpie!) p2-'p, (ix) 

or by a transformation like that from XXVII. to XXVIII. 

Sp(b2 + m2Spoz-p . $1)-1p = 0. (x) 

It will be noticed that the electro-magnetic wave-surface (ix) is produced from the Fresnel surface 
(viii) by the transformation or pure strain p = $24’, so that many of the theorems of these sub-articles 

can be extended to this more general case. ] 

* See Sir John F. W. Herschel’s Treatise on Light, in the Encyclopedia Metropolitana, page 544, 

Art. 1017. 



328 ELEMENTS OF QUATERNIONS. [LL ar..§ 8. 

then the relations I. IJ. III. enable us to infer the expressions (comp. the 

notation in 418, (2.) [page 294]), 

yes Lien Byte 

SOE SoD e PO SuD Ee’ 

in which (comp. 412, (86.), and the Note that sub-article [ page 259), 

XXXYV. .. 3D,fp = (p* - 7)" — pSp(p* - o7)"p = — w — wp, 

XXXII. . XXXIV. . 

and 

XXXVI... gD. By = (u? — 6)7 ue - wSu(w’ - 6)" = - uv — vn; 

uv being the same auxiliary vector XV. as before, and w being a new auxiliary 

vector, such that (by XXIV. XX VII. and IX. XV.), 

XXXVII...w=(¢"-p’*)"p =v; XXXVIII...Sow=-1; 

ONE EX iS uene0 

whence also w || do by XII., so that (comp. (5.)) if @ be drawn (like p, pu, and v) 

from the point o, this new vector terminates on the tangent plane to the index 

surface, and is parallel to the displacement on the wave; also ép : de = @: v. 

(11.) Hence, by XX XIII. XXXV. XXXVIIL., 

wt+tw'p witp a , $. 
=——> = == ‘ Cee es a Tee (wo? +p)", or XL ji = piteoieet 

and similarly, by XXXIV. XXXVI. and XVL., 

olan 

utupm vite i be a J : 
Pa sae —(vt+p)7, or —p*=ptv™, as in XX. ; 

so that, with the help of the expressions XV. and XXXVII. for uv and w, 

the ray-vector p and the index-vector are expressed as functions of each other : 

Mela hle mide 

which functions are generally definite, although we shall soon see cases, in 

which one or other becomes partially indeterminate. 

(12.) It is easy now to enunciate the rule of the interchanges, alluded to in 

(7.), as follows:—In any formula involving the vectors, p, u, v, w, and the 

functional symbol }, or some of them, it is permitted to exchange p with m, 

v with w, and o with o*; provided that we at the same time interchange 

dp with de (but not* generally with du), when either dp or de occurs. 

* It is true that, in passing from II. to III. (instead of passing to XLIII.), we may be said to 

have exchanged not only p with uw, but also 5p and du. But usually, in the present investigation, 
5p represents a small displacement (2.), which is conceived to have a definite direction, tangential to 
the wave ; whereas 5u continues, as in (1.) to represent any infinitesimal tangent to the index surface, 

while de still denotes the elastic force (2.), resulting from the displacement dp. 
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For example, we pass thus from XX. to XLI., and conversely from the 
latter to the former ; from II. we pass by the same rule, to the formula, 

XLII... Spd =0, which agrees by XVII. with XXII; 

and, as other verifications, the following equations may be noticed, 

XLIV... do =uVude; XLV...8:=pVpdp; XLVI... Suds = Spdp. 

(13.) The relations between the vectors may be illustrated by the annexed 

figure 89; in which, 

XLVI... - OP= 9, 0Q= uy, OU=uU, OW =u, 0 Ww: ey : Ww 

and 

GV Dil atebe=s= po, a eOoKess qe My 

ov =-vl, ow =-w!; 

in fact it is evident on inspection, that 

XLIX. .. op.oP’=0Q.09’=0U.0U’=0Ww.ow’; 

and the common value of these four scalar products is here taken as negative 

unity. 

(14.) As examples of such illustration, the equation XX. becomes 

Po=qu’; XLI. becomes 00’= wp; XXIII. may be written as w + p' =p, 

or aS PW:0U=P0:0P; &. And because the lines pe’uv and aPr’w are 

sections of the tangent planes, to the wave at the extremity Pp of the ray, and 

to the index surface at the extremity a of the index vector, made by the plane 

of those two vectors p and m, while dp and és (as being parallel to w and v) 

have the directions of Pa’ and ap’; we see that the displacement (or vibration) 

has generally, in Fresnel’s theory, the direction of the projection of the ray on 

the tangent plane to the wave; and that the elastic force resulting has the 

direction of the projection of the index vector on the tangent plane to the index 

surface: results which might however have been otherwise deduced, from the 

formule alone. 

(15.) It may be added, as regards the reciprocal deduction of the two 

vectors « and p from each other, that (by XLI. XXXVIII., and XX. XVI.) 

we have the expressions, 

L...-p'=w'Vwp, and LI..- pt=u'Vup; 

which answer in fig. 89 to the relations, that 0a’ is the part (or component) 

of op, perpendicular to ow; and that or’ is, in like manner, the part of 

oq 1 ov. 
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(16.) We have also the expressions, 

LIT... - p= ot Vev, and DI... —p teu Vow, 

which may be similarly interpreted ; and which conduct to the relations, 

LIV... -— (Vuw)? = v’p? = w’u? = Suu. 

Hence, the Locus of each of the two Auxiliary Points v and w, in fig. 89, is a 

Surface of the Fourth Degree; the scalar equations of these two loci being, 

LY... (Vugv)? + Sugu = 0, and LVI... (Vw w)’ + Swo w = 0; 

from which it would be easy to deduce constructions for those surfaces, with 

the help of the two reciprocal ellipsoids, XXIX. and XXX. 

(17.) The equations XII. XXII., combined with the self-conjugate 

property of ¢, give 

LGV IT. 320,28 ("'5..00),5 or UVITE 0= ohog on. 

hence (between suitable limits of the constant), every ellipsoid of the form, 

LIX. Spor p=.h* = const. 

which is thus concentric and coaxal with the reciprocal ellipsoid XXX., being 

also similar to it, and similarly placed, contains upon its surface what may be 

called a Line of Vibration* on the Wave; the intersection of this new ellipsoid 

LIX. with the wave surface being generally such, that the tangent at each 

point of that line (or curve) has the direction of Fresnel’s vibration. 

(18.) The fundamental connexion (2.) of the function @ with the optical 

constants, a, 6, e, of the crystal, is expressed by the symbolical cubie (comp. 

350, L., and 417, XX V.), 

LX... (9 +a”) (9+ 5°) (9+ 0¢°)=0; 

from which it is easy to infer, by methods already explained, that if e be any 

scalar, and if we write, 

LXI...H=(e-a”’) (e- 6b") (e-c”), 

* Such lines of vibration were discussed by the present writer, but by means of a quite different 

analysis, in his Memoir of 1832 (Third Supplement on Systems of Rays), which was published in the 
following year, in the Transactions of the Royal Irish Academy. See reference in the Note to p. 324. 
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we have then this formula of inversion, 

LXII... Fig tet=& —e(p +a? + 6? 4+ 6) - a b*e*g. 

(19.) Changing then e to —p~, the equation XX VIII. of the wave becomes, 

LXIIT... 0 =p? + a* + 6% + 6? + So" pp — a*b"c*8pgo: 

the Wave is therefore (as is otherwise known) a Surface of the Fourth Degree: 

and (as is likewise well known), the Index Surface is of the same degree, its 

equation (found by changing p, 9, a, 0, ¢ to uw, ¢1, a1, bd, c) being, on the 

same plan, 

LXIV...0= wrt esr Pre + Sut¢ tw - CO e’Sudp. 

(20.) These equations may be variously transformed, with the help of the 

cubic LX. in ¢, which gives the analogous cubic in ¢*, 

LXV... (p71 + a’) (91 + 0’) (91+ ¢) =0; 

for instance, another form of the equation of the wave is, 

LXVI. .. 0 =Spg7p + (p? + a? + B+ c’) Spd p — a*b'c? ; 

in which it may be remarked that Sp¢”p = (¢ 1p)’ < 0, whereas Sp¢p > 0. 

(21.) Substituting then, for Sop'p in LXVLI., its value A* trom (17.), we 

find that this second variable ellipsoid, with h for an arbitrary constant or 

parameter, 

LXVII...0= (gp)? + (op? ++ 8 +0) - ae’, 

contains upon its surface the same line of vibration as the first variable ellipsoid 

LIX., which involves the same arbitrary constant 2; and therefore that the 

line in question is a quartic curve, or Curve of the Fourth Degree, as being the 

intersection of these two variable but connected ellipsoids: and that the wave 

itself is the /ocus of all such quartic curves. 

(22.) The Generating Eilipsoid (Sepp = 1) has a, 0, ¢ for its semiaxes 

(a>b>ce>0); and for any vector p, in the plane of be, we have the symbolical 

quadratic (comp. 353, (9.)), 

LXVIII... (6 + 5’) (+ ¢’) = 0, 
or 

LXIX...-b°e’gt=g+ b% +0"; 

making then this last substitution for g + 6? + c? in LXIII., we find, for the 
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section of the wave by this principal plane of the ellipsoid XXIX., an equation 

which breaks up into the two factors, 

LXX...9%+a%=0, and LUXXI...1-b7%e*Spd¢'p =0; 

whereof the first represents (the plane being understood) a circle, with 

radius = a, which we may call briefly the circle (a); while the second 

represents (with the same understanding) an eddipse, which may by analogy 

be called here the ellipse (a): its two semiaxes having the /engths of c and 8, 

but in the directions of b and c, for which directions ¢ + 0? = 0 and ¢+c¢? = 0, 

respectively, so that this ellipse (a) is merely the elliptic section (bc) of the 

ellipsoid (abc), turned through a right angle in its own plane, as by the 

construction (8.) it evidently ought to be. And an exactly similar analysis 

shows, what indeed is otherwise known, that the plane of ca cuts the wave 

in the system of a circle (b), and an ellipse (0); and that the plane of ad 

cuts the same wave surface, in a circle (c), and an ellipse (c). 

(23.) The circle (a) is entirely exterior to the ellipse (a); and the circle 

(c) is wholly interior to the ellipse (c) ; but the circle (6) cuts the ellipse (0), 

in four real points, which are therefore (in a sense to be soon more fully 

examined) cusps (or nodal points) on tle wave surface, or briefly Wave-Cusps ; 

and the vectors p, say + p, and + pi, which are drawn from the centre o to 

these four cusps, may be called Lines of Single Ray- Velocity, or briefly Cusp-Rays. 

(24.) It is clear, from the construction (8.), that these lines or rays must 

have the directions of the cyclic normals of the ellipsoid (abc) ; which suggests 

our using here the cyclic forms, 

TEXT Don = 7 pee NENG 

LXXIIT. . . Sede = gp? + SApd’p = 1, 

for the function ¢, and the generating ellipsoid (8.) ; X’ being written, to avoid 

confusion, instead of the mu of 357, &¢., to represent the second cyclic normal. 

(25.) Changing then mu to X’, v to p, and g to g — p”, in the expression 

361, XXVII.* for Fv or Svg vy; equating the result to zero, and resolving 

the equation so obtained, as a quadratic in g; we find this new form of the 

Equation XXVIII. of the Wave, 

LXXIV... gp? = 1+ SApSd’p + TVAPT Vp 5x 

and 

* [This equation which occurs on page 549, vol. i., is 

mEy = (g* — r2y?) v? + A® (Suv)? + uw? (Sva)? — 2gSavSuv.] 
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of that wave surface. The new equation may also be thus written, as an 

expression for the inverse square of the ray-velocity Tp, or of the radius-vector, 

say r, of the wave, 

DXA =p = Gh Fee. Bs COs ¢ ery £) 

because, by 405, (2.), (6.), &., 

LXXVI...a@%=-g-TAX, F?=-g9+8AN, C=-94+ TAN; 

and we have the verification, for a cusp-ray (23.), that 

EPO VI Gera 2, origi Pie). if pl Aor A 

(26.) If we write (comp. XXXI.), 

LXXVIII. .. fp = - p?(1 + Spgp) + abe "Sod", 

the equation LXIII. of the wave takes the form, 

LXXIX. .. fp = a” + 6? + & = const. ; 

and we have the partial derivative (comp. XXXYV.), 

LXXX. . . §Defp = p* (1+ Sp¢p) — p? gp + a*bc*g"p 

= p°(1— Vedp) + a*b*c*p "9 ; 

which gives by XX XIII. the expression, 

_ p?(Vegp - 1) -a*b*e*p%p LXXXT... w= p?+ ob 6 Npgip ” 

and therefore a generally definite value (comp. (11.)) for the index vector , 

when the ray p is given. 

(27.) If the ray be in the plane of ac, then (comp. LXIX.), 

LXXXIT. .. dp + (47 + €*) 9 + ae*b"p = 0,” 
whence 

j09.@, ON Bae Vpdp =-a°¢*Vpog"'p = ac” (Spd"p — pod") ; 

and therefore by LXXXI., 

dd... ae = 5 (Sp¢p 7 ae) 4 (p° i b-*) ae ’ 
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an expression which gives, definitely, 

TXXX Ve ep, tt RCV oo 0, 

but not 

LXXXVII. . . Sp¢ 7p = ae’, 

that is (comp. (22.)), if the ray terminate on the circle (b), at any point which 

is not also on the ellipse (b) ; and with equal definiteness, 

LXXXVIII...u=-a’e’o"p, if LXXXVII. but not LXXXYVI. hold good, 

that is, if the ray terminate on the e//ipse (b), at any point which is not also on 

the circle. 

(28.) The norma/ then to the wave, in each of the two cases last mentioned, 

coincides with the normal to the section, made by the plane of ac; and if we 

abstract for a moment from the cusps (23.), we see that the wave is touched, 

along the circle (b), by the concentric sphere LXXXVI. with radius = 3, 

which we may call the sphere (b); and along the ellipse (b) by the con- 

centric ellipsoid LXXXVII. which may on the same plan be called the 

ellipsoid (b). 

(29.) An exactly similar analysis shows that the wave is touched along 

the circles (a) and (c), by two other concentric spheres, with radii a and ¢, 

which may be briefly called the spheres (a) and (c); and along the ellipses 

(a) and (c) by two other concentric and similar ellipsoids, which may by 

analogy be called the ellipsoids (a) and (c). And by comparing the equation 

LXXXVII. of the ellipsoid (6) with the form LIX., we see that the three 

elliptic sections (a) (b) (c) of the wave, made by the three principal planes of the 

generating ellipsoid (abc), are lines of vibration (17.) ; the constant h* receiving 

the three values, 0c’, ca, a*b®, for these three ellipses respectively. 

(30.) But at a cusp the two equations LXXXVI. and LXXX VII. coexist, 

and the expression LX XXIV. for yu takes the indeterminate form = in fact, 

there is in this case no reason for preferring either to the other of the two 

values, within the plane of ac, 

LXXXIX...w=-pot, XC... u=po, if XCI... wy =-a*e*o"p,; 

in which p, is the cusp-ray (23.), and the first value of u corresponds to the 

circle, but the second to the ellipse (6). 
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(31.) The indetermination of p, at a wave-cusp, is however even greater 

than this. For, if we observe that the equations LXXIX. and LXXX. 

give, for this case, by LXXXIIT. LXXXVI. LXXXVILI., 

ROVER pp a) eet and) AI Ditto =U, “foro =ip, 

we shall see that if p be changed to p, + p’ in the expression LXXVIII. for 

fo, and only terms which are of the second dimension in p’ retained, the result 

equated to zero will represent a cone of tangents p’, or a Tangent Cone to the 

Wave at the Cusp: which cone is of the second degree, and every normal u to 

which, if limited by the condition I., is here to be considered as one value of 

the vector , corresponding to the value pp of p. 

(32.) And it is evident, by the law (12.) of transition from the wave to 

the index surface, that if +1, +1 be the Lines of Single Normal Slowness, 

or the four values of « which are analogous* to the four cusp-rays + po, + p: (23.), 

then, at the end of each such new line, there must be a Conical Cusp on the 

Index Surface, analogous to the Conical Cusp (31.) on the Wave, which is in 

like manner one of jour such cusps. 

(33.) In forming and applying the equation above indicated (31.), of the 

tangent cone to the wave at a cusp, the following transformations are useful: 

XCIV...-(9 + p')* =— p?(1 + pte’) 1 (14 p’p7)7 

=— p’+ 2p*Spip" + p“p” — 4p Sop’)? + &e. 

the terms not written being of the third and higher dimensions in p’, and p, p’ 

being any two vectors such that Tp’ < Tp (comp. 421, (4.)); also, without 

neglecting any terms the self-conjugate property of ¢ gives (comp. 362), 

XCV. .. S(p + p’) (0 + p') = Spgp + 2Sp’bp + Sp’op’, 

with an analogous transformation for the corresponding expression in ¢7; 

while the cubic LX. in ¢, or LXV. in ¢", gives for an arbitrary p, 

XOVI...¢(p+ 4") (¢ + €*)p =—- b? (6 + a) (6 + &*)p, 

XOVII... ¢ (9+ 4") (9+ &*)p =-BV(e+a*) (P+ ce"); 

and therefore, among other transformations of the same kind, 

XCVIII... (¢ + 4°) (p + €*)*p = (a* — 5°) (c*? — b*) (6 + a) (p + B%)p. 

* This word ‘‘ analogous’’ is here more proper than ‘‘ corresponding ”’ ; in fact, the cusps on each 

of the two surfaces will soon be seen to correspond to circles on the other, in virtue of the law of 
reciprocity. 
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We have also for a cusp, the values, 

XOTX.: Spoils (ee Oi OLR eel Soho, tae eee 

LB ee My = aC Spop po = Dt | a ewe te 

(34.) In this way the equation of the tangent cone is easily found to take 

the form, 

CI... 0 = b'Sp’ (dh + a”) (@ + €*) p’ — 48p’p,. Sp’ 

and to give, by operating with D, (comp. (10.) (26.) (31.)), 

OIL. . . wu = 0 (p + a) (p + €*) p’ — 2p.Sppo — 2uSp'po; 

the scalar coefficient # being determined, for each direction of the tangent p’ 

to the wave at the cusp, by the condition I., which here becomes (81.)), 

OIII. . . Sup, = Spopo = - 1; 

also, by CII., &c., we have, after some slight reductions, 

OLIV. . . aSppo = 2 (B°Sp’wo + Sp’po) ; 

OV... Sumy = 2 (Sp’uo — po’Sp’ po) 5 

CVI... au? = 4 (B’u0? + 1) Sp’poSp’uy + 4 (poSp’ uo + MoS Po)” 

= — 46° (Sp’p.)? + 4 (B'u0” — 1) Sp’pSp'Ho + 4p10" (Sp’po)” 3 

but this last expression is equal, by CIV. OV., to - z*SupSup,; the equation 

of the cone of perpendiculars, let fall from the wave-centre o on the tangent 

planes at the cusp, takes then this very simple form, 

EAM RY we te Sup. Smo = 0; 

so that ¢his cone of the second degree has the two vectors p, and jm, at once 

for sides and cyclic normals (comp. 406, (7.)) ; and it is cut, by the plane CIIL., 

in a circle, of which the diameter is, 

OA'/1 8 ML ads & (uy + po) = (Th,” - b*) = b(b* - a”)? (c? zc by? 

and therefore subtends, at the centre o, and in the plane of ac, the angle, 

OIX... 22 = tant. 8 (6% — ath (o# - 4. 
Po 
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(35.) And by combining the equations CIII. CVII., we see that this 
circle (34.) is a small circle of the sphere, 

b>. oe we = Suntos Ore ian ven: Sutuy =a 

which passes through the wave-centre, and has the vector pu, for a diameter, 

passing also through the extremity of the vector — p,7. 

(36.) This circle is, by III., a curve of contact of the plane CIII. with the 
surface of which p is the vector, because every vector w of the curve corresponds, 

by (81.), to the one vector p, of the wave; it is therefore one of Four Circular 

Ridges on the Indea Surface, the three others having equal diameters, and 

corresponding to the three remaining cusp-rays, — pos pry — pi (23.); and there 

are, in like manner, Four Circular Ridges on the Wave, along which it is 

touched by the four planes, 

CXI...Spvy,=-1, Spry,=+1, Son=-1, Sp =+1, 

+ vy), + v; being the four lines introduced in (82.); also the common length of 

the diameters, of these four circles on the wave, is (comp. CVIIL), 

CXII. . . T(o, + v7) = (To,? — b7)* = b> (a? — b*)* (8? - &)3, 

where 
OXITI...6,=-a@e’ov,, COXIV...Ty,=5", and CXV...S»v,o,=-1; 

finally, -v,1 and o, are the two values* of p, in the plane of ac, for the first 

of the four new circles: and the angle between these two vectors, or the 

angle which the diameter of the circle, in the same plane, sudbtends at the 

wave-centre, is (comp. OIX.), 

OXVI. .. 2° = tan. 57 (a — 0) (B - of. 
0 

(37.) In the recent calculations {33.) (34.), the circle of contact (36.) on 

the index surface was deduced jrom the tangent cone at a wave-cusp, as a 

section of a certain cone of normals CVII. to that tangent cone CI., made by 

the plane CIII.; but the following is a simpler, and perhaps more elegant, 

method of deducing and representing the same circle by means of its vector 

equation (comp. 392, IX. &c.), and without assuming any previous knowledge of 

the character, or even the existence, of that conical wave-cusp. 

* It is not difficult to show that these are the vectors of two points, in which the circle and ellipse 
(2), wherein the wave is cut by the plane of ac, are touched by a common tangent. 

HaAmILton’s ELEMENTS OF QUATERNIONS, VOL, II. 2X 
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(88.) In general, by eliminating the auxiliary vector v between XX. and 

XXIII, we arrive at the following equation, 

CX VII. as (p = pe) (u + poy = ae 

which holds good for every pair of corresponding vectors p and p, of the wave 

and index surface. And, in general, this relation is sufficient, to determine 

the index-vector w, when the ray-vector p is given: because (@ + e)70 is 

generally =0. 

(39.) But when e is a root of the equation # = 0, with the signification 

LXI. of #, then, by the formula of inversion LXII., the symbol (¢ + e)70 

takes the indeterminate form ¢ and therefore, for every point of each of the 

three circles (a) (b) (c) of the wave, the formula CX VII. fails to determine w: 

although it is only at a cusp (23.), that the value of « becomes in fact indeter- 

minate (comp. (27.) (28.) (29.) (30.) (81.)). 

(40.) At such a cusp (p = p,), the equation CX VII. takes the symbolical 

form, 

OXVIIL. . . (ut pot)? = (@ + B*)407 = (uo + po)? + (@ + 570; 

fo retaining its recent signification XCI., and the symbol (# + 0~*)-'0 denoting 

any vector of the form. yf, if [3 be the mean vector semiaxis of the generating 

ellipsoid XXIX., so that, 

CXIX...86e8=1, (9+ 6°)8B=0, T= 6. 

(41.) Writing then for abridgment (comp. XX.), 

OXX.... uy = — (fy + po)’; 

the Vector Equation of the Index Ridge (36.) is obtained under the sufficiently 

simple form, 

CXXI... VG (u + po?) + Veu, = 90; 

and this equation does in fact represent a Circle (comp. 296, (7.)), which is 

easily proved to be the same as the circular section (34.), of the cone CVII. by 

the plane CIII.; its diameter CVIIL. being thus found anew under the form, 

CXXITI. .. Bug? = BT VAN = 8 (6? - a*)? (e? - b*)3, 
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with the significations (24.) (25.) of A, A’; in fact we have now the expressions, 

NOR eeee ee yee AG VAN TS, 

with the verification, that 

CXXIV. .. (p + 5°) vu, = ASA’, + AGA, = O1UA = — p,t. 

(42.) And by a precisely similar analysis, we have first the new general 

relation (comp. OX VII.), for any two corresponding vectors, p and p, 

CXXV...(g2- pu) (9+ oy = we; 

and then in particular (comp. CX VIII.), for u = v,, 

CXXVI. .. (p + v1)? = (p? + B?) v.74 = (a, + vy 1)? + (pt + 8)710; 

so that finally, if we write for abridgment (comp. XLI. CXX.), 

CAXRVILG . o, = — (40, ) 5 

the Vector Equation of a Wave- Ridge is found (comp. CXXI.) to be, 

CXXVITI... VB (op + 1)? + VB, = 0, 

3 being still (as in CXIX.) the mean vector semiawis of the generating ellipsoid 

(Sogp = 1): and the diameter CXIL., of this circle of contact of the wave with 

the first plane CXI., is thus found anew (comp. CX XII.) without any reference 

to cusps (37.), as the value of Tw, *. 

(43.) Several of the foregoing results may be illustrated, by a new use of 

the last diagram (18.). Thus if we suppose, in that fig. 89, that we have 

the values, 

CXXIX. .. op = p,, 02 =, OU =u, Whence CXXX... op’=—p,", &., 

then the index-ridge (36.), corresponding to the wave-cusp Pp (23.), will be the 

circle which has p’a for diameter, in a plane perpendicular to the plane of the 

figure, which is here the plane of ac; the cone of normals pu (34.), to the 

tangent cone to the wave at P, has the wave-centre o for its verter, and rests on 

the last-mentioned circle, having also for a subcontrary section that second 

circle which has pq’ for diameter, and has its plane in like manner at right 

angles to the plane of prog; also, if rR and s be any two points on the second 
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and first circles, such that ors is a right line, namely, a side uw of the cone 

here considered, then the chord pr of the second circle is perpendicular to this 

last line, and has the direction of the vibration dp, which answers here to the 

two vectors p(= p,) and jw: because (comp. (14.)) this chord is perpendicular 

to uw, but complanar with p and p. 

(44.) Again, to illustrate the theory of the wave-ridge (86.), which corre- 

sponds to a cusp (32.) on the index-surface, we may suppose that this cusp 1s at 

the point a in fig. 89, writing now (instead of OXXIX. CXXX.), 

GAXAITSS 00 sip, (OP = 9), OW = 0,5 OQ =e, 4 ace. 

for then the ridge (or circle of contact) on the wave will coincide with the 

second circle (43.), and the cone of rays p from a, which rests upon ‘his circle, 

will have the jirst circle (43.) for a sub-contrary section : also the vibration, at 

any point R of the wave-ridge, will have the direction of the chord rq’, for 

reasons of the same kind as before. 

(45.) Let «x and x’ denote the bisecting points of the lines pa’ and ar’, 

in the same fig. 89; then x’ is the centre of the index-ridge, in the case (43.) ; 

while, in the case (44.), K is the centre of the wave-ridge. 

(46.) In the first of these two cases, the point K is not the centre of any 

ridge, on either wave or index-surface; but it 7s the centre of a certain sub- 

contrary and circular section (43.), of the cone with o for vertex which rests 

upon an index-ridge; and each of its chords PR has the direction (48.), of a 

vibration épo, at the wave-cusp P corresponding: so that this cusp-vibration 

revolves, in the plane of the circle last mentioned, with exactly half the angular 

velocity of the revolving radius KR. 

(47.) And every one of those cusp-vibrations dp,, which (as we have seen) 

are all situated in one plane, namely, in the tangent plane at the cusp Pp to the 

ellipsoid (b) of (28.), has (as by (14.) it ought to have) the direction of the 

projection of the cusp-ray p,, on some tangent plane to the tangent cone to the 

wave, at that point P: to the determination of which dast cone, by some new 

methods, we purpose shortly to return. 

(48.) In the second of the two cases (45.), namely, in the case (44.), PQ’ is 

a diameter of a wave-ridge, with x for the centre of that circle, and with a 

plane (perpendicular to that of the figure) which touches the wave at every 

point of the same circular ridge; and the vibration, at any such point R, has 

been seen to have the direction of the chord rQ’, which is in fact the projection 

(14.) of the ray or upon the tangent plane at R to the wave. 
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(49.) And we see that, in passing from one point to another of this wave- 

ridge, the vibration RQ’ revolves (comp. (46.)) round the fixed point Q’ of. that 

circle, namely, round the foot of the perpendicular from o on the ridge-plane, 

with (again) half the angular velocity of the revolving radius KR. 

(50.) These Jaws of the two sets of vibrations, at a cusp and at a ridge upon 

the wave, are intimately connected with the two conical polarizations, which 

accompany the two conical refractions,* external and internal, in a biaxal crystal ; 

because, on the one hand, the theoretical deduction of those two refractions is 

associated with, and was in fact accomplished by, the consideration of those 

cusps and ridges: while, on the other hand, in the theory of Fresnel, the 

vibration is always perpendicular to the plane of polarization. But into the 

details of such investigations, we cannot enter here. 

(51.) It is not difficult to show, by decomposing p’ into two other vectors, 

p1 and p’, perpendicular and parallel to the plane of ac, that we have the 

general transformation, for any vector p’, 

OXXXII. . . B4So’ (p + a) (@ + €7) p’ = (Suoeop’)?; 

the equation OI. of the tangent cone at a wave-cusp may therefore be thus 

more briefly written, 

CXXXITITI. . . (Sup p’)? = 48p,0’Spyp’ ; 

and under this form, the cone in question is easily proved to be the Jocus of 

the normals from the cusp, to that other cone CVII., which has pu for a side, 

and the wave-centre o tor its vertex: while the same cone CVII. is now seen, 

more easily than in (84.), to be reciprocally the locus of the perpendiculars 

from o on the tangent planes to the wave at the cusp, in virtue of the new 

equation CXXXIIT., of the tangent cone at that point. 

(52.) Another form of the equation of the cusp-cone may be obtained as 

follows. ‘The equation LXXIV. of the wave may be thus modified (comp. 

* The writer’s anticipation, from theory, of the two Conical Refractions, was announced at a 
general meeting of the Royal Irish Academy, on the 22nd of October, 1832, in the course of a final 
reading of that Third Supplement on Systems of Rays, which has been cited in a former Note (p. 324). 

The very elegant experiments, by which his friend, the Rey. Humphrey Lloyd, succeeded shortly 
afterwards in exhibiting the expected results, are detailed in a Paper On the Phenomena presented by 
Light, in its passage along the Axes of Biaxal Crystals, which was read before the same Academy on 

the 28th of January, 1833, and is published in the same first part of vol. xvii. of their Transactions. 
Dr. Lloyd has also given an account of the same phenomena, in a separate work since published, 
under the title of an Elementary Treatise on the Wave Theory of Light (London, Longmans and Co., 

1857, Chapter XI.). 
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LXXVI.), by the introduction of the two non-opposite cusp-rays, p, = DUA 

(CXXIIT.), and p, = 8UN': 

CXXXIYV. .. 2a7b’c? + (a? + &) b’p? + (a — ¢) Sp,p . Spip 

=F (@- &) TVp.p.TV erp ; 

where it will be found that the first member vanishes, as well as the second, 

at the cusp for which p = py. 

(53.) Changing then p to p, + p’, and retaining only terms of /irst 

dimension in p’ (comp. (81.)), we find an equation of unifocal form (comp. 

309, &e.), 

CXXXV...86,0.=F TVa pp’, or CXXXV’... (Va p')’ + (86.9)? = 0; 

with the two constant vectors, 

CXXXVI...a,=(b?- EAs Gee b*\¥9,; COXXXVI’... B=) - po 

and this equation CXXXY. or CXKXXY’. represents the tangent cone, with p’ 

for side, 83,0’ being positive for one sheet, but negative for the other. 

(54.) As regards the calculations which conduct to the recent expressions 

for a, By, it may be sufficient here to observe that those expressions are 

found to give the equations, 

CXXXVILI. . . 2a°b’e’a, = (a - ¢) pp TVp,p13 

CXXXVII’. . . 2a°8'e?B, = 2 (a? + ©?) b’p, + (a — €) (poSpop1 — 8"p:) ; 

and that, in deducing these, we employ the values, 

2S’ 2T VAN 
CXXXVITTI. . . Sp,o: = a, TV pe: = aaa ; 

together with the formula XCIX., and the following, 

OXXXIX. :. @ (pp = p1) = — @? (09'— 01) 3) @ (0p + Pr) = — © (00+ pr)- 

(55.) It is not difficult to show that the equation CXXXV. or CAXXV",, 

of the tangent cone at a cusp, can be transformed into the equation 

CXXXIII.; but it may be more interesting to assign here a geometrical 

interpretation, or construction, of the unifocal form last found (53.). 
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(56.) Retaining then, for a moment, the use made in (48.) of fig. 89, as 

serving to illustrate the case of a wave-cusp at p, with the signification (45.) 

of the new point x’ as bisecting the line p’a, or as being the centre of the 

index-ridge; and conceiving a parallel cone, with o instead of P for vertex, 

and with a variable side ot = p’, then the cusp-ray oP (= p, || a,) is a focal line 

of the new cone, and the line ox’ (= 3 (uw, — p,7) = $[3,) 18 the directive normal, 

or the normal to the director plane corresponding ; and the formula CX XXV 

is found to conduct to the following, 

OXL... cos K’oT = sin POX’ sin POT ] 

which may be called a Geometrical Equation of the Cusp-Cone: or (more 

immediately) of that Paradlel Cone, which has (as above) its vertex removed 

to the wave-centre 0. 

(57.) Verifications of CXL. may be obtained, by supposing the side or to 

be one of the two right lines, 1, p’2, in which the cone is cut by the plane of 

the figure (or of ac); that is, by assuming either 

CXUL...0T ='9) = ug py, |.0U,, or ,CA LU... 08 =p'2= ptr, LOW: 

and it is easy to show, not only that these two sides, ou, ow, make (as in 

fig. 89) an obtuse angle with each other, but also that they belong to one 

common sheet, of the cone here considered, because each makes an acute angle 

with the directive normal ox’. 

(58.) Another way of arriving at this result, is to observe that the 

equation CX XXIII. takes easily the rectangular form, 

CXLIT. . . (Sp’ (Up, + Upy))? = Sp’ (Up, - Upy))? + Luop. (Se U mop)’; 

the internal axis of the cusp-cone has therefore the direction of Up, + Up,, that 

is, of the internal bisector of the angle Poa, while the external bisector of the 

same angle is one of the two external axes, and the third axis is perpendicular 

to the plane of py, uo; but Se’ (Uu,+ Up,) <0, whether p’ = p41, or =p: and 

therefore these two sides, p', and p’2, belong (as above) to one sheet, because 

each is inclined at an acute angle to the internal avis Up, + Upp. 

(59.) It is easy to see that the second focal line of the parallel cone (56.) is 

wu, or 0a; and that the second directive normal corresponding is the line 0k 

(45.), in the same fig. 89; whence may be derived (comp. CXL.) this 

second geometrical equation of the cone at o, 

CXLIII. .. cos kor = sinkog sinaot; with Ko = PoK’. 
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(60.) And finally, as a bifocal but still geometrical form of the equation of 

the cusp-cone, with its vertex thus transferred to 0, we may write, 

OXLIV...ZvPpor + Z QoT = const. = Z wou. 

(61.) Any legitimate form of any one of the four functions pp, op, Spdp, 

Soop, when treated by rules of the present Calculus which have been already 

stated and exemplified not only conducts to the connected forms of the 

three other functions of the group, but also gives the corresponding forms of 

equation, of the Wave and the Indez-Surface. 

(62.) For instance, with the significations (32.) of », and , the scalar 

function Sp@ tp, which is =1 in the equation XXX. of the Reciprocal 

Ellipsoid (9.), may be expressed by the following ecyche form, with w, v1 

for the cyclic normals of that ellipsoid, 

OV. Spo a aes 6°” + (a? = c*) B’SvpSvip ; 

reciprocating which (comp. 361), we are led to a bifocal form of the function 

Se¢p, which function was made = | in the equation XXIX. of the Generating 

Ellipsoid (8.), and is now expressed by this other equation (comp. 360, 407), 

4a°c 2 C+ 
OXLVI... ae) (Spdp + bp”) = (Svop)? + (Srip)? - 2 ate SypSvip 3 

Vo) vi being here the two (real) focal lines of the same ellipsoid (8.), or of its 

(imaginary) asymptotic cone. 

(63.) Substituting then these forms (62.), of Sedo and Sp¢p, in the 

equation LXIII., we find (after a few reductions) this new form of the 

Equation of the Wave: 

OXLVIL. . . (2p?-(@-¢)Sv,pSirip +a? +08) = (a*—c2)* (1 -(Svop)*} {1 — (Srp)"} 

whence it follows at once, that each of the four planes CXI. touches the wave, 

along the circle in which it cuts the quadric, with v,, v; for cyclic normals, which is 

found by equating to zero the expression squared in the first member of 

OXLVII. For example, the first plane CXI. touches the wave along that 

circle, or wave-ridge, of which on this plan the equations are, 

CXS VELL a: Syv,p +le= 0, 2p (a = c’) Sip — (a? = *)Syo =) ; 

and because 

CXLIX. .. o(y) +1) =-a*(y +), $(v% —m) =- €*(, - 11), 
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and therefore, with the value CXIII. of o,, 

CL. ..0,=- @e'py, = 3((@ + *)v, — (a - ¢*)r), 

the second equation CXLVIII. represents (comp. CX.) the diacentric sphere, 

Chie... p-= Se,0, 7 or CLL So,0 t= "L, 

which passes through the wave-centre 0, and of which the ridge here considered 

is a section. The diameter of that ridge may thus be shown again to have 

the value CXII.; and it may be observed that the circle is a section also of 

the cone, 

CLII...8»,pSo,o =- p’, or CLI’... Sv,.pSo,o7 = - 1. 

(64.) It was shown in (17.) that the vibration dp, at any point of the 

wave-surface, or at the end of any ray p, is perpendicular to gp, as well 

as to uw by I1.; and is therefore tangential to the variable e/ipsoid LIX , as 

well as to the wave itself. Hence it is easy to infer, that this vibration must 

have generally the direction of the auxiliary vector w, because not only 

Suw = 0, by XXXIX., but also Swo'p = Spg tw = Spv = 0, by XXII. and 

XXXVII. Indeed, this parallelism of ép to w results at once by XX XVII. 

from XII. 

(65.) If then we denote by o’p an infinitesimal vector, such as udp, which 

is tangential to the wave, but perpendicular to the vibration dp, the parallelism 

dp || @ will give, 

CLITI. .. Vp =pdp || wo Lp, because CLIII’... Spuw = 0; 

whence 

CLIV...Spd’p =0, STp=0, or CLV... Tp =r = const., 

for this new direction op of motion upon the wave. 

(66.) And thus (or otherwise) it may be shown, that the Orthogonal 

Trajectories to the Lines of Vibration (17.) are the curves in which the Wave 

is cut by Concentric Spheres, such as CLY.; that is by the spheres p* + 7°’ = 0, 

in which the radius r is constant for any one, but varies in passing from one 

to another. 

(67.) The spherical curves (r), which are thus orthogonal to what we have 

called the dines (h) of vibration, are sphero-conics on the wave; either because 

Hamivton’s ELEMEN’TS OF QUATERNIONS, VoL. II. 2¥ 
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each such curve (7) is, by XXVIII., situated on a concentric and quadric 

cone, namely, 

CLVI...0=Sp(o+r’)"p; 

or because, by XX VIL., it is on this other concentric quadric, 

OLVITI. ..- 1 =Sp(¢* + 7’)". 

(68.) It is easy to prove (comp. LXXV.) that, for any rea/ point of the 

wave, 7” cannot be less than c’, nor greater than a’; and that the squares of 

the scalar semiaxes of the new quadric CLVILI. are, in algebraically ascending 

order, 7 — a’, r* — b*, 7? — c&; so that this surface is generally an hyperboloid, 

with one sheet or with two, according as r > or < 0. 

(59.) And we see, at the same time, that the conjugate hyperbolotd, 

GLVELL fh Spe a eyo, 

which has two sheets or one, in the same two cases, r > b, r < 6, and has (in 

descending order) the values, 

CLIX. ..a@-r,, B-r, &-?, 

for the squares of its scalar semiaxes, is confocal with the generating ellipsoid 

XXIX.; so that the qguadric CLVILI. itself is the conjugate of such a confocal. 

(70.) To form a distinct conception (comp. (67.)) of the cowrse of a curve 

(7) upon the wave, it may be convenient to distinguish the five following cases: 

EOD. Gros ne Peetpe aii abe late ee etge IN Sends sa he 

(Olin eet U ye Cen elec ac. 

(71.) In each of the three cases (a) (y) (), the conic (r) becomes a circle, 

in one or other of the three principal planes: namely the circle (a), for the 

case (a); (b) for (y); and (c) for (e). 

(72.) In the case ({3), the curve (r) is one of double curvature, and consists 

of two closed ovals, opposite to each other on the wave, and separated by the 

plane (a), which plane is not (really met, in any point, by the complete sphero- 

conic (r) ; and each separate oval crosses the plane (b) perpendicularly, in two 

(real) points of the ellipse (b), which are external to the circle (b): while the 

same oval crosses also the plane (c) at right angles, in some two real points of 

the ellipse (c). 
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(73.) Finally, in the remaining case (8), the ovals are separated by the 

plane (c), and each crosses the plane (6) at right angles, in two points of the 

ellipse (b), which are interior to the circle (5) ; crossing also perpendicularly 

the plane (a), in two points of the ellipse (a). 

(74.) Analogous remarks apply to the dines of vibration (h); which are 

either the edlipses (a) (6) (ce), or else orthogonals to the circles (a) (b) (c), and 

geuerally to the sphero-conics (r), as appears easily from foregoing results. 

(75.) It may be here observed, that when we only know the direction (Up), 

but not the length (Tu), of an index-vector u, so that we have two parallel 

tangent planes to the wave, at one common side of the centre, the directions 

of the vibrations dp differ generally for these two planes, according to a law 

which it is easy to assign as follows. 

(76.) The second values of u and ép being denoted by u, and ép,, we have, 

by the equation IX. of the index-surface, these two other equations : 

CLXI...0=Su(¢t-w*)tu; CLXI’...0=Su(¢? - w7*)"n; 

of which the difference gives, suppressing the factor u,? — mu”, 

CUXITL.. . 0= Su (62 — w*)7 (67 = oe) as 

or 

CLXID. .. 0=8 (gt —w?)? w(g? — a7) "ms, 

because (@' — u;”)', as a functional operator, is se//-conjugate, so that u may 

be transterred from one side of it to the other; just as, if vy = gp be such a 

self-conjugate function of p, then v? = Sydp = Spgv = Sp¢’p, &e. 

(77.) But, by VIII., we have the parallelisms, 

CLXIII. .. doll (¢? - uw?) "nh; CLXIII’. .. dp, || (¢? - w*) "4; 

hence, by CLXII’., we have the very simple relation, 

CLXIV...Sépdp,= 0; 

that is, the two vibrations, in the two parallel planes, are mutually rectangular. 

(78.) The following quite different method has however the advantage of 

not only proving anew this known relation of rectangularity, but also of 

assigning quaternion expressions for the two directions separately: and, at the 

same time, that of leading easily to what appears to be a new and elegant 

Geometrical Construction, simpler in some respects than the known one, which 

can indeed be deduced from it. 
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(79.) By the first principles of Fresnel’s theory (comp. (3.)), the vibration 

(sp), on any one tangent plane to the wave, is situated in the normal plane 

(through yu), which contains the direction (de) of the elastic force; that is 

to say, we have the Lquation of Complanarity, 

CLXY. .. Sudpde = 0. 

(80.) We have then, by II. and V., the system of the two equations, 

CLXVI...Syudp = 0, Spydpp dp = 0; 

comparing which with the equations of the same form, 

Svr = 0, Svrgr = 0, 410, V. VI. 

we derive at once the following Construction, which may also be expressed as a 

Theorem :— 

“ At either of the two points Q of the Reciprocal Ellipsoid XXX., the tangent 

plane at which is parallel to that at the given point P of the Wave, the tangents to 

the Lines of Curvature on the Killipsoid are parallel to the tangents to the Lines 

of Vibration on the Wave”; namely, to one at that given point P ttse/f, and to 

another at the other point v’, on the same side of the centre, at which the 

tangent plane is parallel to each of the two others above mentioned. 

(81.) Thus, for each of the two points Pp, P’ the line of vibration is parallel 

to one of the lines of curvature at Q; and it is evident, from what precedes, 

that the other of these last lines has the direction of the corresponding 

Orthogonal (66.) at P or p’: nor is there any danger of confusion. 

(82.) As regards quaternion expressions, for the two vibrations on a given 

wave-front, the sub-article, 410, (8.), with notations suitably modified, shows 

by its formule XIX. XXII. that we have here the equations, 

CLXVII. .. 0 = Sudpv,dor. = Sudpv,Svidp +-SudpviSv,dp, 

and OCXVIIT. .. dp ||] UVuy, + UVun, 

if vy v1, be, as in earlier formulee of the present Series 422, the cycle normals 

of the reciprocal ellipsoid, which are often called the Optic Awes of the Crystal. 

(83.) And hence may be deduced the known construction, namely, that 

“for any gwen direction of wave-front, the two planes of polarisation, perpen- 

dicular respectively to the two vibrations in Fresnel’s theory, bisect the two 

supplementary and diedral angles, which the two optic axes subtend at the normal 

to the front”: or that these planes of polarization bisect, internally and 

externally, the angle between the two planes, uv, and pr. 
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(84.) It may not be irrelevant here to remark, that if » and py, be any two 

index-vectors, which have (as in (76.)) the same direction, but not the same 

length, the equation LXIY. enables us to establish the two converse relations: 

CLXIX... abeT yp, = (Suu) =; 0) BP. 4) BG De abe'l'n = (Su,pu,)?- 

(85.) Hither by changing a, b, ¢, 6, u to a’, b*, &*, b7, p, or by treating 

the form LXIII., in (19.), of the Equation of the Wave, as we have just 

treated the form LXIV., of the equation of Index-Surface, in the seme 

sub-article (19.), we see that if p and p, be any two condirectional rays 

(Up, = Up), then, 

CLXX. . . (abc)*Tp, = (Sp¢"p)*, or, abcT' p> = (Spd7p)*; 
and 

94 FP. Geen (abc) *Tp = (0,¢%p,)%, or, abeTp? = (Sp,¢%p,)*. 

(86.) A somewhat interesting geometrical consequence may be deduced 

from these last formule, when combined with the equation LIX. of that 

variable ellipsoid, Spo p = h*‘, which cuts the wave in a line of vibration (h). 

For if we introduce this symbol h* for Sp¢'p, and write r,, instead of Tp, to 

denote the length of the second ray p,, the first equation CLXX. will take this 

simple form, 

CLAXI. .. 7, =abch", 

which shows at once that 7, and h are together constant, or together variable ; 

and therefore, that “a Line of Vibration on one Sheet of the Wave is projected 

into an Orthogonal Trajectory to all such Lines on the other Sheet, and conversely 

the latter into the former, by the Vectors p of the Wave”: so that one of these 

two curves would appear to be superposed upon the other, to an eye placed at 

the Wave-Centre o. 

(87.) The visual cone, here conceived, is represented by the equation CLVI., 

with some constant value of r; and as being a surface of the second degree, it 

ought to cut the wave, which is one of the fourth, in some curve of the eighth 

degree; or in some system of curves, which have the product of their dimen- 

sions equal to eight. Accordingly we now see that the complete intersection, 

of the cone CLVI. with the wave, consists of two curves, each of the fourth 

degree; one of these being, as in (67.), a complete sphero-conic (r), and the 

other a complete line of vibration (h): a new geometrical connexion being 

thus established between these two quartic curves. 
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(88.) As additional verifications, we may regard the three principal planes, 

as limits of the cutting cones; for then, in the plane (a) for instance, the circle 

(a) and the ellipse (a), which are (in a sense) projections of each other, and 

of which the /atter has been seen to be a line of vibration, are represented 

respectively by the two equations, 

CEXXITTRs ren, and? CUXX EPS ie = 77 

in agreement with CLXXI.; and similarly for the two other planes. 

(89.) It was an early result. of the quaternions, that an ellipsoid with its 

centre at the origin might be adequately represented by the equation (comp. 

281, XXIX., or 282, XIX.), 

ODXATI Te Dip bik) =o it Leese, 

or, without any restriction on the two vector constants, 1, x, by this other 

equation,* 

CLXXIINV’. .. T(io + px)? = (x? - 7). 

(90.) Comparing this with Sogo = 1, as the equation XXIX. of the 

Generating Hilipsoid, we see that we are to satisfy, independently of p, or as 

an identity, the relation (comp. 336) : 

CLXXIV. .. (x? - «’)’Spgp = (tp + px) rat +«p) = (0 + x’) p? + 2Bipkp 5 

which is done by assuming (comp. again 336) this cyclic form for 4, 

CLXXV. .. (kK? -0)’op = (P+ «’)p + 2V «pe = (t— «)’p + BSkp + 2kSip ; 

or as in (24.) comp. 389, ITI. IV., 

pe =gp + Vrpr’, Spode = gp? + SrprNp=1; LXXI. LXXIII. 

* This equation, CLXXIII’. or CLXXII., which had been assigned by the author as a form of 

the equation of an ellipsoid, has been selected by his friend Professor Peter Guthrie Tait, now of 
Edinburgh, as the basis of an admirable Paper, entitled: ‘* Quaternion Investigations connected with 
Fresnel’s Wave-Surface,’’ which appeared in the May number for 1865, of the Quarterly Journal of 

Pure and Applied Mathematics ; and which the present writer can strongly recommend to the careful 

perusal of all quaternion students. Indeed, Professor Tait, who has already published tracts on 

other applications of Quaternions, mathematical and physical, including some on Electro-Dynamics, 
appears to the writer eminently fitted to carry on, happily and usefully, this new branch of mathe- 

matical science: and likely to become in it, if the expression may be allowed, one of the chief 
successors to its inventor. 
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with expressions for the constants g, A, A’, which give, by LXXYVI., the 

following values for the scalar semiaxes,* 

CLXXVI...a=T:+Tk; b=———; c=Ti-Tx; 
T (t—k) 

whence conversely, 

CLXXVIL. T=; Tk = 53 T(-n) = 53 &e. 

(91.) Knowing thus the form CLXXYV. of the function ¢, which answers 

in the present case to the given equation CLXXIII. of the generating 

ellipsoid, there would be no difficulty in carrying on the calculations, so as 

to reproduce, in connexion with the ¢wo constants 1, «, all the preceding 

theorems and formule of the present Series, respecting the Wave and the 

Index-Surface. But it may be more useful to show briefly, before we 

conclude the Series, how we can pass from Quaternions to Cartesian Co- 

ordinates, in any question or formula, of the kind lately considered. 

(92.) The three italic letters, ijk, conceived to be connected by the four 

Sundamental relations, 

2 =f=h =7k=-1, (A), 183, 

were originally the only peculiar symbols of the present Calculus; and although 

they are not now so much used, as in the early practice of quaternions, because 

certain general signs of operation, such as 8S, V, T, U, K, have since been 

introduced, yet they (the symbols 7s) may be supposed to be still familiar 

to a student, as inks between quaternions and coordinates. 

(93.) Weshall therefore merely write down here some leading expressions, 

of which the meaning and utility seem likely to be at once perceived, especially 

after the Calculations above performed in this Series. 

* The reader, at this stage, might perhaps usefully turn back to that Construction of the Eilipsoid, 
illustrated by fig. 53 (page 234, vol. i., and page 184), with the Remarks thereon, which were given 

in the few last Series of the Section II. i. 13, pages 286, 242, vol. i. It will be seen there that the 

three vectors, 1, x, 1 — x, of which the lengths are expressed by CLXXVII., are the three sides 
CB, CA, AB, of what may be called the Generating Triangle anc in the figure; and that the deduction 

CLXXVIL., of the three semiazes, abe, from the two vector constants, 1, x, with many connected results, 

can be very simply exhibited by Geometry. The whole subject, of the equation T(ip+ px) = x*— of 
the ellipsoid, was very fully treated in the Lectures ; and the calculations may be made more general, 

by the transformations assigned in the long but important Section ILI. 1. 6 of the present Elements, 

so that it seems unnecessary to dweil more on it in this place. 
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(94.) The vector semiaxes of the generating ellipsoid being called a, 6, y 

(comp. (40.) (42.)), we may write, 

OLXEX VLE inca S18) (Obs! vicckes 

CLXXIX. .. ¢9 = a'Sa'p + BSB "p + y'Sy 1p = Za Sap = — Dae ; 

CLXXX... Spdp = B(Sa'p)? = Sa%e’?; CLXXXI. .. Spd" = 3a’a’; 

CLXXXII. .. (@ + e)p = Sala? + e) Sano ; 

CLXXXIII. .. (¢ + e)"p = 3a (a* + ce) Sap; 

Cox ON LV Geil ied pt Len ay aetael ot oe to 
-1 2, ia aSa"p _ ,_ta’a 

-2 -2 2 2? 
ip a Ve 

Qk a? By? (2g? 

CLXXXV... for Wave, 0 = Spv = => === 

or 

CLXXXVI...1=- Spw =— Spou == Sudp 

= —e | ——— + —— 4+ ——__: 

To A Re eT ree 

and the Index-Surface-may be treated similarly, or obtained from the Wave 

by changing adc to their reciprocals. 

423. As an eighth specimen of physical application we shall investigate, 

by quaternions, Mac Cullagh’s Theorem of the Polar Plane,* and some things 

therewith connected, for an important case of incidence of polarized light on 

a biaxal crystal: namely, for what was called by him the case of uniradial 

vibrations. 

(l.) Let homogeneous light in air (or in a vacuum), with a velocityT 

taken for unity, fall on a plane face of a doubly refracting crystal, with such 

a polarization that only one refracted ray shall result ; let p, p’, p’ denote the 

vectors of ray-velocity of the incident, refracted, and reflected lights respectively, 

o having the direction of the incident ray, prolonged within the crystal, but p” 

* See pages 39, 40 of the Paper by that great mathematical and physical philosopher, ‘‘ On the 
Laws of Crystalline Reflexion and Refraction,’ already referred to in the Note to page 324 (Z'vrans- 

actions R. I. A., vol. xviil., part 1.), 2 

t Of course, by a suitable choice of the wnits of time and space, the velocities and s/ownesses, here 
spoken of, may be represented by dines as short as may be thought convenient. 
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that of the reflected ray outside; and let w’ be the vector of wave-slowness, or 
the indew-vector (comp. 422, (1.)), for the refracted light : these four vectors 
being all drawn from a given point of incidence 0, and w’, like p’, being 
within the crystal. 

(2.) Then, by adl* wave theories of light, translated into the present 

notation, we have the equations, 

ep = Sup =p? =—1; 

II... p” =-vpv', with II’...v=p'-p, 

where vy is a normal to the face; whence also, 

(ue ae Ucn irr ae 
OO R= pop 

TV. ..p tp =2, > IV 2 = Vulp =v Vip; 

and 
VV...’ - p=— 2vSprvt = - 2v Spr ; 

so that the three vectors, p, wu’, p’, terminate on one right line, which is perpen- 

dicular to the face of the crystal: and the bisector of the angle between the 

jirst and third of them, or between the incident and reflected rays, is the 

intersection « of the plane of incidence with the same plane face. 

(3.) Let 7, 7’, 7” be the vectors of vibration for the three rays p, p’, p’; 

conceived to be drawn from their respective extremities ; then, by a//t theories 

of tangential vibration, we have the equations, 

Nae Spa =0e Wilts 28herea0: VITs 8p°r7 0; 

to which Mac Cullagh adds the supposition (a), that the vibration in the 

crystal is perpendicular to the refracted ray: or, with the present symbols, 

that 
IX. ..Sp’r’=0; whence X...7'|| Vu'p, 

the direction of the refracted vibration 7’ being thus in general determined, 

when those of the vectors p’ and yp’ are given. 

* These equations may be deduced, for example, from the principles of Huyghens, as stated in 

his Tractatus de Lumine (Opera reliqua, Amst., 1728). 

+ The equations VI. VII. VIII. hold good, for instance, on Fresnel’s principles ; but Fresnel’s 

tangential vibration in the crystal has a direction perpendicular to that adopted by MacCullagh. 

HAMILTON’s ELEMENTS OF QUATERNIONS, VOL. II. 22 
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(4.) To deduce from +’ the two other vibrations, 7 and 7’, Mac Cullagh 

assumes, (0), the Principle of Equivalent Vibrations, expressed here by the 

formula, sas | 
Xl... rr ae OF =1(), 

in virtue of which the ¢hree vibrations are parallel to one common plane, and 

the refracted vibration is the vector sum (or resultant) of the other two; 

(c), the Principle of the Vis Viva, by which the reflected and refracted lights are 

together equal to the incident light, which is conceived to have caused them ; 

and (d), the Principle of Constant Density of the Ether, whereby the masses of 

ether, disturbed by the three lights, are simply proportional to their volumes : 

the ¢evo dast hypotheses* being here jointly expressed by the equation, 

XIT. . . Sv (pr? — pr? + pT ies! 

(5.) Eliminating p” and 7” from XII. by V. and XI., 7 goes off; and 

we find, with the help of I. and II’., the following Uinear equation in 7, 

Shine 
XIII. og rien eee a 

T Svp Sp» uf UL ay a 

a second such equation is obtained by eliminating p” and 7” by III. and XI. 

from VIII., and attending to I. VI. VII., namely, 

XIV... BovSy’r = (op? — uw”) Spr’ = — Sy’v’Spr’ ; 

and a third linear equation in 7 is given immediately by VI. 

(6.) Solving then for 7, by the rules of the present Calculus, this system 

of the three linear and scalar equations VI. XIII. XIV., we find for the 

incident vibration the following vector expression,t 

Vpv'r 

28pv ; 
XV...7= MoV? Ie 27Spv = 7 Spv’ = v Sor’ ; 

* In the concluding Note (page 74) to this Paper, Professor MacCullagh refers to an elaborate 
Memoir by Professor Neumann, published in 1887 (in the Berlin Transactions for 1835), as containing 

precisely the same system of hypothetical principles respecting Light. But there was evidently a 
complete mutual independence, in the researches of those two eminent men. Some remarks on this 
subject will be found in the Proceedings of the R. I. A., vol. i., pages 232, 374, and vol. ii., page 96. 

+ The expressions XV. XVI. enable us to determine, not only the directions Ur, Ur” of the 
imeident and reflected vibrations, but also their amplitudes Tr, Tr", or the intensities Tr?, Tr’? of the 
incident and reflected lights, for any given or assumed amplitude Tv’ of the refracted vibration, or 

intensity Tr” of the refracted light, after having determined the direction Ur’ of the refracted 

vibration by means of the formula X. 
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and accordingly it may be verified by mere inspection, with the help of VII. 

and IX., that this vector value of 7 satisfies the three scalar equations (5.). 

And when the incident vibration has been thus deduced from the refracted 

vibration 7’, the reflected vibration 7” is at once given by the formula XI., or 

by the expression, 
SVL. ct! sr = 73 

7.) The relation XV’. gives at once the equation of complanarity, 

XVII... Sv’rr’= 0, orthe formula XVIII... pw’ -p’|||7, 7; 

if then a plane be anywhere so drawn, as to be parallel (4.) to the three 

vibrations 7, 7’, r”, it will be parallel a/so to the line p’ - p’, which connects two 

corresponding points, on the wave and index-surface in the crystal: but this is 

one form of enunciation of Professor Mac Cullagh’s Theorem of the Polar 

Plane, which theorem is thus deduced with great simplicity by quaternions, 

from the principles above supposed. 

(8.) For example, if we suppose that op and oa, in fig. 89, represent the 

refracted ray p’, and the index vector w’ corresponding, and if we draw through 

the line Pq a plane perpendicular to the plane of the figure, then the plane so 

drawn will contain (on the principles here considered) the refracted vibration 7’, 

and will be parallel to both the incident vibration r and the reflected vibration +”; 

whence the directions of the two latter vibrations may be in general deter- 

mined, as being also perpendicular respectively to the incident and reflected 

rays, p and p’: and then the relative intensities (T7*, Tr”, Tr’) of the three 

lights may be deduced from the relative amplitudes (Tr, Tr’, Tr”) of the three 

vibrations, which may themselves be found from the ¢hree complanar directions, 

by a simple resolution of one line r’ into two others, of which it is the vector 

sum, as tf the vibrations were forces. 

(9.) The equations II’. TV’. V. and XIII’. enable us to express the four 

vectors, uw’ (=p+v), (=p—v'Syvp), p’ (=p —- 2v18yp), and p’ (=p t+r-v), 

in terms of the three vectors p, v, v’, which are connected with each other by 

the relation, 

AIX t= pe v'Syvp), p’ (=p —- 2v'Svp), and op (=ptv-v), 

XIX... v? + 2Bvp =S8r’(o + v), because XIX’... Svp’=S8(v' - v)p, 

as in XIII., or because p”— p? = Sy’v’ by I. and XIII’.; and with which 7’ 

is connected (VII. and IX.), by the two equations, 

9. @. Ke S(o a vr = 0, ONC pe hele sus OE B= UR 
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while 7 and 7” are connected with the same three vectors, and with 7’, by the 

relations VI. VIII. XI. XIII., which conduct, by elimination of 7”, to the 

following system (comp. (5.)) of three linear and scalar equations in r, 

XXII... Spr=0; 2SvpSvr = Sv’ (p + v)Sv7’;  WpSr Ir = Sv’p ; 

and therefore to the vector expression, 

2rSvp = Vpv’r’, asin XV. 

(10.) By these or other transformations, there is no difficulty in deducing 

this new equation, in which w may be any vector, 

P.O.GH EE . Vv V{(e - wW)T —(p —w)r + (p” * w)r”}r" =Oe 

and conversely, when w is thus treated as arbitrary, the formula XXIII., with 

the relations (9.) between the vectors p, p’, p’, v, v's mw’, but without any 

restriction (except itself) on 7, 7’, 7’, i8 sufficient to give the two vector 

equations, 

XI...r-7 +7’ =0, and XXIV... pr—-—prtp rr’ =av'+y, 

in which 

XXV...2=Sv(or — p’r’+ p”7’’) =Svv’s’, and XXVI...y=S(er-p ‘y+ pr); 

and which conduct to the two scalar equations (among others), 

KAVIEE OSS (or pr +6 tT) = 0, tb A VIL, KY =U 

and 
XXVIII... Svp(Spr - Sp”7r’’) = Svp'8yZ’ ; 

so that if we now suppose the equations VI. VIII. IX. to be given, the 

equation VII. will follow, by XXVIII. ; while, as a case of XXVII., and 

with the signification IV. or IV’. of «, we have the equation, 

XXX ai (pt = pt ep teen: 

(11.) And thus (or otherwise) it may be shown, that the three scalar 

equations VI. VIII. 1X., combined with the one vector formula XXIIL., 

which (on account of the arbitrary w) is equivalent to five scalar equations, 

are sufficient to give the same direction of r’, and the same dependencies of r 

and +” thereon, as those expressed by the equations X. XV. XVI.; and 

therefore (among other consequences), to the formule XII. and XVII. 
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(12.) But the equations VI. VIII. [X. contain what may be called the 

Principle of Rectangular Vibrations (or of vibrations rectangular to rays); and 

the formula XXIII. is easily interpreted (416.), as expressing what may 

be termed the Principle of the Resultant Couple: namely, the theorem, that 

if the three vibrations (or displacements), 7, 7’, 7’’, be regarded as three forces, 

RT, RT, R’T’, acting at the ends of the three rays, p, p’, p’, OF OR, OR’, OR” 

(drawn in the directions (1.) from the point of incidence 0), then this other 

system of three forces, RY, — Rt’, RT” (conceived as applied to a solid body), 

is equivalent to a single couple, of which the plane is parallel (or the axis 

perpendicular) to the face of the crystal. 

(18.) It follows then, by (10.) and (11.), that from these two principles,* 

(I.) and (II.), we can infer a// the following : 

(III.) the Principle of Tangential Vibrations (or of vibrations tangential to 

the waves) ; 

(IV.) the Principle of Equivalent Vibrations (4.) ; 

(V.) the Principle of the Vis Viva, as expressed (in conjunction with that 

of the Constant Density of the Ether) by the equation XIL.; 

(VI.) the Principle (or Theorem) of the Polar Plane ; 

And (VII.) what may be called the Principle of Equivalent Moments,t 

namely, theorem that the Moment of the Refracted Vibration (R’t’) ts equal to 

* The word ‘‘ Principle’’ is here employed with the usual latitude, as representing either an 
hypothesis assumed, or a theorem deduced, but made a ground of subsequent deduction. The principle 

(I.) of rectangular vibrations coincides, for the case of an ordinary medium, with the principle (III.) 

of tangential vibrations ; but, for an extraordinary medium, except for the case (not here considered) 
of ordinary rays in an uniaxal crystal, these two principles are distinct, although both were assumed 
by MacCullagh and Neumann. The present writer has already disclaimed (in the Note to page 323) 
any responsibility for the physical hypotheses ; so that the results given above are offered merely as 

instances of mathematical deduction and generalization attained through the Calculus of Quaternions. 

t In a very clear and able Memoir, by Arthur Cayley, Esq. (now Professor Cayley), ‘‘On 
Professor MacCullagh’s Theorem of the Polar Plane,’’ which was read before the Royal Irish 
Academy on the 23rd of February, 1857, and has been printed in vol. vi. of the Proceedings of that 

Academy (pages 481-491), this name ‘principle of equivalent moments,’’ is given to a statement 
(page 489), that ‘‘the moment of R’¢’ round the axis 4H, is equal to the sum of the moments of Lz 
and £"t” round the same axis’’; the line AH being (page 487) the intersection of the plane of 
incidence with the plane of separation of the two media, that is, with the face of the crystal; while 

Rt, kt, K’t’ are lines representing (page 488) the three vibrations (incident, refracted, and reflected), 
at the ends of the three rays AR, AR’, AR", which are drawn from the point of incidence .4, so as to 

lie, all three (page 487), within the crystal. And in fact, if this statement be modified, either by 

changing the sign of the moment of Rt" (page 491), or by drawing the reflected ray AR’, like the 
line ox” of the present investigation in the air (or in vacuo), instead of prolonging it backwards within 
the biaxal crystal, it agrees with the case XXIX. of the more general formula XXVII., which is 
itself included in what has been called above the Principle of the Resultant Couple. In venturing 
thus to point out, as the subject obliged him to do, what seemed to him to be a slight inadvertence 

in a Paper of such interest and value, the present writer hopes that he will not be supposed to 
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the Sum of the Moments of the Incident and Reflected Vibrations (Rv and RY’), 

with respect to any line, which is on, or parallel to, the Face of the Crystal. 

* * * * * * * * * 

[It appears by the Table of Initial Pages (as printed in the First 

Edition), that the Author had intended to complete the work by the 

addition of Seven Articles. | 

be deficient in the admiration (long since publicly expressed by him), which is due to the vast 
attainments of a mathematician so eminent as Professor Cayley. 

Since the preceding Series 423, including its Notes (so far), was copied and sent to the printers, 
the writer’s attention has been drawn to a later Paper by MacCullagh (read December 9th, 1839, and 

published in vol. xxi., part i., of the Transactions of the Royal Irish Academy, pages 17-50), entitled 
‘¢ An Essay towards a Dynamical Theory of crystalline Reflexion and Refraction”’ ; in which there is 
given at page 43) a theorem essentially equivalent to the above-stated ‘‘ Principle of the Resultant 
Couple,’’ but expressed so as to include the case where the vibrations are not uniradial, so that the 
double retraction of the crystal is allowed to manifest itself. MacCullagh speaks, in his enunciation 
of the theorem, of measuring each ray, in the direction of propagation: which agrees with, but oi 

course anticipates, the direction of the reflected ray, adopted in the preceding investigation. The 
writer believes that subsequent experiments, by Jamin and others, are considered to diminish much 

the physical value of the theory above discussed. 
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NOTES. 

I.—ON QUATERNION DETERMINANTS. 

(1.) Quaternion determinants were first investigated by Cayley (Phil. Mag. xxvi., 

1845, pages 141-145). Because quaternion multiplication is not commutative, a 

determinant whose constituents are quaternions is unmeaning until some additional 

convention is adopted concerning its expansion. If it be agreed that the order of the 

constituents in the expansion shall follow the order of the rows, all indefiniteness 

is removed. 

(2.) On this supposition 

Pod 

pin od =p ai Ue perbuh notin 7% (i) 
fe | 

Pp Y = ‘ 
= py-qp = 2V.VpVg, and si ioe Liha. (11) 

i gle Ba Gg ¢ 

It is also obvious that if # is any scalar 

p q ae ee p q ia 
= , but not = (111) 

DORE pv ap+g op + pi ag +q' 

(3.) Thus the columns may be treated as in ordinary determinants with scalar 

constituents ; but it is not lawful to treat the rows in this manner. The former of 

these processes is consistent with the convention that the order of the constituents shall 

follow the order of the rows; the latter violates this convention. 

The following example illustrates multiplication of a quaternion determinant by a 

scalar determinant :— 

pe+qy pergy p Yq | po +gqe’ py +qy' 
(iv) 

veg pargy pergy parge pyr gy’ 

if the w and y are scalars, and the p and qg determinants. This method is applicable 

for any order. 

HAmitton’s ELEMENTS OF QUATERNIONS, VOL. II. 3A 



362 APPENDIX—NOTES. Bs 

(4.) Again, when we have equations of the type 

PLEA HYANZ = 0, Pet Qyt+ re = 0, py + gy + 73% = 0, (v) 

in which 2, y, and z are scalars, every determinant obtained by interchanging the rows in 

An 

Peo Gn Ye (vi) 

Ps Gao Vs") 

must vanish. There are six of these. Further every determinant deducible from 

Pi Wig Ts hm hh 11 | 

nan and pm un % (vii) 

Pr G2 Fe Pie aieeta 

by interchange of rows and by alteration of the suffixes must be zero. For by (3.) 

the columns may be multiplied by 2, y, and z and added together, and thus one 

column may be reduced to zero when equations (v) subsist. 

These results may be extended to a system of linear equations of any order. 

(5.) The determinants of the third order of the last section are not all independent. 

If the determinant (vii) with identical rows vanishes, we have by (i1) 

piV.VQVTi + WV.VriV—,+1V.V—,Vq, = 0. (vill) 

Taking the scalar part, we see that the three vectors are coplanar, so that we may 

write 
£Vp,+yVn+2Vn = 0. 

Hence, it appears by operating on this by V.Vp, and V.Vq,, that (viii) may be 

replaced by 
Lp, oi Yn + 27, = 0. (x) 

From this it immediately follows that the vanishing of the first determinant (vii) is 

equivalent to 
Lp, + Yqot+ er, = 0. 

If in this determinant the suffix 2 is replaced by 3, and if the new determinant 

vanishes, equations (v) are reproduced and all the other determinants will vanish. 

In a similar manner for determinants of the second order, if we suppose that the 

four quaternions ~,, 9), #2, and g, are not all coplanar, three of the equations 

Mah Mn Hh Pz Pz QF 
= 

= 0, (x) ) 

aH Pa Qe 

imply the fourth, and require 

a nH Pz Qe 

Ti+YQ% = 90, @P2+ YG. = 0. (x1) 
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(6.) The determinant of the fourth order, whose rows are identical, vanishes. 

For if p, g, 7, and s are any four quaternions, we can find scalars 2, y, z, and w so that 

wp+yqter+ws = V0 = a scalar. 

One column can thus be reduced to the same scalar repeated four times, and, when we 

expand by the minors of the second order, every product of minors will involve a 

vanishing minor. By means of this result many identities may be obtained.* 

II.—MISCELLANEOUS PROPERTIES OF TWO LINEAR 

VECTOR FUNCTIONS. 

(1.) In general a pair of linear and vector functions may be simultancously 

expressed in the form 

pp = Sap + pShp + vSyp; Op = adSap + buSPp + evSyp. (1) 

Assuming the possibility of the reduction, it is clear that 

OVBy =abVBy, OVya=bdVya, OVaB = chVafB, (11) 

and consequently VBy, Vya, and Va are the axes, and a, 6, and c the roots of the 

function 66. The vectors a, 8, and y having being found, A, u, and v are determined 

by three equations of the type 

d = $VBy(Sapy)”. (iii 
Otherwise a, 8, and y may be determined directly as the axes of the conjugate of 

$16, that is of 6’¢’. Combining (iii) and (ii), we see that A, w, and v are the axes, 

and a, 6, and ¢ the roots of the new function 0¢7. 

(2.) Thus it is proved that ¢'0 and @p” have the same latent roots, and 

consequently the same symbolic cubic. More generally, all functions expressed as 

products of others and derivable from one another by cyclical transposition of the 

factors have the same cubic; for example, 6 and ¢@¢". 

The same thing is evident when the cubic 

(p0)8 — "(60)? + 60 - 1 = 0 (iv) 

is multiplied by @ and into 6’, for it becomes 

(0p) —- UM" (66)? + M06 —- M = 0. (v) 

* Applications and examples will be given in the Note on Invariants, and in the Note on Screws 

(Note V., Section 14, p. 382, and Note VIIL., Section 9, page 398). 
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(3.) When both functions are self-conjugate VBy, Vya, and Va are mutually 

conjugate with respect to the quadrics, SpOp = const., Spdp = const., at least if 

a, 6, and ¢ are unequal ; for by (ii) 

aSVyabV By = SVyabVBy = SVByOVya = bISVBydVya, 

SO a=b, or SVyadVBy = 0. (vi) 

From (vi) and similar relations coupled with (iii), we find in this case where the roots 

are unequal . 

Alla, wil B, vil y- (vil) 

(4.) Hence we can see how to reduce an arbitrary function ¢ to the product ®,® 

of two self-conjugate functions. For the axes of @ must be mutually conjugate to 

® and to ®,', and therefore if x, y, and z are arbitrary scalars 

Op = «VBySByp + yVyaSyap + sVaBSaBp, 

®,p = (ax 'aSap + by 1BSBp + cx 1ySyp) (SaBy)?, (vill) 

are the necessary forms, a, 8, and y being the axes, and a, 6, and ¢ the roots of ¢. 

Even if ¢ has a pair of imaginary roots (4, ¢), and axes (8, y), the functions ® nae ®, 

are real, provided y and z are conjugate imaginaries.* 

(5.) If two functions ¢ and 6 can be reduced simultaneously to the forms 

®,® and ®,®, the axes of ¢ and @ must be edges of a quadric cone. Let Sp@p = 0 be 

the cone through the axes a, B, and y of ¢ and two of the axes a’ and f’ of 6. Then 

because the axes of each function are mutually conjugate to ®, 

Da V By, we... Pa [iV By’, Soc; 

and Sa®@a = 0 is equivalent to Sa@@'VBy=0. Hence the first invariant of the 

function @®" vanishes, or 

SaO@'V By + SBOP 1Vya + SyYObTVaB = 0. (1x) 

Replacing a, 8, y in this invariant by a’, f’, y’, the first and second terms vanish and 

the third must be zero likewise. Thus y’ is also an edge of the cone. 

(6.) In the case of simple equality among the roots of 676, two of its axes coincide, 

and the reduction (i) becomes impossible. When equality among the roots carries 

with it indeterminateness of the axes of 6-6, the reduction likewise becomes indeter- 

minate instead of being unique as in the general case. 

(7.) Two functions are commutative in order of operation if, and only if, their 

axes coincide. The first part of the proposition is evident, and, to prove the second, 

* Tait shows that if the roots of ¢ are real and positive, so also are the roots of 6 and @}. Proc. 
R. 8. E., May 18 and June 1, 1896, or Scientific Papers, vol. ii., p. 407. 
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when the reduction (i) is possible, it is sufficient to observe that if 66 = 0 or 

6p7 = $6, the vectors A, m, and v must be parallel, respectively, to VBy, Vya, and 

Va. These vectors are, in this case, axes of both the functions ¢ and 6. More 

generally, and without postulating the possibility of the reduction, if 

o& = g§, then 0€ = O6€ = gE. (x) 

Thus, € and 6€ are both axes of , and correspond to the same root, and this requires 

0€ || € (so that € is also an axis of 6) or else, 6 must have indeterminate axes. When 

the second alternative is admitted, if 7 is any second vector in the plane of the inde- 

terminate axes of ¢, @y lies also in this plane, and the four vectors €, y, 6, Oy are 

coplanar. It is always possible to find two other vectors €' and 7’ in this plane, so 

that 6é’ || € and 67’ || 7’ and these vectors are axes of ¢ as well as of 6. 

IIIl.—THE STRAIN FUNCTION. 

(1.) The application of the linear vector function to the theory of strain has been 

admirably developed by Professor Tait in the Tenth Chapter of Kelland and Tait’s 

Introduction to Quaternions. From this source a large portion of this Note has been 

adapted. 

When a linear vector function operates on every vector of a system, vectors 

originally equal remain equal after the operation ; consequently, all equal similar 

and similarly placed figures transform into figures equal similar and similarly placed. 

There are two classes of this kind of transformation when the function ¢ is real. In 

the first rotation from ¢a to ¢8 to dy has the same sense as that from a to B to y, 

whatever vectors a, 8, and y may be. In the second class the sense of rotation is 

reversed. The first class of transformation is identical with a homogeneous strain ; 

the second is equivalent to a homogeneous strain accompanied by a reflection as in a 

plane mirror, or to a homogeneous strain accompanied by reversal of every vector. 

In fact, reversal of every vector is equivalent to rotation through two right angles 

about some axis through the origin and reflection with respect to the plane through 

the origin at right angles to the axis. 

(2.) Hamilton’s third invariant of the function ¢ 

m = SpapPhoy (SaBy)” (1) 

is the ratio which the volume of the parallelepiped, transformed from that whose 

edges are a, 8, y, bears to the volume of the original. It is quite independent of any 

particular set of vectors a, 8, y, and is, therefore, the ratio in which any volume is 

altered. 

(3.) The sign of m affords the criterion concerning the class of the transforma- 

tion (1.). If m is positive, the sense of rotation from da to 8 to Py remains the 

same as that from a to B to y. The contrary is the case when m is negative. 
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(4.) In the case of a pure strain, three mutually rectangular lines preserve their 

directions. If unit vectors along these are 7, 7, and /, and if the unit vectors are 

strained into ¢?, ¢,7, and ¢3k, where ¢, ¢, and ¢; are three positive scalars, any other 

vector is strained into 
Bp = — etStp — egSjp — eskShkp. (11) 

This is a particular case of the general theorem, that a linear vector function is 

determinate when the results of operating by it, on three known vectors, are given. 

In fact, given a, B, y, da, PB, and Py, we have, in general, 

dp = (paSPyp + PBSyap + PySaBp) (SaBy)™. 

The function ®, defined by (ii), is self-conjugate, and its latent roots ¢, ¢, and é3 are 

all positive. A function of this nature may be said to be ellipsocdal. 

The sphere Tp =7 is changed by the transformation w = dp into the quadric— 

the strain ellipsoid-—determined by the equation 

Té'w =r, or Swd''p lw =-7? or Saw(dod') we = - 7’, (111) 

since o’'p! = (¢¢’)". It is, in general, an ellipsoid, for # cannot be infinite, 

while p is finite. When the strain is pure, the equation of the strain ellipsoid is 

more simply 
T@!'y =r, or SawO?%w = -7’, 

or again, in terms of 2, 7, and &, ¢, ¢,, and és, 

ipa era Shs Sip 
@y e2 e3 

Thus, 2, 7, and é are unit vectors along its axes, and ¢, ¢:, és; are the ratios of the 

semi-axes to the radius of the sphere. In general, the axes of the ellipsoid are 

parallel to the axes of the self-conjugate function o¢’. 

(5.) We shall now prove that the transformation produced by any linear function 

¢ is equivalent to a rotation followed by a pure strain, and accompanied in the case 

where m is negative by a reversal of every vector. 

Assuming generally for all vectors p 

pp = + gpg, (iv) 

where ® is an ellipsoidal function, the third invariant of @ (i) 

m = + S@gaq bgBq" Pgyg" (SaBy)” 
= + Sdgag? dyBq”' Ogyq" (Sqag'yBy avg) = + ereres, (v) 

if ¢,, ¢,, and ¢; are the positive roots of . Hence, if m is positive, the plus sign is to 

be taken ; and, if m is negative, the minus sign. | 
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(6.) Again, taking the conjugate of ¢ 

pip = + g'Ppq, (vi) 

bpp = Bp or gd! = (vii) 
This equation requires $¢’ to be ellipsoidal, and it must be so if 4, and therefore 

¢’, is real for 

and therefore 

T ($'p)” = — Spd¢'p (vill) 

cannot be finite for any infinite value of p. 

The latent roots of the self-conjugate function dd’ being all positive may be 

denoted by ¢,”, ¢", and ¢,*, and if 7, 7, & are the axes 

bd'p = Bp = — ¢,7Sip — e°4Sjp — es’kSkp. (ix) 

(7.) We are now at liberty to define ® by the equation 

(b¢')°p = Bp =- etSip — exfSjp — egkSkp, (x) 
the roots ¢, é2, and é; being all positive. In general a function has eight square roots, 

and the eight square roots of ¢¢’ correspond to the various combinations of signs 

attributable to the radicals in 

— Jf eSip — /S e4Sjp — / e*hSkp. (xi) 

We may speak of the function ® as the princwal square root as in this case positive 

signs are chosen throughout. 

(8.) In order to justify the assumption made in equation (iv), it is necessary to 

prove that Ug is determinate. Writing equation (iv) in the form 

bp = Oxp, (xii) 

where x is a linear vector function to be determined, the conjugate of x = ®'¢ is 

likewise its inverse for 

¥=¢S, and $16.67 = S'S" = 1, 

So x satisfies the equation 
XX acl (x1il) 

Now this equation shows that whatever vector p may be its tensor is equal to that 

of xp, and therefore all figures remain equal after the transformation represented by x. 

The transformation must therefore be equivalent to a rotation, or to a rotation accom- 

panied by a reflection or the reversal of every vector. .The assumption made in (iv) 

is thus completely verified. 

Supposing m positive, and writing (vi) in the form 

q¢'p — Bpg = 0, 
the scalar and vector parts furnish the equations 

SVq(¢'-®)p = 0, (f’ - &)pSq + V.Vo(d' + ®)p = 0, 
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and the second of these virtually includes the first. In terms of two arbitrary vectors 

p and p’, we find, without difficulty, 

Vq = 2V(d' — ©)p ($'- ®)p'; Sq =-aS(o' + )p (f/-9)p’. (xiv) 
Also Vq satisfies the equation | 

(Pio Ng 

because otherwise 8(¢- &)Vgp = 0 could not be satistied for every value of p. 

The symbolic cubic of xy must be of the form 

XP RED IGE eA) = 10) (xv) 

for the symbolic cubic of a function is also satisfied by its conjugate, and in this case 

the conjugate is the inverse. ‘The upper sign corresponds to the positive value of m. 

(9.) Similarly if the rotation follows the pure strain, the assumption 

pp = + p¥pp', or p/p= + Vp'pp (xvi) 

may be justified by an analogous train of reasoning. Here ¢’¢p = W*p and W is the 

ellipsoidal principal square root of the ellipsoidal function ¢’¢. The latent roots of 

Ww and © are identical (compare Note II., (2.), p. 3863). 

(10.) In every homogeneous strain one direction at least remains unchanged. 

When m is positive, one latent root of the function @ must be positive. This is 

obvious when the roots are all real; and when two of the roots are imaginary, 

a | atk b and a- e[eel b, their product a*+ 6? is always positive, and therefore the 

remaining and real root is positive. The axis of ¢, corresponding to the real positive 

root, retains its direction. It is evident by superposing a rotation upon a pure strain 

that any selected direction may be preserved unaltered. 

If two directions Ua and Uf remain unchanged, they are connected by the 

relation 
SUdadB = SUaB, or SUWabB = SUaZ, (xvii) 

where dp = p¥pp (xvi). Hither of these equations expresses that the cosine of the 

angle of inclination of the strained lines is equal to that of the unstrained lines. 

Rationalizing the second of equations (xvii), it appears if ais given that the locus of 8 

is one sheet of the quartic cone 

a’ B® (SaW?B)? = (SaB)*Sab oS hws. (xvii) 

If in this we substitute 8 = a+ ta’ where Saa’ = 0, we find that a is a double edge 

of the cone, and discarding the factor # we obtain a quadratic in ¢ to determine the 

edges of the cone in the plane of a and a’. One solution only is appropriate as (xviii) 

includes both the conditions 
SUWaWvB = + SUaf. 

It is easy to see that the roots of the quadratic are always real since W is ellipsoidal. 

If two directions are unaltered, a third is likewise unaltered. 
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(11.) The roots of the function 4, gi, g2, and g; may have any values (within 

certain limits) subject to the single condition 

NJ2Js = C0203, (xix) 

which expresses that no change of volume is produced by the rotation. 

Tf we assume 9), g2, and gz subject to (xix), and try to satisfy the equations 

ga = plop? = go, $8 = p¥Bp" = 9B, by = p¥yp" = gsy, (XX) 

we see that that the axes a, 6, and y must be edges, respectively, of the cones 

btn ge Jb pte go. i 5 oat. (xx1) 

where Ty, is the positive value of the scalar g, irrespective of its sign. These cones 

are the loci of vectors whose lengths are altered in a given ratio. Selecting, at 

pleasure, any vector a on the first cone, @ is determined on the second cone by the aid 

of the relation 
SVa¥B = 9,9.8a8 (xxil) 

implied in (xx) and equivalent to (xvii). Up, and therefore the rotation, may be 

found by combining the first and second of equations (xx). Hence, ¢ is determined, 

and the third vector y is the result of operating by (¢ — g:) (@ — g2) on an arbitrary 

vector. 

Again, by (xxi), the magnitudes of 9, g,, and g; must lie between the greatest and 

least values of TWUp, that is, between the greatest and least of the scalars ¢,, ¢, ¢ 

In fact the magnitudes of the roots are inversely proportional to the radii of the 

ellipsoid 
TWp = 1 or Sp¥%p = -1, (xxill) 

which are parallel to the corresponding axes. This ellipsoid is converted by the strain 

into a sphere of unit radius. 

(12.) It is possible to superpose a rotation upon a pure strain, so that the function 

¢@ may have indeterminate axes. These axes evidently must lie in one or other of the 

cyclic planes of the ellipsoid (xxiii). Expressing ¥ in Hamilton’s cyclic form 

Wp = ep + ASup + pSAp (xxiv) 

has one root equal to ¢,?, and the other roots are 

e? = 62 +SrAwt TAp, 63? = 6? + SAw — TAp. (xxv) 
Assuming 

bp = ep + vSAp; (Xxvi) 

this function has indeterminate axes in the plane SAp = 0, and it appears without 

difficulty that ¢’p = W? if v satisfies the equation 

éy+3vrA = mp. (xxvil) 

HAMILTON’S ELEMENTS OF QUATERNIONS, VOL. II 3B 
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Also the third invariant of ¢ being equal to that of W, 

C2” (€, + SvA) = ey62€3. (XxXvlii) 

When we operate on (xxvii) by SA and use (xxv) and (xxviii), we find, 

vr? = (€,—é3)> and ev = p—4(e1—¢)r1. (xxix) 

Thus v is completely determined, and the assumption made as to the form of ¢ (xxvi) 

is justified. Also we see, by the form of the function ¢, that the most general strain 

may be effected in three stages, by displacing in one direction (Uv) a system of planes 

perpendicular to another direction (UX) by amounts proportional to the distances of 

the planes from the origin; by uniformly altering the linear dimensions (in the ratio 

é, to unity); and by rotating the body as a whole. 

(13.) When unity is included between the limits ¢,>¢,>¢3, that is, when elonga- 

tion and contraction both occur, a rotation may be applied to a pure strain, so that 

one root of ¢ is unity. In this case one root of ¢-1 is zero, or this function is a 

binomial reducing every vector to a fixed plane. But dp — p or (¢ —1)p is the 

displacement due to the strain, and accordingly under the above conditions a rotation 

may be superposed upon the strain so as to render the resultant displacement of every 

point parallel to a plane. 

Again, by (xxvi), if ¢, is unity, a suitable rotation will render the displacement of 

every point parallel to a line. In this case the pure part of the strain is plane, for 

when one root of W is unity, the strain is completely specified by that in the plane at 

right angles to the corresponding axis. 

(14.) In the case of a plane strain when there is no dilatation the intermediate 

root ¢, is evidently unity. The condition for no dilatation is now ¢¢;=1, and this, 

coupled with e, = 1, shows that (xxvi) and (xxviii) are equivalent to 

dp = p+vSrp, Svar = 0. Good 

The strain represented by (xxx) is a simple shear, the system of planes normal tor 

being displaced parallel to themselves and proportionately to their distances from the 

origin. In general a plane strain without dilatation is equivalent to a shear and a 

rotation. 

It also appears from (xxviii) that 

Opt tiey Al (XXx1) 

are the conditions that a strain should be equivalent to a rotation and a shear. 
(15.) We shall investigate the reduction of the general strain to a dilatation, a 

pair of shears and a rotation. If this is possible the general linear vector function 
must be expressible in the form 

dp = mp(1 + tla'Sf’) (1 + taSB)p . p>, (xxxii) 
> mal / / ° . 

where Saf = Sa’B’ = 0. For convenience we take a a’, B’ to be unit vectors. 
+) F | ’ 
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Observing that 
(1 - ¢aSB) (1 + taSB) = 1 

(xxxl1) is equivalent to 

(1 -— taSB)p = mép(1 + ta’SP’) pp, (xxxiii) 

and taking conjugates 

(1 - £BSa)¢'p = m*(1 + UB'Sa’) ppp. (xxxiv) 

Hence eliminating py, we find 

m7*(1 — {BSa) ¢’b (1 - taSB) = (1 + t/B’Sa’) (1 + t/a/Sf’). (xxv) 

We shall now calculate the roots of the function on the left. If we can arrange so 

that one root is unity, the pure part of the strain m>p(1 — taS@) will be plane, and 

if it is plane it must be a shear for neither ms nor (1 — ¢aSf) produces any 

dilatation (14.). Obviously the function on the right has one root unity, the corre- 

sponding axis being y’ = a’8’. 

For brevity, replacing msh'd by ©, the roots s of the function on the right are 

given by 

S[(1 - ¢B8a) @a - sa] [(1 - 8Sa) O(B + ta) - 8B] [(1 - (BSa) Oy - sy] aot 

if y=af. This equation is equivalent to 

S [@a — s(a - £8) ] [O(B + ta) -— 8B] (@y ~ sy) = 9, 
deduced from it by operating on every vector by 1 + 7BSa. 

Observing that the third invariant of © is unity, so that 

VOBOy = @'a, VOyOa = O'8, VOaOP = Oy, 

the equation reduces to 

Safy — 8S [(a — ¢8) O7 (a - ¢8) + BOB + yOy] 
+ 8S [a@a + (B + ta)@O(B + ta) + yOy] — *SaBy = 0. 

Finally, the equation of the cubic takes the form 

1 —sN’ + 8°N” — 383 = 0, (xXXv1) 
where 

N’ = UW’ + 8aO"a - S(a — ¢8) O(a - #8), 
and (XXXV11) 

N” = MU” + SBOB - 8(B + ta) O(B + Za), 

the first and second invariants of © being MU” and I’. 

The condition that one root should be unity is 

NOS N”, (XXXViil) 

and observing that N’ and N” are quadratic in the scalar ¢ which specifies the amount 

of the shear, it appears that we may arbitrarily select the vectors a and £ (that is the 

plane and direction of the shear), and that its amount is then given by a root of the 
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eee. 

quadratic (xxxvill) in ¢ The determination of the complementary shear 1 + t’a/S’, 

and of the rotation presents no difficulty. 

(16.) It is sometimes convenient, especially in dealing with small strains, to 

replace ¢ by 1+. In this notation Op is the displacement of the extremity of p, the 

origin of vectors being supposed to be kept fixed.* Resolving the displacement along 

and at right angles to p, we have 

Op = Opp. p = (¢ + n)p, (Xxxix) 

if é = 8Opp', and » = VOpp". Gxt) 

The scalar e is called the elongation. It is equal to the inverse square of the corre- 

sponding radius of the elongation quadric 

Sp0p = - 1. (xli) 

When the strain is pure so that 0 is self-conjugate, the vectors y and p are parallel to 

the principal axes of a central section of this quadric. Thus yp the component of the 

displacement at right angles to p is normal to that plane section of (xli) of which p is 

a principal axis. Also the magnitude of 7 is equal to the area of the triangle formed 

by lines along the corresponding radius and central perpendicular on the tangent 

plane of the quadric equal in length to the reciprocals of the radius and the 

perpendicular. 

(17.) If the cubic of 6 is 

GP —-n"P+nO-—n = 0, (xlii) 

the ratio of alteration of volume (i) is | 

m=8(1+ 0)a(1+6)B6 (1+ Oy (SaBy)? = 1l+n%+n' +n. (xiii) 

If the strain is so small that terms involving the square and cube of the small 

function 6 may be neglected, m is approximately equal to 1+ ””; n” is the dilatation. 

The ratio of lines is T (1+ 6)Ua or approximately 1+ Sa@a (compare xl). ~The 

ratio of areas is TV(1+6)a (1+ 6)B T(VaB)7, or Tm(1+ &)1UA if UA = UVa. 

Now, for a small function 6, 

Gl46) (L4G) = 1) Yor eld = Cl8)a, (xliv) 

so the ratio of areas is approximately 

T(1+2”-@)UX or 14+n”—-SA'0d. 

(18.) The result of superposing the strain 1+ 6, upon 1+ 6, is 1+6,+6, + 6,6,, and 

this is generally distinct from 1+ 6, + 6, + 6,6, due to the strain 1+ 6, following 1 + 6. 

However, when both strains are small, so that 0,0, and 6,0, are negligible, the order 

* Compare the Note on Hamilton’s Operator, Section (27.), where the case of non-homogeneous 
small strain is considered, page 446. 
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in which the strains are effected is indifferent, and the displacement, due to the 

resultant strain, is the resultant of the displacement due to each strain separately. 

In particular, a small rotation changes p into (1+ Ve)p. If this is followed by a 

small pure strain 1+ @, after the double operation p becomes 

p+6p+Vep or p+ Op (xlv) 

if cis the spin-vector of 6. Hence the origin of the name spin-vector. Again, for 

small strains 

(14+0@)1+6@) = (1+0)14+0) = 14046 = 14+ 26 = (14+ 4), 

and the functions ® and W or (po)? and (b'b)* are identical with 4(@+¢’). Also, 

the equation of the strain quadric (iii) becomes 

T(1-O0)p=r or p?— 28p6.p +7? = 0. (xlvi) 

(19.) In (12) we have given an example of the application of one of Hamilton’s 

forms for the linear vector function. They all admit of simple interpretation.. Take, 

for instance, the focal form 
Op = aaVap + bBSBp, (xlvi1) 

and we see that the most general pure strain may be compounded of a contraction 

(aaVap) round one line (Ua), and of an elongation (GSp) parallel to another (Uf). 

(See Minchin, Zreatise on Statics, Art. 379.) 

The form 
Op = gp + ASup + pSAp (xlviii) 

shows that the pure strain may be resolved into shifting planes normal to pw in a 

direction parallel to A, and planes normal to A in a direction parallel to mu, and by 

superposing a general dilatation 39. 

(20.) Reference has been made in the Note to page 225 to the strain which 

converts a quadric into a sphere. More generally if the strain @ converts any quadric 

SpPp =- 1 into Sp¥p = - 1, 

the function ¢ must satisfy the equation 

pVd = ®. (xlix) 

In order to simplify this, assume 

pb = Wye, or oi = dy'v?, (1) 

and it appears that x must be a solution of the equation 

a ang a A 

This has been considered and solved in (8.); x must represent a rotation or a rotation 

combined with a reflection. We are instructed therefore by the form of the function 

(xlix) to strain the first quadric into a sphere; to rotate the sphere with or without 

reflection ; and to strain the sphere into the second quadric. 
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IV.—ON THE SPECIFICATION OF LINEAR VECTOR FUNCTIONS. 

(1.) A linear function is determinate given the vectors derived by it from three 

known vectors*, Given the directions} (1, 82, B3, into which three known directions 

@,, G2, and a3 are changed, and the ratios a, @5, a, in which the lengths of a4, a5, and ag 

are altered, we have 

dp = (#BSaasp + yB2Sagaip + %B3Sa,ap) (Sajaga3)-, (i) 

where the scalars x, y, 2 satisfy 

TSa,a.a3 = Tag S2B Sazaza, = Tas 2B, Sazaza5 = Tag tSxB Sazazag. (ii) 

Rationalizing and solving these equations for wv, y, and z, eight systems of values are 

obtained, and, corresponding to these, eight functions @ may be found. Four of these 

functions are simply the negatives of the remaining four, and, in general, the eight 

functions correspond to the eight arrangements of sign attributable to the scalars a. 

(2.) Given four directions derived from four others (compare Note V., Section (6.)) 

a B,SanaspSBoP3B4 B2Saza,pS638,P4 B;Sa,a2S8,B2P4 see 

aOR s Sayaza,Saza304 y Sajza,a.8a30,04 ut Sajara,8a aoa, oo 

where A is an arbitrary scalar. Given the ratio in which a fifth line is altered, A is 

determined. 

(3.) This method of representing a linear vector function leads to some remarkable 

expressions. or instance, if a;, a,, as and a4, as, ag are unit vectors along two sets of 

mutually conjugate radii of a quadric Sp®p = 1, we have 

Sazas Saja;0, Sa;a, Saza50¢ Saja, Saad, 5 
A,Pp = Vaya; ele liad at + Va a; taal eat La + 1 As i ata esc (iv) 

Sa,aza,;Sazasa4 Sa3a,025a,004 Saja,asSaja.a4 

Hence, if for brevity Sa,a,a; is denoted by (123), and Sa,@a, by a,*, we obtain 

A, (156), (256) _—_—, (356) __, (486) 
(as) ~ * aaa) ~ * (B14) ~ “* (aaa) ~ “aay Y 

together with other relations, which can easily be supplied, connecting the signs of the 

solid angles (a, a, a3) with the radii a, m, . . . a of the quadric. These relations 

are due to Sir Robert Ball, and are of importance in the theory of co-reciprocal screws. 

Again, by (iv), we see that the shape and orientation of a quadric are determined, 

given the directions of three mutually conjugate diameters, and the direction of a 

fourth line (0,4) conjugate to the plane normal to a given direction Vasa,. 

* Compare Note III., Section (4.), p. 366. 

tT We suppose, for convenience, that the vectors are all of unit length. 
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(4.) If we seek to determine as far as possible a linear vector function by express- 
ing that the lengths of given vectors are to be altered in given ratios, we shall find 

that we may assign six directions and six ratios, and that the function remains 
indeterminate to the extent of an arbitrary rotation which may be superposed 

upon it.* For, given the centre of a quadric, six conditions determine it, and if 

pa, = %6;, &c., the ratios (a) are inversely proportional to the radii of the quadric 

Tp = 1 parallel to the corresponding directions (a,). In this way we can find the 

self-conjugate function ¢’¢. Taking its square root, and superposing an arbitrary 

rotation, we have the general function satisfying the conditions. Or, given six ratios 

and one direction which a seventh vector must assume, the function is determinate. 

(5.) In terms of Hamilton’s Aconie Functiont we can write down the relation 

between the seven ratios in which the lengths of seven vectors are altered by a strain. 

The aconic function of six vectors is 

[7] = SV.Va,02 Vaya; V. Vara; Vasa V. Vazay V aga. (vi) 

If it vanishes, the six vectors lie on a cone, and the form of the expression contains a 

direct proof of Pascal’s theorem, for it shows that the lines of intersection of the 

planes a,, a2; a4, a5, and ay, a3; a5, Og; ANG ag, 04; as, a, are coplanar. 

To fix the signs appropriate to the seven aconic functions formed by omitting one 

of seven vectors, mark seven points 1, 2, 3, 4, 5, 6, 7 on a circle, and go round it in 

this order, starting always from the point 1, and omitting one point.t Then the 

relation between the seven unit vectors and the seven ratios is 

[1 ]a,? — [2 ]a? + [8 ]a,? - [4 ]age + [5 ]a,? — [6 ]ae? + [7 ]a,? = 0. (vil) 

In fact, allowing a, and a, to vary, this is the equation of a quadric concentric with 

the origin whose radii are inversely proportional to a, and which passes through the 

extremities of the six vectors a,a,;1, &c. To prove this, it is only necessary to show 

that the sign of [7] is changed whenever any two vectors in it are transposed ;§ 

for, when a, = o,, the function [6] becomes [7], and all the others vanish. When 

a; = a; all vanish except [5], which becomes — [7], with one interchange of vectors. 

If the six vectors happen to lie on a quadric cone [7] is zero, and the ratio a, is not 

determined. The equation (vii) (omitting the last term) must then be satisfied for 

every possible direction a,;, and the six ratios cannot be arbitrarily chosen. 

* Compare Note IIT., Section (9.), p. 368. 

t+ Lectures on Quaternions, Art. 442. 

{ Thus, for example, we may also write 

[3] = {124567}. 
§ The most direct way of doing this seems to be, to express a4, a5, and ag in terms of a1, a2, 

and a3. 
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The equation is then equivalent to that of the sphero-conic determined by the five 

vectors a,a,;"1, . . . asa57, and expresses that aa, terminates on this curve. More 

fully draw any quadric Sp6p = 1 through the extremities of the five vectors and 

having its centre at the origin. Let Spyp=0 be the cone containing the five vectors. 

The sixth must terminate on the curve common to the system 

Sp (6 + ty)p = 1. (viii) 

(6.) Hence we can see how to determine a linear vector function given five ratios 

and two directions. For let (viii) (compare (4.)) be the quadric whose corresponding 

radii (a, . .. a5) are inversely proportional to the ratios (a... a), and let f, 

and 8, be the directions into which a, and a, are to be changed by the function ¢. 

Then, if we determine ¢ from the relation 

SU(6 + tx)agU(6 + txy)a; = SB.B:, (ix) 

we can superpose a rotation upon 6 + tx, so as to render the vectors derived from a, 

and a; parallel to 8, and f;. 

V.—INVARIANTS OF LINEAR VECTOR FUNCTIONS. 

Before touching on the general theory of quaternion invariants of linear vector 

functions, it seems to be desirable to point out a few consequences of relations 

connecting the roots of a single function 4. The signification of the geometrical 

interpretations will, in due course, be greatly extended, and we shall come to regard 

the invariants of the earlier sections of this note as invariants of two linear functions 

@ and unity (compare Section 9). 

(1.) Writing the symbolic cubic of ¢ in the form 

pi - mid? + mh —-m=0, or (p- 91) (P- G2) (b - J) = 9, (1) 
we know that every triad of vectors a, 8, and y satisfies the equation 

SPypa + SyapB + SaBdy = 0, (11) 
when m’=0, OY 91+ 92+ 93= 9. (111) 

Thus assuming at pleasure two vectors a and £, and determining a third vector y by 

the equations SBy¢a = Sya¢B = 0, the third equation SaB¢y = 0 must be true when 

m= 0. In other words, in this case it is possible to determine an infinite number of 

triads of vectors a, B, and y, so that each vector of the derived triad da, $8, dy is 

coplanar with a pair of vectors of the original. Or we may say briefly the edges of 

the derived lie on the corresponding faces of the original triad. Conversely, if this 

arrangement is possible in any one case, it is possible in an infinite number of cases. 

(2.) Similarly when m’ = 0, triads may be determined so that the faces of the 

derived triads contain the corresponding edges of the original, and the converse is 

also true. 
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(3.) Further, if for any arrangement of signs 

+ Ig. + Jon + gs = 0, (iv) 

the sum of the roots of the corresponding square root of # is zero (compare the Note 

on Strain, Section 7, page 367). 

We can then determine triads a, 8, y, whose faces contain the edges of the triads 

ia, .[68, by, and we shall show that the faces of these derived triads contain the 

edges of the triads da, df, dy. For if SBy [ba = 0, we obtain, on multiplying by 

the third invariant of _/¢, this other equation § 168 Iey ga = 0; this proves the 

theorem. In other words when (iv) is satisfied, it is possible to determine in an 

indefinite number of ways a triad a, 8, y so related to the derived triad da, 8, by 

that, in every case, an intermediate triad can be inscribed to the first and circumscribed 

to the second. On rationalizing (iv), the condition takes the form 

(f+ Jo + Is) — 4 (9293 + Js + 9192) = 0, “orm 24m. (v) 

(4.) The converse of this property is true, and the theorem admits of considerable 

extension. If 

“Ig. + 92 + Is = 0, (vi) 

m being an integer, triads a, B, y and da, 8, dy can be found connected by a series 

of inscribed and circumscribed triads derived from the original by successive applica- 

tions of the operator "Io. Still more generally an interpretation can be assigned for 

the case in which ” is a fraction. 

(5.) Otherwise we may deduce invariants by proposing suitable geometrical 

conditions instead of interpreting geometrically the meaning of the vanishing of 

assumed invariants. For instance, we may inquire into the conditions that a linear 

vector transformation may leave a given quadric cone unaltered. The vectors ¢p 

derived from edges of the cone Sp®p = 0 are edges of the new cone Sd "p0d¢-'p = 0, 

or Spd’'bdh'p = 0. If these cones are identical, ¢@ must satisfy the equation 

gdh = m 30, or p/bd = mie, (vii) 

the factor m$ being introduced so as to render equal the third invariants of the 

functions in each number of the equations. A similar equation has occurred in the 

Note on Strain (Note III., Section (20.)), and, as in the place cited, the general 

relation between ¢ and ® is of the form 

= + mib"2y62, where yxy =1, (viii) 

and the function x produces a rotation or a rotation and a reflection. Now (Note IL., 

Section 2) the symbolic cubies of mh and of x must be identical, but the cubic of x 
. ‘ mi : ‘s 
is reciprocal, and so therefore must be that of m2, or we must have the invariant 

relation 
mm’ — m’> = 0. (ix) 

HAMILTON’S ELEMENTS OF QUATERNIONS, VoL. II. 3C 
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As a rotation leaves unchanged every right cone having its axis coincident with 

that of the rotation, we are led to infer and can verify at once that the whole system 

of cones 
Sp®p + u(Skp)*=0, where ¢/k= mk, (x) 

transforms into itself when p is changed to dp, provided the invariant (ix) vanishes, 

and provided ¢ is a solution of equation (vil). 

(6.) It will be noticed that the foregoing interpretations depend simply on the 

directions of the vectors involved. If a function changes the directions of a, B, 

into the directions of A, w, v, it must be of the type 

pp = UASPyp + vpSyap + wvSaBp, (x1) 

the scalars wu, v, and w being arbitrary. If, in addition, the direction of 8 is changed 

into that of a, 
SBy 

bp = Sym Pe + pSvriw yal (xil) 

and in this there is nothing arbitrary except the tensor of the product Apywd". 

(Compare Note IV., Section (2), p. 374.) 

From this point of view we can see the connexion with the theory of anharmonic 

coordinates in a plane (pp. 23-29, vol.i.). For if d=aa+bB+ey, w=aA+ pt cy, 

and p = taa + ybB + sey, we can verify at once that ¢p = (xa'A + yb'p + 2c'v) Srp. 

Also (compare p. 25, vol. i.), 

(0A. BDCP) = z (OB. CDAP) = ss (0c. ADBP) = aa (xill) 
z 2 y 

where (0A. BDCP) is the anharmonic of the four planes (a, 8), (a, 8), (a, y), and 

(a, p), respectively. The equations (xill) remain true when 4, B, Cc, D, P are 

changed to 4’, B’, c’, D’, P’, where generally op’ || gor. Thus, op’ can be found by 

linear constructions when op is given as the tensors of the vectors a, B, y, 5, A, M, ¥, 

aw, and p may be chosen so that the extremities of these nine vectors may lie in an 

assumed plane. 

(7.) As the axes of ¢ are the vector solutions of the equation 

Vpedp = 0, (xiv) 

Sapdp = 0 (xv) 

contains three fixed lines which are quite independent of the vector a. This quadric 

cone is the locus of a line, so that it and its derived are coplanar with a fixed line (a). 

For various values of this vector, we obtain a doubly infinite system of cones having 

three common edges. If two of the solutions of (xiv) coincide, the cones touch one 

another ; if all three solutions coincide they osculate, and they break up into pairs of 

planes, one fixed plane being common to every pair, if the solutions of (xiv) become 

indeterminate in a certain plane. ‘The conditions for contact and osculation can be 

the cone 
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expressed at once in terms of the invariants m, m’, m”, being merely the conditions 

that the root cubic should have two roots equal or should be a perfect cube. The 

condition for indeterminate axes is of a different kind. Here there must be a double 

root g, and ¢—g must destroy every vector in the plane of the indeterminate axes. 

¢ — g is, therefore, a monomial ASup; its cubic is depressed to a quadratic, or, what is 

equivalent, Hamilton’s function 

y= 0, or P-m'dim'+g(o-m')+y9 = 0. (xvi) 

This, then, is the condition for indeterminate axes. (Compare 352 (20.), p. 504, vol. 1., 

and the remaining sub-articles. ) 

It is easy to show that the cone (xv) cannot degrade into a pair of planes unless a 

is coplanar with a pair of axes of d. If the cone is a pair of planes, and if w is the 

vector of intersection, Sap@w + Sawdp must vanish for every vector p. Hence 

Voaa+ ¢/Vaw = 0. (xvil) 

Now, as Sawdw = 0, we may write dw = uw + va; and substitution in (xvii) 

shows that 2 
Vax = uVazw, (xvill) 

or u must be a root, and Vaw the corresponding axis of the conjugate ¢’. But the 

axes of ¢’ are the normals to the planes containing pairs of axes of @; hence, a must 

be coplanar with a pair of axes of @, as it is at right angles to an axis of q’. 

In the case of indeterminate axes, must be of the form 

op = gp + Sup, (xix) 

and the cones (xv) all break up into pairs of planes 

SarpSup = 0. (xx) 

(8.) We have seen (Note II. (2.) page 368) that the roots of 6p" and of ¢ 

are identical. Consequently, the theorems proved up to the present in this note are 

also true for 6¢6' as well as for ¢. 

(9.) Again, if we write d = 1, and 

S (hi - 92) © ($1 — 92) B (br — ohn) ¥ = (1m — gh + gl - gma) SaBy, (x1) 

where m, and m, are the third invariants of ¢, and d., respectively, and /, and /, are 

two new invariants, we obviously have the relations 

mym = m,; my’ = 1,3; mm" = ly, (xxi) 

since the left-hand side of (xxi) may be replaced by 

m8 (bx, - 9) @ (6:76: -9) B (beh — 9) y = a (m — gm + gm! - 9°) SaBy. (xxi1) 
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Furthermore, the values of the ratios 

Weta tle 3s 

are unchanged when ¢, and ¢, are replaced by y¢,0 and y¢.0, respectively, x and 6 

being two arbitrary vector functions, for 

(x24) (xb:9) = O'ps'did = O46, (xxiv) 

and the functions ¢ and 6-66 have the same roots. 

Thus, the invariants depending solely on the roots of ¢.'¢, are invariantal in a 

very wide sense. Not only may the vectors a, 8, y be changed in any way, but the 

functions , and ¢, may also be transformed within very wide limits. 

It is well to bear in mind that ¢.'¢,, ¢di¢27 and their conjugates $/\¢'27 and 

's16', have the same roots. 

(10.) Hence, by (1), 
ead, (XXv) 

is the condition that , and ¢, (or, more generally, that y¢,6 and x¢.0) should be 

capable of producing from a triad of vectors a, 8, y two new triads so related that the 

faces of the second contain the edges of the first; also, by (2), 

ena, (XXvV1) 

if the faces of the first can contain the edges of the second; and by (8) and (v) 

= Amol, or 1," = 4mnls (xxvil) 

if an intermediate triad can be inscribed to the first (or second), and circumscribed to 

the second (or first). Further, by (5), 

mMl,> = mel? (XXvViil) 

if the transformation represented by ¢,"! can restore a system of cones transformed by 

¢, into their original state. 

It would be tedious, and cannot be necessary, to elaborate this subject any further. 

(11.) In the particular case in which ¢, and ¢, are self-conjugate, we may fall 

back on the invariants of a pair of cones or conics. For instance, if a triad of 

vectors satisfies Sd,a¢,Bdyy = 0, and two similar equations derived from this by cyclical 

interchange, we may replace the equations by three of the type Sd,a¢,'Vhy = 0. 

The form suggests ¢,1VAy || a with the condition Sad,a = 0, &c., and the invariant J, 

vanishes if a triad can be found upon the cone Spd p = 0 self-conjugate to the 

cone Spdip = 0. 

In the general case also in which the functions are not self-conjugate, the invariants 

of their self-conjugate parts (which are of course invariants of the functions them- 

selves) may be regarded as invariants of cones. But there is an important distinction 

between the two classes of invariants. We have scen (9) that the invariants 
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expressible in terms of the roots of the quotient ¢:*¢, are merely multiplied by a 

factor when ¢, and ¢; are replaced by x¢,0 and x¢.6. This transformation, on the 

other hand, completely modifies the invariants of the self-conjugate parts; in fact 

they cease to be invariantal for this transformation. The self-conjugate parts ®, and ®, 

cease to be self-conjugate where multiplied by x and into 6. When we restrict the 

range of the transformation by supposing x and @ to be conjugates or y= 6’, the 

function ¢,, its conjugate $';, and its self-conjugate part ®, all undergo the same 

transformation ; and ¢2'q,, ¢'21¢1, and ®,'®, transform into 6'¢,'¢,6, 6'¢'21¢'16, 

and @'@,",6, so the roots of ®,7®, (upon which the cone invariants depend) are 

unaltered as well as those of d.'d). 

We can see a reason for this. The natural interpretation of the equation 

Spdip = 0, or Sp®p=0, or Spd'ip = 0, (xxix) 

is that it is the locus of lines at right angles to their derived lines. Here a non- 

projective element is introduced, and the latitude of transformation consistent with 

invariance is restricted. 

(12.) The vanishing of invariants depending on the roots of ¢.1d, does not, in 

general, imply any peculiarity in the pure parts of the strains represcuted by ¢, and dq». 

For we have seen in Note III., Section (11.), that a rotation y can be determined 

which shall render the roots of x@ equal to any values assignable within certain limits 

subject to the single condition that their product shall be constant. The magnitudes 

of the roots may be selected so as to render any function of them zero, and a corre- 

sponding rotation x can be found which will annul any invariant of ¢, and x7. 

It may be shown also that a rotation x can be found, so that within certain limits 

one at least of the roots of y¢2!y1¢, may acquire a selected magnitude. This applies 

to the invariants of self-conjugate functions (compare the last Section). 

(13.) A function ¢ compounded from two or more given functions may be said to 

be covariant with them, provided ¢ changes into y@@ when each of the component 

functions is multiplied by x and into 6. Thus ¢:¢,7¢, is covariant with ¢; and qd», 

but did, and ¢;¢,7* are not. 

Again, if $1, d2, 3, &c. are covariant, and if 

Vet ASAdp = WhhyW’».VAp, (xxx) 

it appears that the functions y’ transform into X’"y’6’" multiplied by the third 

invariants of 6 and of x when the functions ¢ are changed to x¢@. Thus the 

functions W’ are covariant among themselves, and of course their conjugates w which 

transform into 6 Wy" are likewise covariant among themselves. In like manner, from 

the functions y’ we obtain new functions ¢, by the equation 

Vat ASW p = Shledi2VAp, (Xxx1) 

which are covariant with the original functions ¢ if we disregard a scalar factor 

depending on the third invariants of x and 6. 
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(14.) The principles explained in the Note on Quaternion Determinants (Note I., 

Sections (2.) and (3.)) enable us to write down the quaternion invariants of a system of 

linear vector functions. By actual transformation of the vectors a, 6, y 1t may be 

shown that the quotient 

dia oP gry | a By 

a(di, $2, 3) =| dra doB dey | t]a B y (xxxii) 

ds sh day Oe Bay 

is quite independent of these vectors, and is therefore an invariant of the three 

functions 1, $2, $3. For if 

a=a+ypt+2v, B=erh+y'ptesv, yaa rt y wt sy, 

dia bP diy PrA dpe gy | ce Y & 

| fot Ge dry | =| PA Go dav wy! @ |,  (xxxill) 

p32 3B psy | PsA dae dav BY 

and in forming the quotient (xxxii) the scalar determinant (ay’s”) cancels. 

(15.) By direct expansion of the determinant, we find 

69 (1; de, $3) SaBy = Udhia(doPdsy — goyhsf), (XXXIV) 

where the sign 3 indicates summation for cyclical transposition of the vectors a, B, y. 

The scalar part of the quaternion is 

hos = Sq (dr ba $3) = s2Sghia(Posy + PsBdry) (SaBy)” ; (Xxxv) 

and the vector part reduces without difficulty to 

Va (dis $2, $3) = ¢[AdhiaS (PBosy — ps8 zy) 

— Sd.a8 (dsPgry — PiPdsy) 

+ Shs08 (PiPhey — doBdiy) | (SaBy)". (XXXv1) 

Now if 73, is the spin vector of o’3d., 

S(PBopsy — PsBdry) = 8(d'sh2 — b'2h3)By = 28nsBy ; (XXxvil) 

and the quaternion invariant reduces to 

q (di; 2; oe) c Lies ax 4 (dies a 2431 + bsM2) ‘ (XXXvli1) 

for it must be observed that the spin vectors satisfy the equations 

we find 

m2+ 91 = 90, My = 0. (XXxix) 

It is evident that the scalar part /,.3 is unchanged when the functions are interchanged 

in any way. We see by (xxxviii) that briefly 

Ysa = Kgiz3, and SPiN = Yi32 — Yi2s- (xl) 
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The effect of interchange of rows in determinants of the third order is thus exhibited, 

and we see that the six quaternion invariants obtained by every possible interchange 

of di, de, and 3 are equivalent to one scalar and three vector invariants, /,.3; and 

Pites, $21, and dsm. 

(16.) For a-single function ¢ we obtain Hamilton’s three invariants as particular 

cases of (xxxviii) in the forms 

q(p, 1, 1) = 3(m" +26); 9(h, $, 1) = 3(m' + 2de); 9($, 4,6) =m (x1) 

For the first of these ¢ = 72, = 73). 

(17.) Manifestly these vector invariants are totally different in character from the 

scalar invariants of the earlier sections of this Note. It is easy to see, when we 

multiply the three functions (xxxii) into 6, that the quaternion is merely multiplied 

by the third invariant of 0; in fact, the determinant quotient is multiplied by the 

quotient g (6, 0, 0). It may be proved, without difficulty directly, that 7; becomes 

nn; in this case. But, when the functions are multiplied by a common function x, 

although the scalar part is merely multiplied by the third invariant, the vector part 

is, in general, completely changed 243; becomes ¢’,y’x¢3, and the spin vector of 

the transformed function is quite distinct from that of the original, except in the case 

in which x’ is a scalar. (Compare also (11.).) 

(18.) It would take too long to investigate the reduction of the number of 

independent quaternion invariants of two or three functions. The functions may be 

combined in any way, such as in products digs, doi, &c., and the various invariants 

may be obtained by substituting those combinations for the simpler functions in 

(xxxu). It must suffice to remark that, in addition to obvious reductions obtainable by 

means of symbolic cubics, a simple relation connects the spin vectors of ¢,¢; and of 

$2. For, if €, is the spin vector of ¢:¢., and, as before, if 7,2 is that of fide, 

2Vewp = (hide — $'xh'r)p = (hr — $1) + P'i)hep + P'2((hi — $1) — ip 

= 2Vad.p + 26',Vap + 2Vmop. 

This affords the relation 

€12 = Ie + (ams — dr)e, (xii) 

in virtue of the fundamental equation 

VhAp + VAdop + h'2.VAp = m"2VAm. 

From symmetry we may write down, in like manner, 

€o1 = No + (Mm, — yer (xlii1) 

In the same way 712, the spin vector of ¢,¢’,, can be expressed in terms of «, and 

simpler vector invariants. Thus the spin vectors of dide, dedi, b'idb2, b’2b1, Pih’2, 

doh’, b1¢'2, b'26', are all expressible in terms of yy», |, &, and the results of 

operating on ¢, and e, by the functions 1, ¢, and their conjugates, 
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By repeated application of these formule the spin vectors of all functions 

derived from a given product of functions, by cyclically transposing the functions and 

altering them to their conjugates, can be reduced to the spin vector of one of the 

products and the results of operating on simpler invariants. 

19. We may also notice that the quotient 

dia if 

p20. fof 

is unchanged when oa and B are replaced by any other vectors in their plane 

(compare (xxx)). 

a B | W'.VaB = 28y.2VaB 

ae B | 2VafZ 
(xliv) 

VION THE SYSTEM OF LINEAR VECTOR FUNCTIONS @ + #6. 

(1.) When ¢ is eliminated from the equation 

Volo + t@)p = 0, (1) 

the locus of axes of the system ¢ + ¢6 is found to be the cubic cone represented by 

t = SpdpOp = 0. (1) 

This is also the locus of a vector coplanar with the vectors derived from it by any 

two functions of the system. 

(2.) The cone 

F' = Sp¢'pb'p = 0 (iii) 

is the locus of axes of the conjugate system. Bearing in mind that the axes of a 

function are perpendicular to the corresponding planes containing pairs of axes of its 

conjugate, we see that every edge p, of the cone f corresponding to the root g, of the 

function ¢ + ¢6 is perpendicular to p’, and p’; edges of the cone /f’ and axes of the 

conjugate function. The third edge of the cone /’ may, without difficulty, be shown 

to be Vpidp;, or Vp,Op1. 

(3.) In particular, when both functions are self-conjugate the cones f and f’ coin- 

cide, and every edge is at right angles to two others. Also since 

Vide + Vidi + Vidk = 0, (iv) 

when ¢ is self-conjugate, 7, 7, and & being any mutually rectangular system of unit 

vectors, it appears that in this case the planes containing pairs of axes of any function 

cut the cone again in lines which lie in a plane. 

(4.) In general the reciprocal of the cone f is the envelope of the principal planes 

of the system, and, as this is of the third class, three principal planes are parallel to 

any line. 
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(5.) The root cubic of the function ¢ + ¢6 is of the form 

g — Mg’ + Meg — I; = 0, (v) 

and the coefficients contain ¢ in the order indicated by their suffixes. On equating 

the discriminant to zero, the result is a sextic in ¢ whose roots determine six functions 

haying double roots and pairs of coincident axes. 

(6.) No function of the system can have, in general, indeterminate axes; for if 

¢@ + t@ were such a function, it could be reduced to the form gp + ASup; and the 

equation of the cone f might then be written in the form 

SpppASpp = 0. (v1) 

In this case, therefore, the cone breaks up into a quadric cone and a plane. 

(7.) Moreover, if two functions have a common axis, it must be common to the 

whole system, and the cubic cone must have a double edge. For if in (i) two values 

of ¢ correspond to a given vector p, we must have separately 

Vpdp = 0, and Vp6p =0. (v1) 

Hence p is an axis of every function, and also a double edge of the cone. 

(8.) The quadric cone 
Sap(¢ + t0)p = 0 (vill) 

contains the axes of the function defined by ¢. Or if we regard ¢ as arbitrary and a 

given, (viii) represents a singly infinite system, a particular cone being determined 

by the condition that it shall contain any assumed line. This singly infinite system 

passes through four fixed lines which may be found by combining the equations 

Sapdp = 0, Sapbp = 0. (ix) 

From these we obtain the equation 

va = VVpdpV pip = — pSpdpbp, (x) 

which must be satisfied by the four fixed vectors. One solution is obviously p || a, 

and for the remaining lines we must have z= 0, and Sp¢p6p = 0. ‘Thus three of the 

lines are on the cubic cone f= 0. Hence the axes of all functions of the system 

compose co-residual triads upon the cubic cone for a quadric cone can be drawn 

through any set of axes to meet the cubic again in three fixed lines. 

(9.) In the notation of elliptic functions, three edges of a cubic cone lie in a 

plane if the sum of their elliptic parameters is zero. A quadric cone intersects a 

cubic in six lines, and the sum of the corresponding elliptic parameters is zero. 

Hence the sum of the parameters of the axes of any function of the system is 

constant, and the value of this sum is a characteristic of the system. 

If the sum is half a period, the axes of any pair of functions lie upon a quadric 

cone. This is the case when the functions are self-conjugate, and more generally 

HamILton’s ELEMENTS OF QUATERNIONS, Vot. II. 3D 
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when the axes of one function (fp) are in perspective with the vectors derived from 

them by the operation of another function 6. This condition is expressed by the 

equation 
SVp,0p:Vp20p2V p30p3 = 0 ; (x1) 

and this is also the condition that the axes of ¢ and @ should le upon a quadric 

cone. In fact, dropping the suffix 3, (xi) is the equation of a cone through the three 

axes of 6 and two of the axes p, and p, of ¢, so, if (xi) is satisfied, it contains the 

third axis p; likewise. 

The co-residual property shows that, if the perspective property is true for any 

pair of functions of the system, it is true for every pair. 

The condition (xi) may be expressed by the vanishing of the invariant of the 

functions 
SSOdadhbPdby — [SdbabbLPGdy = 0, (xil) 

in which a, 6, and y may be any three vectors. 

This may be proved (compare Zrans., R.I.A., vol. xxx., p. 723, and Proc., R.LA., 

3rd series, vol. iv., p. 13) by replacing a, 8, and y by pi, pe, and p3, and by writing 

Op, = Api + Gep2 + A%spP3, pz = Ae1P1 + A222 + Azsps, Ops = M31p1 + As2P2 + AssPs, (xiii) 

and substituting in (x1) and in (xii). The result in both cases is proportional to 

Ay 2093031 — 2143203. (xiv) 

(10.) The results already obtained admit of very considerable extension. The 

equation of the cone (11) may be replaced by 

: SxipxeexXze = 0, where x, = 46+ 06+ ¢, &e. (xv) 
or by 

Si = SphipOip = 0, where ¢, = xix A = xXr"Xs. (xvi) 

Thus, the cone is the locus of axes of all functions of the type 

(ap ap 6,0 te ¢,) (do == 6.6 ae C2), (xvii) 

ay, 61, C, a, bz, ¢ being arbitrary scalars. The cone of the axes of the conjugates 

Ti = Spd':p6'1 i 0, where '; = xx’, 0, oe ei (xviil) 

is not the same as the cone f’. In fact, the equation (ili) of that cone may be 

replaced by 

FY = Spx'r"x'px'r"x’sp_ = 0, 

and this is not the same as (xviii), because the functions y’;, x‘, and y’; are not 

commutative. 

(11.) It appears, from (6), that, in general, no function of the type (xvii) can have 

indeterminate axes; and, by (7), no pair of functions ¢, = x17 x2, 0, = x1 7x3 can have 

@ common axis, 
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(12.) We shall now extend the theorem of section (8), and show that the axes 
of all functions of the type (xvii) form co-residual triads. The equations (ix) are 
equivalent to 

Sapxip = 0, Sapxp = 0, (xix) 
and these equations require 

#Vap = Vxipxep (xx) 

if p is a common edge. Hence, we obtain the new quadric cone 

Saxipxep = 0, or Sxi*apxr xp = 0 (xxi) 

which contains the three residual lines. But the second form of its equation shows 

that it contains also the axes of x,"y2, and these axes, therefore, are residual to the 

three intersections of the cones (xix) or (ix), and consequently co-residual with the 

axes of every function of the type (xvii). 

VII.—ON THE GENERAL LINEAR TRANSFORMATION IN SPACE. 

(1.) If w and p are the vectors from an assumed origin to a pair of corresponding 

points, the relation between the vectors may be written in the form 

re pp + a. (i) 

where a and £ are constant vectors, and ¢ is a constant linear vector function. 

There is no difficulty in verifying that 

OLSEN EE ELAS Ord Dic a! hale 
ie SBdlaw — 1 

(2.) The united points of the transformation are the extremities of vectors 

p= fo@ (i) 

satisfying the equation i 
fp =p; (111) 

or dpta=tp, if t=Shp+1. (iv) 

Eliminating p between these two equations, the result 

t-1+S88(¢ -t)a = 0 (v) 

is equivalent to a quartic equation, and the united points correspond to the roots of 

this quartic and lie upon the twisted cubic 

p=-(¢- #) "a. ey 
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(3.) If the plane SAp + 1=0 transforms into Suw+1=0, and if we write 

symbolically iu 
Sufp = Spf'n, (vil) 

it appears that 

_ 7, PRB va N= f= RET (vii) 

It is needless to write down the equations corresponding to (i1), (ili), (iv), and (v). 

They are obtained by replacing w, p, a, 8B, @ by , w, B, a, , respectively; and it 

will be noticed that the quartic (v) is unaltered by this interchange. 

(4.) For a change of origin to the extremity of the vector «, the new symbols are 

connected with the old by the relations 

eo eons _a+ de -€(SPe + 1) 

Sree sueeei tp SRe+ 1 ; 
r 

gc nals EAaict RD Wagram nias Pac NSE Eitan Ter 
BcuSRew ia a SNecai ice pas 

and a root ¢, of the quartic transformed from (v) is simply proportional to the 

corresponding root ¢ of the original, the connexion being 

rpgupilaar Ded 
‘~ $Be + 1 (x) 

The ratios of the roots of (v) are therefore independent of the origin. 

(5.) When we express an arbitrary vector p in terms of the vectors p,, po, ps, and 

p, to the four united points ancp by the equation (compare Art. 79, page 55, vol. i) 

_ Lips + Lop2 + Laps + Lspy 
hand Doe Ce pees. (x1) 

the derived vector fp can easily be seen to be expressible in the form* 

Lytip, + Lotops + Xstsps + agtsps 

oni eg MER TT a LORE YS (xii) 

Thus (compare Art. 83, page 58, vol. i), 

é, ty ts (ve arma) = 74, (ca . arpa) = , (an. coma) = 2, enue 
where (Bc. APD) is the anharmonic of the four planes through the line sc and the 

points A, P, D, and @. Or again, the ratio of the volumes of the pyramids, whose 

bases are a face of the tetrahedron formed by the united points, and whose vertices 

are @ and P, respectively, is proportional to the corresponding value of ¢. 
eek cee ht eee Yet Os gee. Ue ee gt en a See 

* Compare Note V., Section (6.), p. 378. 
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(6.) If f=/" = F, so that the function / may be said to be self-conjugate, 

Ppt+a 

Sap + 1 
Lp = (xiv) 

where © is a self-conjugate function. The general equation of a quadric, any point 

being origin, may be expressed in the form, 

Spfp + 1=0. (xv) 

The extremities of w and w’ are conjugate with respect to this quadric, if 

Sofa’ = Sw’ Fo =—- 1. (xvi) 

Hence fw is the vector to the reciprocal of the polar plane of the extremity of w 

with respect to the quadric, the centre of reciprocation being the origin of vectors, 

and the radius of reciprocation being unity. The reciprocal quadric is 

Sv y+1=0. (xvi) 

To determine the tetradedron self-conjugate to a pair of quadrics, 

Spfp+1=0 and SpGp+1=0, 

it is necessary to solve 

fiur= Go, “or “Glew, “or OL A Ge = a, (xviil) 

for the first equation expresses that the extremity of w has identical polar planes 

with respect to the two quadrics. 

The first equation may be solved directly. In fact, if ¥ and B in @ correspond to 

® and a in F, 
(6-th)w=-(a-tB) if Saw +1 = ¢(SBw+1), (xix) 

and, therefore, 
w = — (®- tv)" (a - 7B), (xx) 

where 
t-1+S8(a—-¢B)(®- tv) (a - 8) = 0. (xxi) 

We cannot delay on this subject, except to remark that the twisted cubic (xx) is 

the locus of the vertices of tetrahedra pee to any pair of quadrics of the 

doubly infinite system 

Sw (@+ wh)o+ 28 (a+ uB)w+v0=0. 

(7.) It appears, from (ix), that on change of origin a self-conjugate function will, 

in general, cease to be self-conjugate. Under what conditions can the origin be 

selected so that a function may be self-conjugate ? 

If » is the spin-vector of $, change of origin to the extremity of ¢ will, render ¢, 

self-conjugate, and a, = B (ix), if the equations 

= VeB, a+de—e(SPe+1) =f (xxil) 
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can be satisfied. The second equation gives, by the process already employed, 

e=(¢-¢t)1 (B-—a) if¢=SCe+1, or 1-¢+86(g-#)* (B-—a) =0. (xxiii) 

Thus, four points can be found for which a,=£,, and consequently 7 must be equal 

to one or other of four determinate vectors. 

VIIIL—ON THE THEORY OF SCREWS.* 

(1.) If € is the translation and c the rotation, the origin being taken as base-point, 

for any small displacement of a body, the transformationt 

exe t= (Se + Veli =(p4+u)t, (pede, w= Vet, (1) 

shows that the displacement may be accomplished by a rotation round the axis whose 

equation is p = @ + a, accompanied by a proportional translation along that axis. 

This screw displacement is called a twist by Sir Robert Ball. In the same way a 

moving body is said to have a ¢wist-velocity on an instantaneous screw. In the 

following brief applications of quaternions to the admirable Theory of Screws of 

Sir Robert Ball, what is said of wrenches will be seen to be equally true of twist- 

velocities and of small twists. 

(2.) If w represents the resultant couple at the origin of vectors arising from any 

distribution of forces and couples, and if A represents the resultant force, the equiva- 

lent wrench may be represented by the symbol (mu, X). The intensity of a wrench 

(or the amplitude of a twist) is measured by the tensor of the vector A; thus (tu, tA) 

or ¢(u, A) is a wrench haying the same axis and the same pitch as (u, A), but ¢-fold 

its intensity. It is obvious that the resultant of any number of wrenches 4, (ju, 1), 

te (42, Az), &c., may be represented by the wrench (tm, + tayo + &c., tA, + ted, + &e.), 

and by the principle of superposition of small motions this is equally true for twists 

provided they are small. Every wrench compounded in this manner from m indepen- 

dent wrenches is said to belong to an m-system, and any particular wrench of the 

system is determined by the values of the scalars ¢. 

(3.) When a body, acted on by a wrench (p, A), receives a small twist (u’, d’), 

the work done by the wrench is 

~ S(pr' + wd), (i) 
remembering that yw’ represents a translation, and A’ a rotation. The symmetry of 

this expression shows that the same amount of work would have been done by (w’, d’) 

considered as a wrench, had the body received the twist represented by (u,). When 

the work done is zero, the screws are said to be reciprocal. It is obvious from the 

linear character of the condition of reciprocity that a screw reciprocal to ” screws is 

reciprocal to every screw that can be compounded from them. 

* Sir Robert Stawell Ball. 4 Treatise on the Theory of Screws. Cambridge, 1900. 

t+ Compare pages 83-85, and 285-287. 
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Again, in terms of the vector perpendiculars @ and the pitches p, the expression 

for the work becomes | 

—(pt+p')SANV -S(w-a')AN or (pt+yp’)cos4+dsin A (ili) 

into the product of the tensors of A and A’, if A is the angle and d the shortest 

distance between the axes. Hence, if the axes of reciprocal screws intersect, they 

cut at right angles, or else the sum of the pitches is zero; the converse is also true. 

(4.) Two screws of the two-system (4 + tu’, X + td’) are reciprocal if 

S(wt tu’) (A+ UN) +8 (wt Up’) (A+ YD) = 0, (iv) 

and the axes cut at right angles if S(A + 0’) (A + /X’) = 0. These equations lead to 

a quadratic in ¢, whose roots determine the pair of screws. Their axes intersect, and, 

if the origin is taken at the point of intersection, the screws may be represented by 

(az, 7) and (27,7), a and d being the pitches. Any screw of the system can be repre- 

sented by (ai cos6+ bj sin 6, ¢ cosO+ sin @), aud from the relation az cos 6 + bj sin 8 

=(p+@)(¢ cos + 7 sin@), we find at once* 

p=acos’6+bsin’?6, and w = (b-a)ksiné cosO. (v) 

Hence, the equation of the cylindroid, the locus of the axes, is seen to be 

p = (b-a)ksin@ cos6+s(¢cosO+ysinf) or s(a*+y*)=(b-a)ay. (vi) 

(5.) Let (4, A1), (Me, Ax), and (ja, Az) be any three wrenches, and let @ be the 

linear vector function determined by the three equations 

yr = 0A, fe = OA2, and B3 = 6X3. (vil) 

Every wrench that can be compounded from the given wrenches may be represented 

by (6a, a), the vector a being an abbreviation for ¢,A, + tA, + tsA3. If p is the vector 

to any point on the central axis of the wrench (6a, a), 

6a = pa+Vpa, or (6,— V(p—e))a = pa, (vii) 

where 6, is self-conjugate, and 6=6,+ Ve. Thus p is a root, and a is an axis of the 

linear function 6,- V(p—e). The cubic determining the roots of this function is 

p? — mp? + (m' — (p — €)?) p — (m - S(p - €) A (p—€)) = 9, (ix) 
if 6° — m6, + m'0,-m = 0 is the symbolic cubic of 6, (Note, p. 520, vol. i.). 

Hence, the locus of axes of screws of the system, having a given pitch p, is the 

quadric (1x), one of a concentric system. It is also evident by (viii) and (ix) that 

three axes pass through an assumed point, and that the sum of the corresponding 

pitches is constant Again, the pitch and the vector perpendicular are, respectively, 

p =S@aa1, and w = Véac"'. (x) 

* Compare the Note on Systems of Rays, Section 11, p. 422. 

Tt Compare Note III., (16.), p. 372. 
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On comparison with (ix), it appears that the pitch of any screw is inversely pro- 

portional to the square of the parallel radius of the zero pitch quadric 

m = 8(p— €)6 (p ~ ©). (xi) 
We cannot delay upon the locus of the feet of the vector-perpendiculars except to 

state that it is a Steiner’s quartic with three double lines intersecting at the origin, 

and that the form of the equation w = V6 (a, + faz) (a; + tag)? shows that the locus 

for axes parallel to a plane is an ellipse, ¢ alone being variable. 

(6.) The wrenches (6a,, a,) and (@az, ag) are reciprocal if 

S (a,Oa, + a,$a,) = 0, orif Sa,O.a, = 0; (xii) 

that is, if the directions of their axes are conjugate with respect to the zero-pitch 

quadric (xi). Corresponding to three mutually conjugate directions a,, a2, and a3 are 

three mutually reciprocal or co-reciprocal screws. 

(7.) If(w’, X’) is reciprocal to the whole system (6a, a), the equation S(y’ + 6’X’)a =0 

must be satisfied for every possible vector a. Hence yp’ + 6A’ = 0, and further, in 

general, (— 6’a’, a’) belongs to a three-system reciprocal to the given three-system. 

From these considerations it is easy to refer any wrench to six co-reciprocals. 

If we assume 

m=O6a-6'0', and A=ata’, (xili) 

where 6 is any vector function whatever, and (m, 4) any given wrench, we see that 

the auxiliary vectors a and a’ are in general determinate, being in fact 

a=(04+6) (uw +6), and a’ =-(0+ 6)" (w— OR). 

Selecting then any two triads o,0,0; and aa;a, of mutually conjugate directions with 

respect to the quadric (xi), and referring a and a’ to these, so that 

a= t,04 sf lode ar 1303, and a’ = t4Qg + t505 + teQ¢, (xiv) 

it appears that the given wrench can be resolved into component wrenches on six 

arbitrary co-reciprocals. The six scalars ¢ are proportional to the intensities of the 

components, and play the part of coordinates of the wrench.* 

(8.) To refer a four-system to a set of co-reciprocals, determine the vector function 

6 from three wrenches of the system as in (vil), and reduce any fourth wrench as in 

(xii). Thus o, is found, and for every wrench of the system f; and ¢, are zero. 

The two-system (— 6’(t;a5 + tas), tsa5 + tag) is reciprocal to the four-system. In like 

manner for a five-system we find a’ to be of the form fa, + ¢;a;, and the single screw 

reciprocal to the system is (— 6’ag, ag). Similarly any wrench can be resolved into 

two components, one belonging to a screw-system, the other to the reciprocal system. 

* Compare Note IV., Section 3, p. 374. 
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(9.) The principles explained in the Note on Quaternion Determinants furnish us 

with a means of writing down a number of invariants for the various screw-systems. 

For instance, the ratios 

A dy 
(xv) 

A A, A, Ag 

are quite independent of any particular screw of the two-system (, + tu, A, + tr,). 

In terms of the vector (e) to the centre of the cylindroid and the screws of 

reference (4.) these ratios reduce to 

[abk — Sek — (aiSet + WSef) . kh]: [(a+ b)k + Wek + Vek]: k, (xvi) 

so that if we write, for brevity, (xv) in the form p: ¢: 7, 

e=V.(Vq+48q)r"; 4+6=S8.9r'; ab=S8.pr' + pr? (89). 

On solution of the equations in a and b we can determine everything in terms of 

p, 7, and r. 

Again, for a two-system, every determinant composed of rows py, 2, 3, followed 

by rows A,, Az, A; vanishes. 

(10.) It is more interesting, however, to consider the relations for systems of 

higher orders. Write down a determinant, formed by three identical rows of six p’s, 

followed by three identical rows of six \’s. This is the sexcant of the six screws, 

(v1, A1) . . « (fe, As)» If it vanishes, the screws belong to a five-system. Write 

down four identical rows of seven p’s, followed by three rows of seven A’s. The 

result vanishes identically, for a determinant with four identical vector rows vanishes 

(Note I., (6.)), but we may expand it in the form 

pi (1) + pa(2) + wa(B) + pa(4) + o(5) + oe(6) + on(7)=0, (xvi) 
where (1) is the sexiant of the screws omitting the first.* Again, four identical 

rows (A), followed by three identical rows (), form a vanishing determinant expand- 

ing into 
Ay (1) + Ao(2) + Ag(3) + Ag(4) + As (5) + AQ(6) + AV(7) = 0, (xvli1) 

the same symbols denoting the sexiants as before. We see thus how to express an 

arbitrary screw in terms of six given screws.t} 

* It is simplest to expand a sexiant in terms of the minors of the third order when it is seen to be 

SSuipmeusSrssas. 

+ Indeed, from this point of view, the theory of screws is equivalent to the theory of vector 
pairs (u, A), every pair denoting an entity. There is a corresponding theory of vector triplets (v, u, A), 

&c. Writing down four identical rows of ten v’s, followed by three of yw’s and three of A’s, we see 
how to express an arbitrary triplet in terms of nine given triplets by means of functions of nine 

which may be called noniants in analogy to the sexiants. 

Hamicron’s ELEMENTS OF QUATERNIONS, VoL. IT. 3E 
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(11.) Again, write down the determinant* of three rows of five y’s, followed by 

two of five \’s, and call it w’. Similarly, if—A’ is the determinant of two rows of p’s, 

followed by three of ’s (the same as before), the screw (y’, A’) may be easily seen to 

be the reciprocal of the five given screws. If, however, the fifth screw (5, Az) is 

quite arbitrary, the variable screw (y’, A’) obtained in this way generates the two- 

system reciprocal to the given four-system.f 

(12.) If a free rigid body, acted on by any system of forces, receives a small twist 

from a position of stable equilibrium the forces no longer equilibrate, and a certain 

wrench corresponding to the twist acts on the body. We shall consider the important 

case in which the wrench (y, A) is linearly expressible in terms of the twist (c, »), 

that is, when the one-to-one relation between twist and wrench can be expressed by 

equations of the type 
m=dwt+yo, A=Ow+ Wo, (xix) 

, x, 6, and w being four linear and vector functions. As the twist changes from 

(7, w) to (o + do, w + dw), the work done by the forces is 

—S(udw + Adc) = — 8 (dw + yo) dw — 8 (Ow + Wo) do. tax 

This is a perfect differential, or the forces are conservative, if, and only if, ¢ and y 

are self-conjugate, and if y and 6 are conjugate. The truth of this property is 

apparent when we differentiate an expression such as — 48w@w — So@w - 48oWVo and 

compare results on assigning arbitrary values to the four vectors o, w, do, anddw. In 

what follows we shall limit ourselves to the case of conservative forces. so that we 

may take ¢ and y to be self-conjugate, and 

m= pot+yxo, A= w+ Wo. (xxi) 

This type of relation has been called Chiastvc by Sir Robert Ball because of the cross- 

connexion expressed by the equations 

S (uw + Ao’) = S (dw + xo) w’ + S (y/o + Wo)" (ex) 

= S(do' + xa’)o + 8 (yo! + Wo"’)o = S (pw + NO), 

which show that if (u, A) is reciprocal to (o’, w’), then is (u’, A’) reciprocal to (oc, w). 

(13.) A free rigid body is acted on by an impulsive wrench, and begins, in con- 

sequence, to twist about an instantaneous screw. Taking the centre of inertia as 

base-point, it appears that the wrench and twist-velocity are chiastically related, for 

the dynamical equations are 
p= du, = Mo, (xxii) 

if gw is the linear vector function of the angular velocity which represents the 

angular momentum, and if Jf is the mass of the body and o the velocity of translation 

of the centre of inertia. Here, as before, the chidstic conditions are satisfied, for 

* This determinant is a vector as appears on expansion by minors of w’s and minors of A’s. 

+ A system of screws of the most general type is partially considered in Note XII., Sections 26-31. 
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is self-conjugate ; also y and 6 are zero, and wis a scalar M@. We proceed to consider 

the general case of chiastic relation since from this the properties of impulsive and 

instantaneous screws are at once deducible. We suppose ¢, x, and w to be known. 

When the body is not perfectly free we resolve the wrench (p, ) into two com- 

ponents, one (y, €) belonging to the screw system of the freedom, and the other 

(y’, €’) belonging to the reciprocal screw-system. The wrench (vy, €) is the reduced 

wrench. Thus 

M=nt+7 =gdwt+xo, and A=E+ l= y'w+4+ Yo. (xxiv) 

Obviously, when (co, w) is given, (7, €) and (y’, é’) are at once determinate. Again, 

when (7, €) is given, (y’, é’) and (a, w) are still determinate. For if (o1, ,), (o2, 2), 

&c., are n given twists determining the freedom, we may express the known wrench 

(yn, €) in the form (3a,c,, Saqo,), and the unknown twist (co, w) in the form 

(a0), B,w,), and remembering that (n’, €’) is reciprocal to all the twists of the 

freedom, we obtain ” equations such as 

S(nw, + €o,) = Sw;(dw + yo) + Soi(y’w + Wo), 

which afford the » unknown scalars 2, #2, ... %. 

(14.) Again, for freedom of the n™ order there exist » principal screws upon 

which the reduced wrench and the corresponding twist are situated. For if we 

replace y and € by ¢o and ¢w respectively in the » equations we find on elimination 

of the scalars # an equation of the x” degree in ¢, and every root of this determines a 

principal screw. These screws form a co-reciprocal system. Let (oj, ,) and (a2, w2) 

be two principal twists corresponding to ¢, and ¢, respectively. Thus if we write 

ve [12] = Swipe, + Swixo, + Suny; + Soipo, = [21], (XXV) 
we see a 

ay [12] = S(mwe2 + €,02) = 4,8 (ow, + 20), 
and also 

[12] = S (no, + £20) = iS (0We + O20) ) 5 (XxXv1) 

hence, if ¢, is not equal to t, we must have S(o,w, + o,,) = 0, and the screws are 

reciprocal ; and also we have [12] = 0, and the screws are said to be conjugate screws 

of the potential. We shall now examine the conditions of reality of the principal 

screws. They are evidently real if all the roots ¢ are real. If, however, ¢, = ¢+ hi’, 

and if t,=¢ — ht’, where h a decid , it appears that the corresponding twists must be 

of the form 

(01, %) = (0+ ho’, w+ ho’), and (a2, a) = (o — ho’, w — ho’). 

If these are conjugate we must have 

[12] = (Swdw + 28wyo + Soyo) + (Sw'fo!’ + 28w'yo! + Soyo’) = 0. (xxvii) 

But this cannot be the case when the potential function — 4Swdw — Swxo — 4Soyo is 
essentially one-signed. Under this condition therefore the principal screws are real. 
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(15.) On Sir Robert Ball’s suggestion I append the quaternion treatment of two 

important parts of the theory of screws. In general, the twist velocity of a body 

acted on by constraints alone is constantly changing. Under certain conditions, 

however, the twist velocity remains for a moment unchanged. The instantaneous 

screw is then said to be permanent. Permanent and principal screws are in general 

quite distinct, though they are identical in the case of a body having one point fixed. 

We may write the dynamical equations in the form 

Smp = €', SmVpp =7/, (XXVll1) 

m being the element of mass at the extremity of the vector p, and (7’, €’) being the 

wrench arising from the constraints referred to the origin of vectors as base point. 

If (o, ) is the twist velocity, we have 

p=o+Vop, and p=o+ Vop+ Vop=o+ Vop + Vo(o+ Vop). (xxix) 

For a permanent screw o and w vanish, and if the origin of vectors is taken at the 

centre of mass, we find, on summation, 

Smp = UVoc = &, SmVpp = Vodo = 1, (G:6.6:9) 

where dw = SmVpVup is the angular momentum of the body (compare 417, X.). 

In particular for three degrees of freedom if o = 6w, then 7’ = — 6’&', because the 

wrenches arising from the constraints are reciprocal to the twist velocities. Hence 

Vodwo = yf = - 66 = —- M6'Voo = - UP'Vobo, 

or, if m is the third invariant of 6, 

Vode = Un Volo: oes) 

so the permanent screws have their axes parallel to the axes of the function ¢ — M/n"6". 

(16.) In the same case of freedom of the third order the principal screws are 

given by 
dw=to+n’, Uc=tw+ &, (XXxi1) 

and from these as 7’ = — 6’é', and o = Ou, 

dw = (6+ 0) w — 10'0o, (XX X11) 

so that the principal screws are parallel to the axes of the function (0+ 6’)? (6 + 1106). 

(17.) The second point suggested by Sir Robert Ball is a proof of the theorem 

that ‘‘two three-systems can in general be im one way correlated so that each screw 

in one regarded as an impulsive screw, has a corresponding screw in the other 

regarded as an instantaneous screw” (Theory of Screws, Art. 318). This theorem 

arises from the determination of the dynamical constants of a free body by administer- 

ing three known impulsive wrenches, and by observing the twist velocities produced. 

The dynamical equations are three pairs of the type 

dw ="n+ VrAp, M(o + Vup) =X, (xxxiv) 
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where (yu, X) is a known wrench, (co, w) a known twist velocity, and where ¢, p, and 

M, the vector function, the vector to the centre of mass and the mass of the body are 

unknown. The three wrenches produce a three-system m= 6,A, the three twist 

velocities another o = 6.w, and in terms of 6, and 6, the equations (xxxiyv) become 

dw =(6,- Vp)A, M6. - Vp)w =X. (xxxv) 

Hence, for three and therefore for all vectors o, 

dw = H(6; = Vp) (6, a Vp)o. (XXXV1) 

Now ¢is aself-conjugate, and therefore if 2’; and m”, are the first invariants of 6; 

and 6, respectively, by a well-known property of Hamilton’s function x, 

(6,62 — 020’, )o = VpO.0 + 6'2Vpw + 6:Vpw+ Vp/;o | 

= V(n'’, — 62) pw + V(n"; — &;)pw = 2Veno, 

if €,. is the spin-vector of 6,6,. Thus p is uniquely determined by the equation 

(2; se n''» = 6, <3 6’, )p = 2€12, (xxxvil) 

which is a necessary consequence of the self-conjugate property of d. The vector p 

being known, M/¢ is determined by (xxxvi), and U/ by the second equation (xxxiy). 

Thus ¢, p, and Y/ are uniquely found. Also the unique correlation between the 

three-systems is established by (xxxv). It is very instructive to investigate step by 

step the amount of information afforded as to the dynamical nature of the body by 

observing the twist velocities produced by known wrenches.* 

IX.—ON FINITE DISPLACEMENTS. 

(1.) It has been shown that the operator g( _—_)g™! produces a conical rotation of 

a system of vectors about their common origin, the axis of the rotation haying the 

direction of the quaternion or versor g, and the angle of the rotation being double the 

angle g. Any displacement of a rigid body may be effected by rotating the body 

about the origin of vectors until lines in the body are parallel to the positions they 

will ultimately occupy, and by then translating the body until one point (and there- 

fore all points) attains its final position. Thus if 7 is equal and parallel to the 

translation, the vectors w and p to a point in the body, in its initial and final posi- 

tions, are connected by the relation 

p=t+Q9aq". (i) 

* Additional illustrations of the Theory of Screws will be found in the Notes of this Appendix 
IX. to XII. inclusive. 
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(2.) We may write this equation in the form 

p=tTt+et+g(w—-e)g', if ri’ =T+ 99! - «, (11) 

with the interpretations following. The same rotation about the extremity of « 

changes w intoe+qg(w-e)g", and the translation +’ completes the displacement. 

Or a translation — e, followed by the rotation about the origin, and then by the 

translation r’ + ¢, is equivalent to the displacement. For example, writing (1) in the 

form p=q¢(q'7q¢ + 7) q™, we see that the translation g™“7q, followed by the rotation 

about the origin, effects the displacement. 

(3.) The relation (ii) connecting the translations r’ and 7, which must follow 

rotations about different points in any given displacement, shows that the difference 

of these translations (r’ — 7) is equal to the displacement one point would receive were 

the body rotated about the other. The components of 7’ and 7 along the axis of 

rotation are consequently equal. Or multiplying the relation (11) into g, we have 

(r-7T)¢g=qe-—eg =2V.VaGc; (111) 
whence 

e=-4(r-1)q(Va)? 42g; 8(r!-7)Ve=0. (iv) 
Thus given 7’, the locus of the extremity of ¢ is a right line parallel to the axis of 

rotation. 

(4). The equation of the central axis is found by expressing that the translation 

7’ = 7 is parallel to the axis of rotation. By (iv) the equation of the central axis, and 

the value of 7,, are found to be 

e=2Vrq (Vg)? + 2Vq; (v) 

t) = (Vg) 8rVq. (v1) 

(5). The general decomposition of a displacement into a pair of displacements 

results from comparison of (i) with 

p= 72+ g(t. + Magi )g2", (vil) 

and the conditions evidently are 

7291 = q 3 T=T2 + 927192 (vii) 

If these displacements are a pair of rotations effected about the points E and F 

fixed in space, or the points & and ¥’ fixed in the body, 

TM=E-MNEN'; TWZH=E+H- Gale + 0)92'; N= 9N'N * (1x) 

if ¢ = OF, 7 = EF, 9 = EF’, Thus (viii) becomes 

T= €- Geq' +9 - gangs’ =€- geq) + ging - g’¢"'. (x) 
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Writing for abridgment 

‘ EY =r =r-—e€+ geq", (x1) 

if © is arbitrarily selected the point 1’ is determined, and by (x) the second rotation 

changes EF into a line equal and parallel to 1’r. The locus of F is, therefore, the 

plane bisecting rv’ at right angles, and the second rotation may be made about any 

line in this plane. The first rotation may be found by (vii) when q, is suitably 

selected. In like manner if Y’s = qg'E1’g, we find by (x) g,7EKFg, = t’F’, and 

the locus in the body is the plane bisecting nr” at right angles. 

Again by (x) if q or q is arbitrarily selected, © and Fr must lie respectively in 

the planes determined by 

S(r-—e€ + geq?)Vq.=90 and S(t- 7+ Q2y9Q2")VG = 0. (x11) 

Selecting any point = in the first of these planes, 1’ is determined by (xi) and the 

axis of the second rotation is the intersection of the second plane with that bisecting 

EY’ at right angles. 

(6.) When the body is in the position (i) defined by 7 and q, a rotation about the 

point £’, followed by a translation, carries it to the position given by 

eet Gite lO Gog gc, 
while the same translation, followed by the same rotation about ®”, carries it to the 

position 

Beate (te tg grag. go 
The difference in the positions is equivalent to a translation 

p ws p” =< 7’ ee é! sal e! = g(a a é’ f.2 é’\q/ = 2V ; (x eF é’ es é’)Vq' : ee (x11) 

which is small and of the second order if 7’ + ¢’ — e” and Vq’. q’' are small and of the 

first order. Under these conditions the order in which the additional translation and 

rotation are effected is in the limit immaterial. If the additional rotation is made 

about the origin of the vectors w, which is a point fixed in the body and at the 

extremity of 7, the new position is given by 

partrigewe 7. (xiv) 

(7.) When g and 7 are functions of a single parameter, the equation (1) contains 

full particulars of the path of the body, and if the parameter is a known function of 

the time, the velocity of the displacement may be completely determined. If 

pt+dp=7+dr+(q+dg)a(g + dg)", 

the two following expressions for dp supposed infinitesimal, 

dp =dr + Vdwgaq! where dw =2V.dgq', (xv) 

dp =dr + gVdiwg! where di =2V.q"dq,* (xvi) 

* Evidently g7'dwg = 2V . g-*(dgq7!)q = du. 
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easily follow from the consideration that if @ is any small quaternion and ¢ any 

vector 
(l1+a@é(l+a)?-€=(14+a@)&(1 -a@) - €=a€ - Ea = 2VVaE. 

The first of these expressions shows that the additional displacement is due to the 

translation dr and to the rotation dw about the body origin applied after the rotation 

qi )g?. The second shows that had the body originally received the rotation about 

the body origin represented by di, then the rotation g( )g', and finally the 

translation + +dr, the same position would have been attained. 

(8.) If « is the vector from the fixed origin to any point on the axis of the 

instantaneous screw, and if p is its pitch, 

dr =(p + V(e -7))do, (xvii) 

because « — 7 is the vector from the body origin, the base point to which dr and dw 

are referred, to a point on the axis. ‘The pitch and the equation of the axis are, 

by (xv), | 
p =48dr(V .dgq"); e=7+4V(dr+z)\(V .dgq'y7, (xvii) 

x being a variable scalar. Allowing the parameter in 7+ and q, as well as z, to vary, 

the vector equation represents the locus in space of the axes of the instantaneous screws. 

The body locus of the axes may be obtained by substituting « — tr = gyq™ in (xvii) 

or (xvii), when we find 
qdrg = (p+ Vn)de (xix) 

and H=sVig arg +2) Vi.9 dg)". (xx) 

If we suppose these two surfaces to be constructed and fitted with guiding threads 

or projections and depressions of suitable pitch, then when the body locus is suitably 

placed on the space locus with corresponding generators in contact and rolled over it 

subject to the constraint of the guides which will cause gliding along the line of 

contact, the body will traverse the path prescribed. 

(9.) When g and 7 are functions of two parameters, w and v, the body has two 

degrees of freedom. Given aw, equation (i) represents a surface which would be 

generated by a point fixed in the body were the body to describe every possible path. 

The equation (xvii) is linear in the ratio dw: dv, and represents a singly infinite 

system of screws whose axes lie upon a cylindroid represented by the vector equation 

(xvii), when the ratios x: dw: dv vary arbitrarily. On account of the linearity of 

(xvil) it appears that if two screws of the same pitch intersect, all the screws lie in a 

plane, and pass through a common point. When the expression for » is rendered 

integral by multiplying by T (V-'dgq"')?, a quadratic in dw: dv results which deter- 
mines two, and, in general, only two instantaneous motions of given pitch. If three 
screws have the same pitch, then all have the same pitch, and it is not hard to see, by 
(xvil), without assuming any property of the cylindroid, that all the axes lie in a 
plane, and pass through a common point. 
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In general, for two degrees of freedom, every point of the body on one or other of 

two lines, will describe an element of a line, not of a surface, as the body receives 

every possible small displacement from a given position. The lines are the axes of 

the two screws of zero pitch. For every small displacement may be compounded 

from rotations about these lines, and a point on one line suffers displacement only on 

account of the rotation about the other. The normal to the element of surface 

described by any point in the body must intersect these two lines, for the normal is at 

right angles to every possible displacement of the point, and, in particular, to that 

due to a rotation about either of the lines.* 

(10.) We arrive at the particular case of which Darboux has made an extensive 

use in his kinematical treatment of surfaces by expressing that a plane carried by 

the body constantly touches the surface described by a point fixed in the plane. 

Comparing (xv) and (xvi) the condition is simply 

Sdpgyg! = 0, or S(drgyqg?+dogryg*) = 0, or S(doy+diwy) = 0, (xxi) 

if y is the direction fixed in the body of the normal to the plane, and if, for brevity, 

do = g'drg. This condition must be satisfied for every possible displacement, so that 

if we write 

do = o,du+o.dv, di = udu + «dr, (xxil) 

we must have separately 

S(ovy + uvy) = 0, S(ow + avy) = 0. (xxiii) 

And there is no difficulty in seeing that the same results would have followed had we 

expressed that a line fixed in the body constantly intersects the two axes of zero 

pitch (9.). 

It is evident that di may be regarded as representing the elementary angular 

rotation dw referred to directions fixed in the body; indeed, it has been shown that 

di = g'dwg. In like manner, do is the small displacement in space of the body 

origin referred to fixed directions in the body. It must be carefully remembered that 

do, dw, and dx are not like dr or dg differentials of vectors o, w, and «. In fact, 

by (7),t 

0c; oF og On 
ee OY A ak oe ee 
ev NE out. te Eg Budo 2? 

and 

Oo 1 OF og, on — = 2V.¢' —qVq' — A scnceeees 
Cu Mi Ne a i ae p!? 

* Compare Darboux, Legons sur la Théorie Générale des Surfaces, Art. 58. 

¢ Compare Darboux, /oc. cit., Arts. 55 and 40. 



402 APPENDIX—NOTES. Be’ 

so that, on subtraction, 

dor Oo, : Oty iM Oly a ; Xxiv) oe pa tai = V (Git, — Fy) ; also ay ae Vue; ( 

because 9 
_, 09 ee -, Y au si 1 OF Le metye es =- — 9V — a4 2Vq 

ae “Vg Ou Ou Ne Ov 1 aw! mt Ov 

iz -1 Z 0 = 4VVq mee - 

Returning to equations (xxiii), if these are always satisfied for constant vectors 

y and w, we can derive four new equations by differentiating each with respect to 

wand v, and equating the results to zero. Thus, six equations are obtained which 

lead to differential equations in 7, g, uw, and v, when y and @ are eliminated. 

Observing that w occurs in the equations only in the combination Vay, it is evident 

that every point on the line in the body through the extremity of w parallel to y will 

describe a surface constantly touched by the plane through the point and at right 

angles to y. 

(11.) We have noticed in Section 9 the conditions under which a point is common 

to the axes of all the screws corresponding to small motions with two degrees of 

freedom. Replacing dr and dw by 7, , and 72, w, successively in (xvii), we deduce, 

from the resulting equations, the expression for the vectors to the point of inter- 

section, 

OAC nO Ase) Come , and 2pSw,w. = S(wiT2 + WT). (xxv) 
tea 1 2 

If the pitches are everywhere equal and constant, the space and body loci of the 

common intersection of the axes are 

p=«, and w=q'(e-T)q; (xxyvi) 

and corresponding elements of these surfaces are 

dp=de, and dw =gq"! (de —- pdw)g; (xxvil) 

the second expression being reduced by (xvii) from 

da = g (de-dr)g + 297 (V(e-7)Vdgq")g. 

In the case in which p is zero, the lengths of corresponding elements are equal, 
and we deduce the elegant theorem of M. Ribaucour,* the loci not only touch, but roll 
on one another without sliding. The surfaces are applicable. 

* Darboux, doc. cit., Art. 58; Ribaucour, Sur la déformation des surfaces (Comptes rendus, t. \xx., 
p. 330). 
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(12.) The usual formule with respect to moving axes may be deduced from the 

following equations, in which the quaternion and vector, g and o are variable in any 

manner. The vectors p and gwq-' being regarded as terminating at a common point, 

while the former originates at a point fixed in space, and the latter at the extremity 

of the vector gag", 

p= q(ot+m)q', and dp=g(do+dw)g'+qVdi(o+a)g". (xxviii) 

Hence 
Dp = ¢'‘dpg = do + dw + Vdi(o + w), (xxix) 

if we write simply as a matter of notation, Dp = q'dpg. This formula includes the 

usual formule of small displacement, or velocity, with respect to moving axes. 

Differentiating p a second time by the characteristic d, we may write 

D*p = g"'d’pq = Vo + daw + Vd (o +7) +2Vdi(do+da)+ VdeVdi(o+m), (xxx) 

which includes the formule of acceleration. Of course if @ is fixed with respect to 

the moving axes, the terms in dw and d’mw disappear. 

X.—ON THE KINEMATICAL TREATMENT OF CURVES. 

(1.) To extend the kinematical method employed in Art. 396, imagine a point 

travelling with unit velocity along the curve and carrying with it three mutually 

rectangular unit vectors a, B, and y, so that a continually touches the curve, while 

the plane of a and f preserves closest contact with it, or in other words, osculates it. 

If we choose we may select 8, so that in its initial position it has the direction of the 

principal normal. Having made a selection once for all, there will be no confusion, 

provided the motion is continuous. 

It is geometrically obvious that the angular velocity (w) of the system may be 

resolved into two components round a and y; thus we may write 

WM = Aad, oP Vo. (1) 

We may regard a, and ¢, as the deriveds with respect to the arc s of two angles a 

and c. Of these a is the total angle through which the system has turned about 

a, starting from any initial point on the curve; in like manner ¢ is the total angle 

through which the system has turned about y; and it is convenient to suppose that at 

the initial point s=0. We shall use ad, ¢3, &c., to denote the second and third 

deriveds of a and c. 

It is obvious that a, is the torsion, and c, the curvature at the point considered. 
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(2.) If, as in 396 (5.), 7 is any emanant vector drawn from the moving point, 

we have by the general formula given in the note to p. 293 the relation 

d 
Dey = Ge + Von, (ii) 

where in passing along the curve D,y is the absolute rate of change of the vector 

dy. ; : 
n, and oe its rate of change relative to the moving system. If 7 is fixed relatively to 

the system, (11) reduces to 
Dn = Von, (111) 

and this equation by (i) gives, if a8 =+ y, 

Da=6Ba; DB=ya-a4; Dy =- Ba. (iv) 

(3.) Again, if p is the vector to the moving point 

Dp =a, (v) 

and we may differentiate successively and obtain by (iv) 

Dp = Ba, 

Dp = Bez + (ym — acy)ei, (v1) 
D,‘p — Be; + 2(ya <— QC;) C2 + (ya — C2) Cy = B(a;? + C;")¢). 

In general, if D,"p = A,a + B,B + Cry, (vil) 

the coefficients A,, &,, C, are assignable functions of the scalars a, and ¢, and of their 

successive deriveds. It is evident by (vi) that the deriveds of highest order occur in 

the term 

Bena + YOn-201+ (viii) 

(4.) This method lends itself readily to the consideration of the contacts of curves. 

Writing down a few terms in the development in powers of s, 

P = py + sa + 38°Be, + $5°( Bez + (ya: — a¢))¢) + &e., (ix) 

we see that the deviation from an osculating curve is 3s°(@c, + ya,¢,) for a circle ; 

48°ya,¢, for a parabola or conic; and 4s°@8e, for a helix (p. 97); because a, and ¢ are 

zero for the circle, a for the conic and c, for the helix. Generally by (viii) the 

deviation between two curves is ultimately 

g” 

|n [B(Cn-1 aol Crt) + Y(Gn2 =% @' 2)¢1 |. (x) 

Though the work is necessarily long, there is no difficulty in finding the equation 

of Hamilton’s twisted cubic by assuming as its equation V(p — p,)h(p — py) + VA(p-p,) = 9, 
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and differentiating until a sufficient number of equations are obtained to determine A 

and ¢. Perhaps even more briefly the result may be obtained by assuming 

P=Pyot(pP-—t) "A where ¢=s81'+t,+t8+4+ &e., (x1) 

and determining A, @ and the coefficients ¢,, t,, &c., so that X may equal (4-1) (p—p,), 

neglecting only powers of the sixth order in s. 

(5.) To illustrate integration of equations (iv), assume that the ratio of curvature 

to torsion is constant. If c,=a, tan H, the first and third equations give immediately 

D,(a cos #+ysin H)=0, or acosH+ysn H=k, (x11) 

& being a constant and unit vector of integration. ‘The principal normal f is thus at 

right angles to a fixed direction, and the curve is traced on a cylinder whose genera- 

tors are parallel to &. Itis a geodesic because 8 is normal to the cylinder or because 

the curve cuts the generators at a constant angle H. 

We now assume @ = 7 cos / +7 sin 7 when the second equation (iv) shows that 

dd dl 
Dp = kb =(y cos H—-asin H)— = ya, - at, 

and requires 

d/ = cosec Hde = sec Hda =./ a,? + ¢,° ds. 

Hence if a, or ¢, is known in terms of s, / is determined; otherwise / is an arbitrary 

function of s. Since y = a8, we have by (xii) 

Dp =a=k(cos # - (¢ cos/+ 7 sin /) sn H), 

so that if p, is a new constant of integration 

p = po+| ads = p, + ks cos H~ i sin | (¢ cos 4 +4 sin ¢) di. 
0 0 

In particular for the helix J = ,| a,? + ¢2 s, and the integration can be effected. 

(6.) The vectors a, 8, and y may be expressed in terms of the deriveds of p either 

directly or by aid of (v) and (vi) in the forms 

a=Dps B=¢7Dlo; y= a: 'D, (eo DJp) +a7¢,Do ; (xii1) 

and by differentiating the expression for y we find a differential equation of the 

fourth order 

D, (a, "D, (e,1D.’p) Ae a, 1¢,D,p) “te a¢;''DZp = 0. (xiv) 

This can be integrated in certain cases. 
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(7.) If the curve lies upon the sphere 

| T(p-o)=R, (xv) 
successive differentiations with respect to s afford the equations 

| 1 Led Gof : 

Hence 
1 d/l 1 a1 

. 1 asi yak a1 oe 

Hh mshi gel) wae aeaerrat a 

and these equations in general determine the osculating sphere. If the curve is 

spherical so that o and #& are constant differentiation of either of the equations (xvi1), 

or of the third of (xvi) gives 

Qala cl 1 
ae g ; hence a COS (@ — My), ( 1) 

4 

a, being a constant of integration. 

(8.) In the general case, instead of (xviii) differentiation of (xvii) shows that 

do = yHia; RAR = Ed si (xix) 
1 

so if dotted letters refer to the locus of centres of spherical curvature, we may write 

do=a'ds’ and a’=y if ds’ =+ Hida. (xx) 

Having selected a sign (we must have a’ = +y) we differentiate again by the formule 

(iv) and 
B’e;'ds' = — Bayds. (xx1) 

Here again there is a latitude in the choice of sign, but if we select 

B=—B, then o)=40 3 de=da,. ore =a: (Xxi1) 

if the angles c’ and a are measured from corresponding initial points. 

Since a’B’ = — yB, it follows of necessity that 

y’ =a, whence — §’a',ds' = Beds and a’, =¢a,;!1 H' and a =e. (Xxiil) 

Finally we may remark that as the moving point travels with unit velocity along the 

curve, the centre of spherical curvature travels with the velocity Ha, and at right 

angles to the osculating plane; moreover the angular velocities of the two systems 

have the same direction but that of the derived system is (#a,)” times that of the 

original. 
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(9.) To determine the sign of # geometrically, we must calculate the deviation 

from the osculating sphere. This may be readily done by assuming it to be 

1 
[4 six (p-o), 

or by expressing that the curve 

1 
pr pee) 

ie 

passes through five consecutive points on the sphere. The result is 

oo 80 *E. (xxiv) 

(10.) On the other hand, given the locus of centres, the relation between its arc 

ds’ and that of the sought curve ds affords the differential equation 

Teas ae ha 
—=—+ — — XXV 
de’ ¢, dee,’ Vay) 

and the solution is 

1 : ds’ dva 
- =sine’ | — cos ede’ — cosc'| — sine'de’, (xxvi) 
Cy de de 

arbitrary constants of integration being understood. Hence if ¢,! is any particular 

integral and x and y constants of integration, 

i coors: d/l 7 
p=a0+8 [+ 2 cose +ysin é | — a — (+ 08 ¢+ysind'). (xxvil) 

Cy de’ \ «, 

All these curves have of course corresponding elements parallel. The ratio of the 

element of the arc of the curve x, y to that for which z and y are zero is 

1+¢(@ cose +ysine’). (xxXviil) 

(11.) We may inquire under what conditions the unit vectors at corresponding 

points on two curves can remain constantly inclined to one another. This condition, 

of course, is satisfied by the curves of the last Section. 

Assuming 
a! =la+ mB + ny, (Xxix) 

where J, m, and m are constant, we find on differentiation 

B’e'ds' = — ame,ds + B (le, - na) ds + yma,ds. (25x) 

If this vector is constantly inclined to a, 8, y we must have either the ratio a: q 

constant, or m=0 and n=0. The conditions in (8.) arem=/=0. For m=n=0 

corresponding elements of the curves are parallel. In every other case both curves 

must be geodesics on cylinders (5.). 
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(12.) For the emanating lines and emanant surfaces generated by them, two 

different notations suggest themselves. One is already given (ii), and the motion of 

the line is referred to the moving system. In the second notation we may suppose 

the line at any instant to be twisting about a certain screw (396, (10.)) of pitch » with 

an angular velocity 6. This vector 6 is, of course, at right angles to the unit vector 7, 

and we have (compare (11)) 

Dy =0n= 7 + Von. (xxx1) 

The shortest distance between neighbouring positions of the emanant is obviously 

pOds, and for neighbouring positions we have 

p + ton + pOds = p+ Dp + (ty + wds) (y + Dn), (XxXxi1) 

in which w = p + ty is the equation of the emanant line in one position, ¢) the value 

of ¢ for the point of closest approach to the next position, and w some scalar. Re- 

placing Dp by ads and Dy by Oyds, and retaining only terms of the first order, (xxxi1) 

reduces to ts 
pO = 4+ bOn + xy. (Xxxiil) 

From this, p= Sal: ft, = Bands. 2 San. (XxXxlv) 

The line of striction of the surface is the curve whose equation is 

w=p+ty=p+ San" = p — 1Sa(Dq)", (Xxxv) 
or it is the locus of points of closest approach of consecutive generators. 

The scalar p is called the parameter of distribution, and is usually defined as the 

ratio borne by the distance between two close generators to the angle between them. 

It vanishes for a developable. 

(13.) When s and ¢ both vary in the equation 

w=pttn (XXXvV1l) 

the element of any arc on the surface is 

Da = (a + tO) ds + ndt = (pO +(t—- t,) On - an)ds+ydt (xxxvii) 

by (xxxiii); and the normal vector is, consequently, 

v = Van -t0 = O(yn+t,—-t) = (4,-t- pn) 8. (Xxxviii) 

The anharmonic of four normals at points on a common generator is 

pb Ny Eel a) ee fleet e (XXX1x) 
Vg—V3 V4-V; t,-— ts ty- t, 

and in this equation, which expresses that the anharmonic of the vectors is the 

anharmonic of the points on the generator, we may replace the vectors v by any linear 

and distributive function of them, for instance, by Sv(#w —p). Thus, the ratio is also 

the anharmonic of the four tangent planes. 
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If we express that two of these normals are perpendicular, by (xxxviii) the 

condition reduces to 

S(pn +t-t)(4-¢—-py) = 0, or (¢-%)(-%) +p? = 0. (x1) 

The corresponding points form a system in involution having its centre on the line of 

striction and haying imaginary foci. Moreover, as 

6 AL YO haa OO 0 erg 1), (xli) 
Vo Opy P? \ pP 

the tangent of the angle 4 between the tangent plane at ¢ and that at ¢, is 

ing 
BARR Eaceaat (xlii) 

It may be proved that the measure of curvature, or the product of the principal 

curvatures K, and K,, can be expressed by the very simple equation 

2 4 

Z AL het (xliii) 
thee (p? + (¢ -¢,)")? ae 

but we cannot delay on this.* 

(14.) We can obtain a more explicit form of the condition 

p=0, or Saf =0, or SanD.y = 0, 

that the emanant surface should be a developable by assuming. 

n = acosl+ BP sin/ cosm + y sind sinm, (xliv) 

and substituting in the third form of the condition. This gives 

sindd(a+m)-coslsinmde = 0, or sin/ = 0, (xlv) 

Hence, the only developables generated in the plane of a and y (m = 47) are the 

tangent line developable (/ = 0), and the rectifying developable (cot/ = tan H),. 

No line except a in the plane of a and £ can generate a developable. Any line 

whatever in the plane of 8 and y is capable of generating a developable provided 

d(m+a)=0, or m= ad, — 4, d being a constant. 

We thus obtain the system of developables 

w = p+t(Bcos(a-a)-—y sin(a-4,)), (xlvi) 

whose cuspidal edges are 

sie + Pit ~ tan (a — d). (xlvi1) 
Park. 

* Compare the Note immediately following (section (12.)), p. 416. 
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These curves all lie on the polar developable generated by the normal planes to the 

curve, and they are ‘the evolutes of the curve. 

Again, by (xlv), except for a geodesic on a cylinder, no developable can be 

generated by a line fixed relatively to a, B, y, except the tangent-line developable. 

In general, it may be shown that the cuspidal edge of any developable is deter- 

mined by 

Pg wets (xlviii) 
l,+ ¢, cosm 

Also, if the line of striction of any emanant surface coincides with the original curve, 

SaD.y = 0 gives 
d/+cosmde = 0, or sind = 0, (xlix) 

and, in this case, the pitch of the surface is 

wd sind / (1) 

ae ce, cos 7 sin m — (a, + m,) sin 1 

XI—ON THE KINEMATICAL TREATMENT OF SURFACES. 

(1.) For the kinematical treatment of surfaces we may conceive two systems of 

curves, determined by two parameters w~ and v, to be traced upon any surface so that 

the curves of one system are orthogonal to those of the other. At any point on the 

surface, let a be a unit vector tangent to the curve u variable, and 8 tangent to the 

curve v variable. Then af = y isa unit vector normal to the surface. These three 

vectors may be supposed connected with three fixed vectors 2, j, and & by the 

equations 

a=9g, B=qe, y= gh, (i) 

where ¢ is a quaternion function of w and v. 

Generally (compare Note IX., Sections 7 and 12, pages 399 and 403) 

if E=qnq', then dé=q(dy+ Vden)g?, where di = 2Vq dg. (ii) 

And, in particular, if » is invariably connected with 7, 7, and &, the relation is 

simplified into dé = gVding because dy = 0. We shall use the notation 

de = ida + ydb + kde = (ta, +7, + he,)du + (ta, +b, + he,)de, (111) 

but it must be observed that da is not the differential of a scalar function (a) of « and 

v, because di is not the differential of a vector. In this notation we find at once, by 
(1) and (iii), 

da = Bde-ydb, dB=yda-ade, dy = add — Bada. (iv) 
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(2.) Now, if p is the vector to a point on the surface, 

dp = addu + BBav, (v) 

where 4 and B& are functions of wu and v, and the square of the linear element is 

ds? = Tdp*? = A*dy’? + Bde’ (vi) 

and elements of the orthogonal curves are Adu and Ldv, respectively. 

We shall also write generally 

dp = (a cos / + B sin /)ds, (vii) 

/ being the angle any curve on the surface makes with the curve u variable. 

(3.) We shall now show that the eight scalar functions of wu and v, A, B, a, b,, a, 

dz, b,, and ¢, are not all independent. Since p is a function of uw and v, the condition 

Oo f) ) Cp 

Spo DOME. = SON um (viii) 

must be satisfied. By (iv) this becomes 

0A OB 
Qa ar + (Bez = yb2) A = B on + (ya, — ac,) B, 

so the scalars are connected by the equations 

0A OB 
om = 0, B ; ear = 2A ; a,B ap b,A = {); (ix) 

Moreover, we can show that 

Oly Oty Mb RE BL I x 
ov Ou Vit ) 

For remembering that dg = — g'dqq"', we have 

Ot, 0 _, &Y 1 OE 0g ., Og 
Ws) em ee st ee ~ 8Veqi = gia 
ov : ov Me Ou A Ovou 1 ov q Ou 

and ' ; 

ote y oy og q 194 re sie ae ee ~1 ~9Voqi 2g: 

Ou Ou uy ov a Oudv OF Le? 

remembering also that q is a function of w and » (1.) so that the term involving 

the second differential of g cancels on subtraction, and bearing in mind that 

py - yp = 2V.VpVq, if p and q are any two quaternions, there is no difficulty 

in establishing equation (x). 
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Hence we obtain three additional equations equivalent to (x), 

Oa Od: : 0b 0b ec 0¢ 
= _ ea = i062 — bee, 5 = Pm ah = C12 — C2) 5 Bs = am = ab, — ayhy. (xi) 

The same equations (xi) would have been found, though somewhat less simply, 

had we employed this other vector dw = 2Vdqq* = qdig™. 

The vectors w, and w,, analogous to u and tw, satisfy 

(4.) If & is a principal radius of curvature the usual equation 

dp + Rk dUv =0 

becomes in this notation 

aAdu + BBdv + R (add — Bda) = 0, (x11) 

which affords the two scalar equations 

(4+ Rb,) du+ Rbdv = 0, Radu —(B- Ra) dv = 0. (xiii) 

From these, on elimination of the ratio du: dv, we obtain the quadratic 

FR? (ayb2 — dyb,) + R(b,B - aA)+ AB =0, (xiv) 

whose roots are the principal radii. This equation may be modified by (1x) and (xi) 

so as to exhibit Gauss’s remarkable theorem on the measure of curvature. In fact 

ag Lea =A ft (a,b, = Az; ) =A1F1} & = =) by (x1) 5 

and by (ix) this reduces to 
0 0A ) oB 

St oe Aa ee 1 -1 B erste ‘ADB ie a | + 4 ae )) (xv) 

The measure of curvature thus depends solely on the linear element (vi), and is 

unaltered when the surface is bent or twisted in any manner without altering the 

length of any arc. | 

(5.) Eliminating & from (xiii), the directions of the lines of curvature are 

given by 

Aduda + Bdodb=0 or Aadu? + (Aa, + Bb,)dudv + Bbdv? = 0. (xvi) 

Hence, by (ix), we can see that the lines of curvature cut at right angles, and if we 

take these lines for the orthogonal systems (1.), we must have 

a, = 0, 6, = 0, (xvil) 
whence by (xiii) 

b, pees se AR, Q, = BR", 

or more conveniently, if K, and K, are the principal curvatures by (vii) 

da = BK,dv = K, sindds, dé =- AK, du =-— K, cosl ds. (xviil) 
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The relations (ix) and (xi) are equivalent to 

1 04_ Poy! oR. kek oe: | oka. Be Ki od 
Oe et i en ee aan ag poate 

together with (xv). 

(6.) For any curve on the surface by (v) and (vii) a unit tangent vector is 

p = U (adAdu + BBdv) =a cos / + B sin J, (xx) 

the accent denoting, as usual, that the vector p has been differentiated with respect to 

the arc s. 

Taking the differential of the second of these expressions by (iv) 

dp’ = p"ds = (Bde — ydd) cos / + (yda — ade) sin/ + (— a sin / + B cos 0) dl, 

or more simply 

pds = yp’ (de + dt) + y (sin dda — cos (dé). (xx1) 

From this equation may be deduced all the properties of a curve traced upon the 

surface depending on differentials of the second order. 

(7.) The projection of the vector of curvature (p”) on the normal to the surface 

(y), or the component of the curvature in the plane containing the normal to the 

surface and the tangent to the curve is 

* sin ida — COB ldb #dvda — Aduddb 

a ds Ada? + Bde? 

Bas 4. My. b b. . ” 
= sin (“cos 1+ sin 7) ~ 00s 1 (°F cos t+ 5 sin), (XX1l) 

these transtormations being effected by the relations 

cos dds = Addu, sin /ds = Bdv. 

As K does not involve the differential of /, or the second differentials of u or », 

it is the same for all curves having a common tangent and lying on the surface. 

In fact, K is the curvature of the normal section of the surface, and Meusnier’s 

theorem is incidentally proved. Also Euler’s theorem follows by (xviii) as we may 

write 
K = K, cos*/ + K, sin’, (xxiil) 

when we take the lines of curvatures as the curves of reference. 

The curvatures of the normal sections through the curves of reference are 

- Ah; and Aa, 



414 APPENDIX—NOTES. (XI. 

(8.) The component of the curvature in the tangent plane is, in like manner, 

K’ = (de + dl) ds". (xxiv) 

This is the geodesic curvature of the curve. It vanishes if the curve is a geodesic; 

and in this case the curve projects into a curve in the tangent plane inflexionally 

touching the tangent. Hence 

de+d/=0, or | eee (xxv) 

is the equation of a geodesic, the transformation being made by the aid of (ix). As 

this equation involves only A and B, the coefficients of the line element (vi), 

geodesics remain geodesics when the surface is deformed without stretching. This, 

of course, is otherwise obvious. 

The geodesic curvatures of the curves of reference are Ac, and Be. 

(9.) Instead of proceeding directly to a third differentiation, it is simpler to 

modify the results already obtained by writing in accordance with the notation used 

in the kinematical treatment of curves (Note X., page 404), 

p =a, p'=P'c,, and df’ = (ya, - a’c;) ds, 

and also by introducing a new angle m suggested by (xxi), and defined by the 

equations 
c, cosmds = de+dl, c’, sinmds = sin/ da-—cosi dd. (xxv) 

In this notation, the relation (xxi) affords 

B' = ya’ cosm+ysinm and y' = y cosm-— ya’ sinm; (xxv11) 
whence, 

y = Bf’ sinm+y' cosm, ya’ = B' cosm —y’ sin m. (Xxvlii) 

We may observe that m is zero for an asymptotic curve and a right angle for a 

geodesic. It is, in general, the angle between the normal to the surface, and the 

binormal to the curve. 

Thus prepared, when we differentiate y expressed in terms of m, f’, and y’ by 

(xxviii), we have 

adé — Bda = (f' cosm — y’ sin m) (dm — a’,ds) - a’c'; sinmds. (xxix) 

From this we recover the second of (xxvi), as well as the new equation, 

da’ —dm = cos/ da+sin/ db. (xxx) 

This equation may be reduced to 

da’ —- dm = (K, — K,) sinZ cos/ ds, (XXX1) 

when, without loss of generality, we take the lines of curvature as the systems of 

reference (xviii). 
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(10.) Thus the difference between the torsion of a curve traced upon a surface, 

and the rate at which the angle between its osculating plane and the tangent plane 

varies, is equal to half the difference of the principal curvatures multiplied by the 

sine of double the angle between the curve and a line of curvature. This theorem has 

many consequences. In the first place da’ — dm is the same for all curves having a 

common tangent; it vanishes for a line of curvature; when a surface is cut by a 

plane, the rate of the variation of the angle between the plane and the tangent plane 

at any point of the section equals half the difference of the curvatures at the point 

multiplied by the sine of twice the angle between the trace and a line of curvature ; 

when a line of curvature is plane, the surface cuts the plane at a constant angle ; and 

when a surface cuts a plane at a constant angle, the intersection is a line of curvature 

or the surface is a sphere; the torsion of a geodesic is 

(K, — K,) sin / cos / ; 

and this has been called the geodesic torsion by M. O. Bonnet, to whom the important 

and elegant relation (xxxi) is due.* 

Also for the intersection of two surfaces, 

(K, — K,) sin / cos / - (K’, — K’,) sin /’ cos I’ = a (Xxxil) 

gives the rate of change of the angle at which the surfaces cut. Hence, if two 

surfaces cut at a constant angle along a line of curvature on one, the intersection is 

also a line of curvature on the other. 

It is well to remark that we have now exhausted all the relations which are not 

obtainable by direct differentiation from those. already found. We have seen 

(Note X.) that all the affections of a curve can be expressed in terms of the unit 

vector a’, 2’, y’ of the curve, and in terms of the curvature and torsion and their 

deriveds. But we have found the curvature and the torsion, and have expressed 

a’, 6’, y’ in terms of a, B, y, J, and m. 

(11.) If we take the curves u variable to be geodesics, we have by (xxv) ¢, = 0. 

Hence by (ix) A is a function of uw. Changing the variable u to [Adu, the new 

variable is simply the are of the geodesics. Then A becomes unity, equation (xv) 

reduces to 
1 #?B - 

K,K, = B ue” (XxXxiil) 

and the geodesic curvature of any curve (xxiv) is 

a Ee thar OB sin /ds 
K’ — — — = — ° j Peay + ay? because ¢, a? dv P (XXXIV) 

* Compare Darboux, Joc. cit., Art. 505. 
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Hence the total curvature of any portion of the surface is 

| 2B OB apenas PKAs =~ [| dude =—[ 57 do =|(5--K ) a (xxxv) 

the single integrals being taken over the bounding curve, using Stokes’s theorem in 

the transformation. 

If the bounding curve is made up of geodesics, K’ is zero; and the integral is 27 

minus the sum of the angles through which the direction of a point travelling round 

the boundary suddenly turns at the points of intersection of the bounding geodesics. 

We may also notice the relation 

K\K, =-— — K’,’, (XXXV1) 

where K’, is the geodesic curvature of the orthogonal curve »v variable. 

(12.) For ruled surfaces, when we take the generators to be the curves w variable, 

a is independent of uv, and 6,=¢,=0. The conditions (ix) and (xi) reduce to 

0B 0a Oa. 0b OC, ¥ 
ri 6; MB+b,=0; Be — me ; ay = ot : Shey wee (XXXVl1) 

These give on combination if G = (— K,K,)* (compare (XXX1l1)) 

nels Cy = 
Ou ’ 

Oty OC 0 : ro 
GG 0, = Ge Pra oe a, (BPG) = 0. (XXxXvlll) 

The last of these expresses that B? is quadratic in uw. Hence a, b,, and cz are 

unchanged when the surface is deformed without stretching. 

The second equation shows how to find the measure of curvature of a ruled surface 

in an excessively simple manner. By (iv) 

oy oy 
a = SB a = Sya 

so if a is the direction of a generator, and v the normal vector at any point 

_, Ov ; 
G = Ser = (— K,K,)*. (XXX1X) 

u 

Or if p= ¢+ ta is the surface (compare Note X., (xxxiv), (xxxviii), and (xliii)), 

Saa'd’ -—p 
oer Ss il RNR ine Mk (x1) 

Va (dq! + ta’)? p+ (t— ty)” 

where ¢, corresponds to the point on the line of striction, 
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(13.) We may also modify (xxxvii) of the Note just cited by replacing 7, 6, s, 

and w by a, aa’, v, and p, respectively, when we obtain 

Dp = (pa+ (¢-1%,)) a’ dv + a (dé - xdv). (xli) 

If we now take as a new variable 

du = dt-—adv, or u = t-{S8d/ade, (xlii) 
we find from (xli) 

Dp = (pat (u— %))a’'dv+adu; TDp? = T.( pa + u— %)* adv? + du. (xliii) 

Thus for a ruled surface 
B = Ta'T (pa + u- %), (xliv) 

and in particular for a developable B = Ta’(u-—%,). Obviously Ta’ is the angular 

velocity of the generator if v is taken to be the time. It is also for the developable 

the curvature of the cuspidal edge if v is the arc of that edge. 

For a developable y does not vary with u, hence a, = 0 and all the scalars 

vanish except ¢ and a, the curvature and torsion of the cuspidal edge when » is 

its are. 

(14.) In the last section the change of variable is introduced artificially. To 

determine the orthogonal system directly for the surface 

p=otta, Ta =1, (xlv) 

assume ¢ = f(v) + where fis some function of v. The direction of the tangent to 

the curve p=d+af is dp =(¢' + a/f+ af’) dv and this is at right angles to a if 

Sad’ -f’ = 0 so f= {Sad'dv = {Sad¢. (xlvi) 

Thus the orthogonal system is found. 

In like manner to determine the system of curves orthogonal to the system » 

constant on the surface 
p = $(t, 2), (xlvii) 

assume ¢ = f(u, v) and we see that f must be a solution of the differential equation 

of the first order 
of Ob /ab\2 af 
xe east Gate BEEF ] 
av : Ov () , Soka 

ee 

XII.—SYSTEMS OF RAYS. 

(1.) If the vector @ is a given function of a variable vector a the equation 

p=B+ ta (i) 
represents a regulus, a congruency or a complex of lines according as one, two or 

three scalar variables are involved in the constitution of a, or in other words according 

as the vectors a when coinitial terminate upon a curve or upon a surface or are 

wholly arbitrary. 
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A regulus of lines composes a ruled surface. We shall not consider those 

surfaces here as they have been dealt with in another note.* 

For a congruency the simplest form of equation (i) appears to be that in which 

the vectors a are of constant length. They may then be considered to involve two 

angular parameters, and the most general congruency can be represented by an 

equation of this kind. 

(2.) In general we shall write 

dB = dda = (@ + Ve) da, (i) 

¢ being a linear vector function having ® for its self-conjugate part and e for its 

spin-vector. We shall also use the notation 

da dUa 

rn (111) 

so that dw is the rotation which applied to the ray represented by a renders it parallel 

to the ray represented by a + da. 

(3.) The simplest mode from a kinematical point of view in which a ray of the 

complex can be displaced into the position of a neighbouring ray is to twist it about 

a certain screw. We shall however find it more convenient to suppose the displace- 

ment effected by a translation combined with a twist about a screw. If dr is the 

translation, and p the pitch of the screw, the resultant translation is dr + pdw. 

Expressing that this translation applied to the ray (a) makes it intersect the ray 

(a + da) we have the equation 

Bt+tat+drt+pdw = B+ dda+ (¢+ dx) (a+ da), (iv) 

where dz is some small scalar, and where ¢ determines the point on the ray (a) 

brought to intersection with the ray (a + da). 

(4.) Now, we notice that dw depends only on the component of da at right angles 

toa. This suggests that we should consider separately the two components of da; so 

we write in general 

da = Vdao.a+ Sdao.a = dw.a+dy.a, (v) 

where dy is the scalar Sdaa'. Hence neglecting the small term of the second 

order dada the relation (iv) reduces to 

dr + pdw = d(dwa) + tdwa + dypa + (dx + tdy) a. (v1) 

* Note X., sections (12.) and (13.), page 408. 
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We are at liberty to select dr in any way we please. The simplest selection is 

dr = a'Vadady, (vii) 
and then (vi) reduces to 

(p + ta)dw = a Vad (dwa), (vill) 
because 

dz + (¢ + Sa'da) dy + Sad (dwa) = 0, 

by (vi) when dr is at right angles to a (vii). 

(5.) A slight knowledge of the properties of the cylindroid will now give us the 

key to an extensive view of the arrangement of the rays of a complex or congruency in 

the neighbourhood of a given ray. Equation (viii) may be regarded as determining 

a two-system of screws, for dw (= Vdaa"') can be resolved into two components 

having fixed directions normal to a and dy has completely disappeared from this 

equation. We commence then by twisting the ray (a) about any screw of this 

system. The position it occupies after an infinitesimal twist is that of a ray of the 

congruency determined by the condition dy = 0 or dTa=0. In this way by 

twisting the initial ray about all the screws of the cylindroid we obtain the whole 

assemblage of rays of the congruency in the neighbourhood. 

The ray through any point on the cylindroid near the axis may be constructed by 

drawing a perpendicular to the generator of the cylindroid through that point inclined 

to the axis at a small angle whose circular measure is the quotient of the intercept 

on the generator by the pitch appropriate to that generator. 

Now two screws of the system have in general zero pitch. Any small twist 

on any screw of the system may be resolved into rotations about the axes of these 

screws of zero pitch. When the initial ray receives a small rotation about one of 

these axes its point of intersection with the second describes a small arc of a circle 

normal to Ua and to the axis of rotation. A small rotation about the second axis 

will cause this point to deviate from the are by a small distance of the second order of 

magnitudes, So to the first order all the rays of the congruency intersect two fixed 

lines both of which are at right angles to a and each intersects one axis of zero 

pitch and is at right angles to the other. In particular two rays intersect the 

initial ray. These have been rotated about one axis only. The axes of zero pitch 

are the focal lines and their points of intersection with the initial ray are the 

principal foci of that ray. 

Again the point at which the initial ray is closest to a neighbour is called by 

Hamilton a virtual focus. We see that the closest points on the neighbours le on 

the cylindroid generated by the shortest distances. Hence as the cylindroid is 

contained between two planes normal to the initial ray the virtual foci are limited 

to a certain range on that ray.* 

* Trans. Roy. Ir. Acad. vol. xvi. p. 52. 
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(6.) We now turn to equation (vii) which shows that all the rays of a complex 

close to a given ray. may be constructed by successively displacing the rays of a 

certain congruency by translations in a fixed direction normal to the initial ray and 

of varying but small amounts. Inasmuch as the rays of the congruency intersect two 

elements of right lines, the rays of the complex pass through two small parallelograms 

situated in parallel planes each having a pair of sides equal and parallel to the 

translation. All the rays are parallel which intersect a line in the plane of one 

parallelogram parallel to one of these sides. 

(7.) To verify the conclusions of section (5.), and to calculate the positions of the 

various lines, we re-write equation (viii) in the form 

(6+ ¢).dwa = pdw + adz (1x) 

whence _ go. doa Wala g P- doo (x) 
dwa a. 

At a principal focus two rays intersect and p is zero; therefore 

dwa = (df + t)adz. (x1) 

Operating on this equation by Sa we find 

Sa(o+t)1a = 0, (xil) 

which is equivalent to a quadratic in ¢ whose roots determine the foci. 

The extreme points are given by the analogous equation* 

Sa (® + t/a = 0 (xill) 

in which the self-conjugate part ® replaces 4. For we see by (x) that ¢ is the 

inverse square of a radius of the conict 

Sp®p = 1, Sap = 0, (xiv) 

and its greatest and least values are the inverse squares of the axes of the conic. 

If the line p = 8 + sa + yr (y variable) meets all the neighbouring rays 

0 S (@ . dwa — sa) (a + dwa)r 

or Sdawa(h’ + s) Vra = 0 (xv) 

when terms of the second order are rejected. If this is true for all vectors dwa that 

is for all vectors at right angles to a, it is cquivalent to 

(@' +8) Vralla or Veal (’ +s). (xvi) 

* This equation and the last are given by Molenbroek, Anwendung der Quaternionen auf die 
Geometrie, pp. 236-238. 

t+ Compare p. 253. 



XIT. | SYSTEMS OF RAYS. 421 

Operating on this by Sa we see that s=s, one of the roots of (xii) and that the 

line passes through a principal focus. If 7 = a1(d’ + s,)%a the conditions are 

satisfied and it is very easy to show that a1( + 8,)%a, which (xi) is the axis of the 

second screw of zero pitch, is at right angles to r. 

(8.) We shall now invert the functions in (xii) and (xiii) and exhibit the relations 

connecting the roots of the two equations. 

If for a moment we replace a by VAu and ¢+¢# by ¢; by Hamilton’s funda- 

mental theorem of inversion (xii) is equivalent to 

SVAuVh/Ad/p = SVARV (, — Ve) A (®, — Ve) = 0. (xvii) 

A slight expansion shows that the part linear in « disappears since ®, is self-conjugate 

(11), while the part quadratic in « is — (SeVAp)?. 

(9.) We have therefore two forms for (xii) 

ta? + 2t8a (m"—d)a+ Sava =0; fa?+2t8a (m"—~)a+SaW¥a -(Sea)? = 0; (xvill) 

and similarly two forms for (x1i1) 

Po? + 2tSa(m"’—@)a+Sa¥a =0; a+ 2t8a(m"—d)a+ Saat (Sea)? = 0, (xix) 

remembering that by Hamilton’s formula of inversion 

Wi= mp; =p+t(m"-)+? 

and that the first invariants (m’’) of a function (#) and of its self-conjugate part (@) 

_ are the same. 

Hence, if s; and s, are the roots of (xii) or (xviii), and 7, and #, those of (xii) 

or (xix) 
2t) = 8 + & = t, + t = SUa(m" — &)Ua = SUa(m" —- d)Ua (xx) 

and 
5182 = tt, + (SeUa)? = — SUawUa; tt, = 5,8, — (SeUa)? = —- SUaWUa. (xxi) 

We may now write for the focal points and for the extreme points in accordance 

with (xx) 
B=h-f,e=ht+f; h=4-6 h=ht+e. (xxil) 

Thus the four points are symmetrically situated with respect to the central point. 

Again (xxi) affords the relation 

e — f? = (SeUa)’, (xx1i1) 

which shows that the focal points are real if ¢?>(SeUa)*. The extreme points are 

always real for 7, and ¢, are the inverse squares of the axes of a conic (xiv) and 

these are real whether the conic is real or not. The reality of these points is also 

a geometrical consequence of section (5.).* 

* The symmetrical arrangement of the four points, principal and extreme virtual foci, with 
respect to the central point is the only element in the arrangement of the rays which cannot be 
deduced from the properties of the cylindroid. This arrangement depends upon the distribution 
of pitch. 
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(10.) The directions ¢ and 7 of the principal axes of the conic (xiv) afford a first 

natural system of lines of reference coupled with Ua=%. As we are now dealing 

only with a congruency we may suppose Ta = 1 without loss of generality and we 

may regard 
ve ak 

unless the contrary is stated. 

These vectors obey the laws (compare again (xiv)) 

t,=Sipt; t= Sydy; Seby=0; Sidy =— Sidhe = — Sek. (xxiv) 

If we introduce an angle u so that 

Udw = 7 cos w+ 7 sin u (xxv) 

and a new scalar w the relation (ix) becomes 

(> + t) (4 sin uw —7 cos uw) = p(t cos w+ sin u) + wk. (xxvi) 

Solving this for p and ¢ by operating by SUdw and SUdwk we find on reference to 

(xxiv) and (xxii) 

p=—Sek + (t, — 4) sin u cos u = pp + ¢ sin 2u (xxvii) 
and 

¢ = t, sin? uw + ¢, cos? u = ¢, + e cos 2u (XXvVlil) 

where pp = — Se is the pitch corresponding to the extreme points wu = 0, r. 

The focal points are given by 

po te sin 2u = 0 (xxix) 
and are real if ¢? > p,”. 

Again eliminating wu from (xxvii) and (xxviii) we find ¢ and p connected by 

(¢- t+ (p- PoP =e or (t—-h)(t-&)+(H- po)? =0, (xxx) 
which includes as a particular case 

Sf? + po = #. 

(11.) A second natural system of lines of reference is formed by Ua and the 

bisectors of the angles between 7 andy. Now the angle wu =0 at the point ¢, and u = 

5 at t; so if we take v = u — 5 so that ¢, and ¢, correspond to v = = and y= +F we 

have p= p,tecos2v; t=¢,—esin 2v. (xxxi) 

If we take these three lines as Cartesian axes and put 

2=(¢-—t,) and tanv=ya! 

the equation of the cylindroid follows from (xxxi) in its canonical form 

(a? + y?) = — Lexy, (xxxil) 

* Compare Hamilton, ‘‘ Supplement to an Essay on the Theory of Systems of Rays,’’ Trans. 
R.I.A. vol. xvi. p. 54, where (xxviii) is obtained in the form 

r= 11 (cos w)? + 72 (sin w)?. 
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(12.) There is yet a third kind of focus which Hamilton calls* a ‘‘ focus by 

projection.’’ The vector drawn from the point ¢ on the initial ray perpendicular to 

it and terminating on a neighbouring ray is 

dw =aVa'(p+t) .dwa (Xx xiii) 

as may be verified without any trouble. If the perpendicular dw’ at the point ¢ 

terminating on the same near ray is at right angles to this the projection of the ray 

on the plane of a and dw cuts the initial ray at the point ¢’.. This point is a focus by 

projection. 

(13.) To investigate the properties of this new class of foci we shall use the first 

natural system of lines of reference, the vectors 7, 7, 4 of section (10.). We shall also 

replace a by Ua or by 4, and we shall write 

dw =(¢ cos w +7 sin w) Tda, (xxxiv) 

retaining the previous notation (xxv) for Udw. 

The angle w is the angle between the plane upon which the projection is made 

(or briefly the plane of projection) and a plane of extreme virtual foci. 

If then 
PTdo = Tdaw (XXXyv) 

equation (xxxili) becomes 

P(t cosw+j sin w) =kVk(p 4+ t) (7 cos u—7 sin wu). (XXXV1) 

Remembering the laws of the units (xxiv) and that yp, = Se¢y = — Syoz, we find 

P cos w = p, cos u+ (¢-¢,) sin wu=p, cos u+ (e+ 9) sin 4, 

P sin w =p, sin u+ (t, —¢) cosu=p,sinuw+(e-—g)cosu, (xxxvil) 

the symbol e being given by (xxii), and the new symbol g being equal ¢ — %. 

If g' = 9 + h determines the focus by projection, namely the point at which w has 

increased by a right angle while ~ remains constant, 

_Potanw-(e-g) pt (e-g—Ah) tanw a 
att “p—(e+g)tanw p,tanwt(et+gt+h) ee 

and solving for / in terms of w, we obtain the equivalent of Hamilton’s remarkable 

formulat containing the law of the focus by projection (compare (xxx. )) 

1 (e¢-g) cos’ — (e+ g) sin’w 
ire g —f? 

(XXX1x) 

* Hamilton, Trans. R.I.A. vol. xvi. p. 47. 

+ Hamilton’s equation printed on p. 50, Joc. cit., is 

i ae 
(cos . M1)? + — (sin . I). 

pe 
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From this we see that the foci by projection are excluded from a finite portion of 

the line contained within the extreme points of projection determined by 

Gait Oe is i mn ay 

ge MeL acs (xl) 
while 

g —f? oe — f? * gy -f? 

h=g y 9 OE oe ee and hy — h, = 2¢ eg hE og (xl) 

give the central point of the excluded portion and its length. The planes of extreme 

projection are parallel to the planes of the extreme virtual foci no matter where the 

point g may be. 

We cannot delay to consider the cubic ruled surface 

sO 
z hy he 

(xli1) 

generated by the perpendiculars to the initial ray in the planes of projection and 

through the corresponding foci (compare (xxxix)) except to state that the initial ray 

is a double line; that the surface consists of two sheets wholly exterior to the planes 

of extreme projection ; and that it may be derived from a cylindroid by drawing lines 

parallel to the generators of the cylindroid from points on the axis whose distances 

from a fixed point (also on the axis) are inversely proportional to the corresponding 

distances of the generators of the cylindroid from the same point. Nor can we 

consider the scalars P associated with the generators of this surface corresponding to 

the pitch (p) associated with each generator of a cylindroid. 

(14.) In order to study more closely the arrangement of the rays near a given 

point (¢) on the initial ray, we shall show how to find a function of the variable 

vector a so that the surface 

p= f+ af(a) (xlii1) 

may pass through the given point and that its element at the point may be normal to 

all the contiguous rays. Differentiating (xliii) 

dp = @.dwa + dwaf+ adf (xliv) 

and we see that the condition is satisfied neglecting the second order of small quantities 

if when a = &, 
S(k)=¢ and (df) = Skd.dok (xlv) 

where (df) denotes that / has been substituted for a in the differential of f(a). 

We shall now find the principal radii of curvature of a surface satisfying this 

condition at the point under consideration. Using the formula dp + RdUv = 0, we 

obtain at once 
(p+t+ R)dok + k(df) = 0 (xlv1) 
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so that (compare (xii)) # is given by the quadratic 

Sk(o@+¢+ RL) k= 0. (xlvii) 

Hence the centres of curvature coincide with the principal foci and in the notations 

of (xxiv) and (xxxvii) the quadratic determining the radii of curvature is 

(R+t-s)(R+t-m)=0, or (R+g+f)(R+g-f)=0. (xlviii) 

The measure of curvature of the orthogonal element of surface is the density* of 

the congruency being the ratio which the area traced on a unit sphere by the rays 

through a small normal circuit bears to the area of the circuit. This is equal to the 

inverse of the product of the distances of the point from the foci. We may also 

speak of the sum of the curvatures of the orthogonal element as the concentration of 

the congruency.f 

(15.) It is not possible in general to draw a surface through an arbitrary point 

orthogonal to all the lines of the congruency. The condition (xlv) is equivalent to 

df = Sadf, (xlix) 

and if this holds continuously over a surface and not merely at a point we can 

differentiate again and write 

Vaf = Sad/dB + Sd’adB = dd’f = Sadd’B + Sdad’B 

provided the differentiations are independent. 

Hence the condition is 

Sd’ad@ = Sdad’B or Sd’adda = Sdadd’a 
or again (compare (i1)) 

Sedad’a=0 or Sea=0 (1) 

because Vdad’a is parallel to a. Referring back to sections (9.) and (10.) we see 

that in this case the focal and the extreme points coincide and that py =0 and e=/. 

Also an infinite number of surfaces can be drawn orthogonal to the rays because 

an arbitrary constant may be added to f(a). For rays of light these are the wave- 

surfaces when the medium is isotropic. 

(16.) From any congruency it is possible to select a singly infinite system of 

rays on which the focal and extreme points coincide. The system may be defined by 

the equations 
p=Bt+ta, Sea=0 (li) 

but the second equation is not an identity as in the last section. These rays have 

certain other peculiarities especially in connexion with the foci by projection 

(compare (xli)). 

* Hamilton Joc, cit. used the word condensation in a similar sense. 

t Royal Irish Academy Transactions, p. 377, vol. xxxi., 1900. 
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(17.) We do not determine a singly infinite system by equating to zero the 

discriminant of (xiii) or (xix) and thus expressing that the two extreme points 

coincide. For if we consider the mode in which this equation was arrived at, we see 

that for equal roots a must be normal to a cyclic plane of a certain quadric. Two 

conditions must therefore be satisfied and only a limited number of rays can possess 

the property in question. 

Nor can the principal foci coincide except under special conditions. For the two 

axes of zero pitch on the cylindroid would then intersect. From this it follows that 

the cylindroid must reduce to a plane, and the extreme points must likewise coincide.* 

(18.) Important surfaces connected with the congruency are the focal surface, the 

locus of the extreme points and the locus of the centres; of this last the equation is 

p = B — 4aSal(m" — p)a. (1ii) 

We may moreover write down the differential equations of families of ruled surfaces 

composed of rays. For instance (compare (x)) 

p=8 ae = const., Sada = 0 (lati) 

lead to a relation in a which coupled with p= 6+ ¢a determines a family of ruled 

surfaces for which the parameter of distribution, or the pitch yp, is constant. In 

particular for » = 0 we have the developables of the congruency. Geometrically, 

selecting any ray we can choose one of the rays into which it can be screwed with 

pitch p and from that another and so on and thus construct a surface included in the 

integral of (li). 

(19.) There is another and very useful method for the treatment of systems of 

rays. If p, and p, are the vectors to any two points, and if 

o= Vp2pi and T= Pi — P2 (liv) 

the vectors o, 7 or any equimultiples determine the line through the two points. Its 

equation is 
p=ar! + x7, (lv) 

and the ratio of the tensors only is important. The constituents of these vectors are 

equivalent to Plicker’s six coordinates of a line. Thus given any pair of vectors 

o and 7 satisfying 
Sor = 0 (Ivi) 

a definite line is determinate. 

(20.) A scalar relation between o and 7, homogeneous in the tensors, may be 

regarded as the equation of a complex; one restriction is imposed on the generality of 

the lines. Two scalar equations of this kind represent a congruency, three a regulus 

of lines constituting a ruled surface, and four a finite number of lines. 

* Compare Sir Robert Ball, Theory of Screws, Chap. II., Cambridge 1900. 
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(21.) Again a line may be determined by means of two planes intersecting in the 

line. If these are 
Sip+1=0, SrAp+1=90, (Ivii) 

it is evident or may at once be verified that A,, A, are connected with o, 7 by the 

equations 
7T=2VAA, exe y(Ar — rz). 

Also C= Vpit = 2VpiVAAy =— (Ay = Xz) by (lvii) 

50 Piz pa ti LVA2Ay, Vpop1 =Co=>- a(Ay = Xz) (lvii1) 

and therefore any function homogeneous in the tensors may be exhibited in three 

forms 

F(o, 7) = 93 fF(Vprpr, pr - p2) = 93 (Ar — Az, — VA2dAy) = 0. (lix) 

The third equation may also be regarded as that of the reciprocal complex formed by 

reciprocation with respect to the unit sphere p?+1 = 0. 

It is important to observe that change of origin is without effect on 7, but alters 

o into o + Ver. 

(22.) The general linear and scalar relation 

Syo + Sdér = 0 (1x) 
reduces on change of origin to 

Sy(o + pr) = 0, (Ixi) 

if py=Vyet+d or €=Vby'+2y, p=Sdy". (1xii) 

The equation (lx) represents the general linear complex ; (1xi) is the reduced form of 

this equation when the origin is taken on the central axis determined by the second 

equation (lxii) and py is the parameter of the complex. 

(23.) If p is the vector to any point on a ray through a given point, the extremity 

of a, o = Var = Vap, and by (1xi) the lines lie in the plane 

Sy (a+ p)(p—a)=0. (1x11) 

Identifying this equation with SAp + 1 = 0 we see that 

y(a+p)+(pr-1)Sya=0 whence yy’ + SyASya = 0, 

a+ Pp N) ya Y ( ; ) 

give A without ambiguity in terms of a and a in terms of A so that the lines in 

a plane also pass through a point. 
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These equations lead to an important transformation. The equations 

Fla) = 0, f Cae zh (Ixv) 

represent respectively the locus of a point and the tangential equation of the trans- 

formed locus. For instance a line transforms into the intersection of the planes 

corresponding to two points on it; a surface of degree transforms into a surface of 

class 7. 

(24.) If Pis the shortest distance between the central axis and a ray, on replacing 

a by V(ay + PUVyr)r in the equation of the complex (1x1) we find 

Syt 
=e —= lxvi p TV yz p tan | (xvi) 

if 7 is the angle the ray makes with the plane normal to the axis. The rays therefore 

envelope helices coaxial with the complex and having the tangent of their inclination 

directly proportional to the radius (P) of the containing cylinder. 

(25.) The theory of screws affords a vivid illustration of the arrangement of the 

rays of a linear complex. If a body is attached to a nut fitting a screw of pitch p and 

axis y on which the origin of vectors is situated, the point in the body at the 

extremity of the vector p can only move in the direction of the vector 

py + Vyp. (xvii) 

Applying a force 7 to. this point no motion is produced if 7 is at right angles to this 

direction or if (compare (1xi)) 

pSy7 + Syo=0, where o = Vpr. (xviii) 

Again, any point of the body is free to describe a helix whose tangent of inclination 

is enversely proportional to the radius of its cylinder. The direction of any force 

whose line of action touches this cylinder, and which does not disturb equilibrium 

must be at right angles to the helix of motion through its point of contact. The 

tangent of inclination of the force is consequently directly proportional to the radius 

of the cylinder. 

We see thus that the linear complex is a very particular case of the general 

relation* 
S(c,o + ow,) = 0, (Ixix) 

which expresses that the screw (c, w) is reciprocal to the screw (o;, ,) when we do 

not suppose Sow to be zero. This being so and as linear systems of screws are 

* Compare the Note on Screws, section (3.), p. 390. 
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discussed in the Note on Screws, we shall not here consider systems of linear 

complexes. Moreover in the following sections we shall consider the general complex 

as a particular case of the general system of screws satisfying a single condition. 

(26.) The equation of such a system is of the form 

f(o, 0) = 0 (Ixx) 
homogeneous in the vectors (o, w) or in other words independent of the absolute 

magnitude of their tensors. If we write the differential as 

df(o, w) = 8 (a do + o,dw) (Ixx1) 

we may replace the equation of the system by 

S (ojo + ow) = 0 (Ixxi) 

because the function fis homogeneous. 

(27.) In the language of the theory of screws* we may say that the screw (ai, :) 

is reciprocal to (a, w). Moreover by (1xxi), o, and w, are determinate functions 

of o and w, or . 

o,=6(0,), = x(a, ). (xxii) 

Thus we may regard (lxxiii) as establishing a correspondence between a pair of 

screws (oj, @;) and (o, w), and (lxx) or (lxxii) as representing the assemblage of 

screws reciprocal to their correspondents. 

Further (xxiii) implies relations 

C= 6, (oi, 1), Ors Xt (1, @;) (lxxiv) 

and the first and third of the equations 

f(o,0)=0, S(mo+ow)=0, filo, o1)=0 (Ixy) 
represent the assemblage of screws and the assemblage of their reciprocal correspon- 

dents while the condition of reciprocity is expressed by the second. Or again the 

second equation may be regarded as determining either of the assemblages having 

regard to (lxxiii) or (xxiv). 

(28.) If p is the pitch and a the vector to a point on the axis of the screw (c, w), 

a =(p+t Va)o. EAS XVI) 

Substitution in (lxx) affords the equation 

J ((p + Va) a, w) = 0 (lxxvi1) 

* Compare again the Note on Screws, section (3.); and for the correspondence (1xxiii) compare 

the particular case of linear correspondence of section (12.) of the note cited, p. 394. 
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which admits of the following interpretations :— 

I. Given p it is the equation of the complex of axes of screws of given pitch 

belonging to the assemblage. 

II. It represents a singly infinite system of complexes depending on the 

parameter p. 

III, It represents the cone of axes of screws of given pitch y which pass through 

a given point (a). 

IV. It is equivalent to a scalar equation determining the pitches of the screws of 

the assemblage whose axes coincide with a given line (Vaw and w given). 

V. By (lix) if we suppose 

Vaw = Ay = Ae = PB, o=- VAA, = VpaAy (xxviii) 

we see that the rays of the complex (p given) which lie in the plane 

SA,p + 1 = 0 envelope the curve in which the plane cuts the envelope 

of the variable plane Sup =0 where 

S (Vp (pAr + 1), Vari) = 0. (1xxix) 

Evidently the order of the cone III., the degree of the equation IV. and the class 

of the curve V. are all equal to the order in which the vectors (co, w) jointly occur 

in (lxx). 

(29.) If the cone III. (1xxvii) has a double edge (w) the differential vanishes no 

matter what vector dw may be; so in the notation of (lxx1), 

S (w, (p ta Va)dw ar o dw) =0 or NS (oy = (-p SF Va.)w,)dw = 0. (xxx) 

Hence as dw is quite arbitrary 

O,= (- Pp 4 Va). (Ixxx1) 

Comparing (lxxvi) we see that in this case the axes of the reciprocal correspondents 

(71, 0), (o, w) intersect and their pitches are equal and opposite. These two con- 

sequences are of course not independent; the latter implies the former. The symmetry 

of these relations shows that the locus of vertices of cones with double edges which are 

composed of axes of screws of pitch p, is likewise the locus of vertices of nodal cones 

composed of axes of the reciprocal correspondents of pitch — p. 

The locus of the vertices of the nodal cones of a complex is the Kummer surface. 

Consequently the Kummer surfaces of the two complexes just described are identical. 

(30.) The double edges of the cones of the complex form a congruency specified 

by the three equations 

p=S8cwt; S(cw,+00,;)=0; p=—-Sow? (Ixxxi1) 

If m is the order of the original equation in o and w, »—1 is the order of o, and a; 
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in the same vectors and 2(m — 1) is that of pw,?=—So,,. The first and third equations 

(Ixxxil) determine a complex of order 2(n-—1), and the rays common to this and to 

the complex of order determined by the first and second (lxxxii) compose a 

congruency whose order and class are both equal to 2(m-—1)n. For the order is the 

number of rays through a point or the number of common edges of two cones of 

degree x and 2(n—1); and the class is the number of rays in a plane, or the number 

of common tangents of two curves of class 7 and 2(”- 1). 

The congruency is likewise specified by the vector equations in which a is the 

vector to a point on the Kummer surface 

o=(p+Va)w; o,=(-p+t Va)a,, (1xxxili) 

it being understood that o, and , are given functions of o and w. 

(31.) It is easy to see that the rays of the congruency touch the Kummer surface 

of the complex and from this property it will follow that the Kummer surface is part 

at least of the focal surface of the congruency. 

Using the equations (lxxxiii) we have 

do = (p+ Va)dw + Vdaw; do, = (- p+ Va)da, + Vdaw, (lxxxiv) 

for the consecutive screws of pitches + y whose axes intersect at a consecutive point 

(a +, da) on the Kummer surface. Operating on the first by Sw, and attending to 

(Ixxxiil) and (1xx1) we find 

d Ff (o, ») = S(wido + o,dw) = Sdaww, = 0 (Ixxxv) 

because the screw (o + do, w + dw) belongs to the assemblage f(c, w)=0. In lke 

manner exactly the same equation is found by operating on the second by Sw. 

Hence Vww, is at right angles to all tangential vectors (da) to the surface and in 

particular the axes of the screws (w and w,) touch the surface. 

Now if the lines of a congruency touch a surface that surface is part at least of 

the focal surface. For take any ray touching the surface at a and having the 

direction da. The consecutive ray touching the surface at a + da intersects this ray 

and the point of intersection is a principal focus on both. The surface therefore is 

part of the focal surface. If da is the conjugate direction to da, the second ray 

which intersects p = a + ta touches the surface at a +da and the point of intersection 

of these two rays lies on the other part of the focal surface. In fact if two rays 

intersect at p, 

da + dtda + tdda=0 whence Sdadadda = 0. 
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XIII.—ON THE OPERATOR V. 

(1.) If fp is any scalar function of a vector p, corresponding differentials are 

connected by a relation of the form 

dfp = — Srdp, (1) 

in which v is a vector derived from fp depending merely on the function f and on the 

value of the variable vector p but not at all on the differential dp. 

Regarding p as a vector of position, the rate of change of the function of position 

fp along any direction Udp is evidently — SyUdp, in other words it is equal to the 

projection of the vector v upon that direction. This rate of change is greatest along 

the direction Uv being then equal to Tv. In any other direction it is equal to Tv 

multiplied by the cosine of the angle between the assumed direction and that of v. 

(2.) It is convenient to use a special notation to suggest the dependence of the 

vector vy on the scalar function fp. For this purpose Hamilton* introduced the 

symbol Nabla or V and connected v with fp by the symbolical equation 

v = Vp, (i) 
in which v is conceived to be the result of a certain operation performed on fp. 

(3.) We shall now illustrate by a few examples the effect of operating by V on 

scalar functions. It must be observed however that these are merely translations 

into the new notation of results already obtained in the course of this work Thus :— 

(a) VSAp=-A because dSAp = SAdp. 

(b) Vp? =— 2p a op = 2 n0p. 

(c) VSp®p = — 28p 5,  dSpPp = 2Ppdp. 

(d) VIp=+ Up »,  dTp =—- SUpdp. 

(e) VIVAp=+ UVXAp.r 5»  ALVAp =— SUVAp VAdp. 

(f) VET (p-A)=U(p-A)PT(p-A) 4, dfT(p—A)=—f’T (p—A)SU(p —A)dp 
(9) VLip—A)o=—Ulp—A) Tip-Ajt 3, di(p—Aj = ip — Ay dlp a): 
(4) VT¢p = $'Udp », AT dp =-Sph'Udp . dp. 

All these expressions are consequences of the equations 

Vip es dfp ae Svdp, 

which may be regarded (compare (i) and (ii)) as a definition of V, the vector and 

the vector functions ® and ¢ being supposed constant in the examples. 

* Proceedings Royal Irish Academy, vol. iii., p. 291. See note, p. 548, vol. i. 
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Example (g) is of fundamental importance in the theory of attractions for it shows 

that VT(p—)* represents in magnitude and direction the attraction at the extremity 

of p due to a unit mass at the extremity of 2. 

(4.) Again if fand g are any two scalar functions of p 

V(f+g)=Vf+Vg and V(fg) = 9Vh + fV9 (iii) 

d(ft+g)=df+dg and d(fg)=gdf+ fdg. 

because 

Generally as a matter of convenience it is desirable if possible to place the operand 

immediately to the right of the operator y. This can be effected in the second 

equation (iii) because f and g are scalars and therefore commutative with vectors and 

quaternions. We shall soon see however that we can assign a definite meaning to 

the result of operating on a vector or quaternion by V. But since we must regard V 

as a symbolical vector or at least as possessing certain characteristics of a vector (for 

by definition it produces a vector from a scalar), we are not at liberty to write 

pYq=Vq.p when p is a quaternion, nor a fortiort when p and q are both quaternions. 

Hence it is not in general possible to place the operand immediately to the right. We 

are therefore obliged to have recourse to brackets or accents or some temporary mark 

in order to distinguish the operand. For instance we may write V(f)g to denote 

that fis excluded from the operation of V ; or we may accent V and g and V’fy’ will 

then sufficiently indicate that g and not fis the subject of operation. 

(5.) Consider in the next place a scalar function of several independent variable 

vectors p, pi, p2, &c. We may in an obvious notation write (compare V, p. 294), 

d . F(p, Pi, P2 es ) = Sdpyv = Sdp; = Sdp.v. = &e. 

(iv) 
os SdpVL' - Sdp,Vif' - Sdp,V./" — &e. 

where V, operates on J’ as if p, were the only variable. In fact —-V, -V, &e. 

correspond precisely to Hamilton’s D,, D,’ (or rather D,, D.) of the formula just 

cited. It may sometimes be even clearer to distinguish the corresponding operator 

by a sub-index of the vector operated on, thus (compare section (3.)) we have 

(a’) V,sAp=—-A; VaSAp=—p 

(e’) Vo VAp =— UVAp.rX; VaTVAp =— UVpr.p 

9’ VpT(p — dy =-U(p— A) Bp - AY? = — VT (p - AY". 
Also for any function of A and p 

LeVAV PEO, met OAV G0) eee v a eve (v) 

if fis a function of I. Svp, II. VAp, ILI. p-A. 
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Again (compare (8.) (g) and (4.) (iii)) if P is the potential at the extremity of 

the vector w of a system of attracting particles m, m2, &c. whose position vectors are 

Pi, P2, &c., the law of attraction being the law of nature, the force on a unit mass 

at w is 

Vol = VaxmT (w — py} =— SmU(w — p) T(w - py? =- SmV,T(w— p)*. (v1) 

Or if we have to do with a continuous distribution of mattter the force is given by 

ee en ae Ce rR aa beamed bs a 
YaP = ¥6 | ap aes Retry Sep 

(6.) Again if a, B, y are any constant vectors and X, Y and Z any scalar functions 

of p (compare the first of (ii1)), 

d(iaX+BY+yZ)=dX.a+dY.B+dZ.y 

— (SdpV . X)a — (SdpV . Y)B — (SdpV . Z)y (vill) 

—SdpV .(Xa+ YB + 2). ll 

Thus for any vector function of p we may write generally 

do =-—SdpV.c (ix) 

for we may always resolve the two vectors o and do along three given and fixed 

directions. In this equation (ix) we may suppose o replaced by any quaternion 

function of p for by the distributive property if o = Vq we may add to (ix) the 

equation dSqg = — SdpV.8q so that 

dg =— SdpV.4¢. (x) 

It must be carefully observed that in these equations we regard o and q as functions 

of p alone. For instance if g involves the time ¢ as well as p the tota/ differential is* 

a 
dg = = dt — Sdev .¢ (xi) 

where the first term on the right refers to ¢ as occurring in g but not in p. 

(7.) We have now shown that the general formula (x) is true whether ¢ be 

quaternion, vector, or scalar so that we may write generally and symbolically 

d = — SdpV (xl) 
or what is equivalent 

Vd'pd"p.d + Vd" pdp.d’ + Vdpd'p.d” 

ss Sdpd'pd”p 
ve (xiii) 

* We must particularly distinguish between 

Sdev.g and S.dpvq. 
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where dp, d’p and dp are any three non-coplanar differentials of p, and where d, d’ 

and d” are the corresponding symbols of differentiation. In fact this equation (xiii) 

is equivalent to the three 

d=—Sdsv, d’=—Sd’pv, d= —- Sd"ov 

as appears in various ways.* 

(8.) As an independent method we have (compare (6.)) 

V(aX+ BY+yZ) = VX.at+VY.B+VZ.y (xiv) 

where we employ merely the distributive principle (111) and the commutative property 

of a scalar (X) with a vector (a). But we already know how to calculate the effect 

of V on a scalar, so we can determine its effect on a quaternion or vector by referring 

the vector part or vector to any three fixed directions. 

To trace the relation between these two methods we have 

dX =-—SdpV. X, &e., 

whenee without employing symbolical equations 

Vd'pd"p .dX + Vd"pd'p . d’X + Vdpd’p. d”X 
Vx =- TS ST aE Ee TOE ELT EE ote eet ei } 

Sdpd'pd’’p 

Multiplying into a and forming similar expressions in VY and VZ we find on 

addition if co=aX+BY+yZ 

Sed Vd'pd"p . do + Vd"pd’p. d’ao + Vdpd'p . da (xv) 

Sdpd’pdp 

which agrees with (xiii). 

(9.) We give a few examples of operating on vectors with hints for verification 

(a) Vp=-38; Vd'pd’p.dpo + Vd"pdp. d’p + Vdpd'p . d’p = 388dpd’pd"p. 

(6) VVAp=2X=-V(pA-SpA) or =-—ASVp+ SAV. p. 

(c) Vodp=2e-m"; VBy.dat Vya. dB + VaB. py = (m" — 2€)SaBy. 

(a) VUp=—2Tp* = V(pT ps + Tp-*s py): 

(¢) Vp*=-p*; V(p"'p) =0. 
(f) VT(p-A)t=0 if pis not equal dX. 

(9) Vif Tp =-f"Lp - 2Tpf"Lp. 
(A) WIVAp = - T(VA"p)7. 

(2) V? log TVAp = 0. 

* Hither by verification or by multiplying these three equations by 

Vd'pd’p,  Va'pdp, Vdpd'p 

and adding. See also the next section. 
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For one unfamiliar with the subject it is however far better to employ no short 

cuts except an intelligent selection of the differentials of p if he uses the formula 

(xiii). or instance in (0) he may take these to be A, p and VAp. He must however 

be careful if he employs variable differentials to operate on these in subsequent 

operations* involving y. As explained in the last section the results may all be 

obtained by resolving the vectors along fixed directions. 

(10.) To the examples of the last article we may add the following :— 

(a) VAV.p=— 2A. 

(6) VAV. dp =(!—m!")d + Wed. 

(0c) bV.p=—(m" +26). 

(d) pV. Tp = Up. 
(ce) pV. Up=—(m" + 26) Tp + Up. p72. 

(f) OV. Vip = tin = d'yd + 2900. 

And simpler examples may be obtained by selecting special forms of ¢. 

(11.) To anyone acquainted with the Calculus of Operations} it is manifest 

immediately the form (xiii) is obtained that V may be combined with vectors and 

quaternions just as if it were an ordinary vector. In fact we may regard the 

symbols of differentiation d, d’, d” as mere scalars and manipulate our formule in 

any way until we see fit to operate. Of course when successive operators V occur 

in the same equation they must in general be distinguished by suitable marks and 

treated as independent vectors. This implies that the symbols d, d’, d” of each 

operator must also be ear-marked whenever necessary. 

We infer among other deductions that the operator V? or V.V is a scalar because 

the square of a vector is a scalar. In the next section we shall verify this result 

from an elementary point of view. 

(12.) It has been abundantly shown that V is totally independent of any 

particular coordinates, parameters or differentials. We therefore take the case most 

familiar and choose our differentials so that 

dp =idz, d’p=jdy, dp = kdz (xv) 
and therefore 

d=dz o d’ = dy ue d” = dg (xvi1) 
02x’ oy’ Os 

* Compare section (74.). 

t See Boole, “ Differential Equations,” chap. xvii., or Forsyth, “ Differential Equations,”’ chap. 
lii., or indeed any work on this subject which treats of symbolical methods. 
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The relation (xiii) reduces at once to the well-known form 

Vat peasy | (xviil) =t—4+ 7 iy cna es 

which shows us that the operation performed by V is equivalent to taking the partial 

differential coefficients of any function with respect to the three scalars x, y and z and 

multiplying these respectively by 7, 7 and & and then adding the results. 

Now when we operate twice by V we have 

v'V — slau hae Peep ua pat 
“(tga 08 Ge Soy Oz 

a oO CAN ira ne oO 

Ae dn dy Oy OZ * (Gy ds Os a ae 

{OO CMa Ne oe OO CMG 

ey (s dx Oe 2 & ay dy y 

because the vectors 7, 7, & are constant. Suppressing the ear-marking accents as no 

longer necessary when we operate on a single function, 

fog C2 fel 

Va Fa ay” ie (xx) 

because the order in which the partial differentiation is effected with respect to y and z 

is indifferent. As we have stated at the beginning of this section V and therefore V’ 

is quite independent of any particular analytical representation, and thus apart from 

any d@ prior? inferences arising from the form (xiii) we have proved that V’ is a scalar 

operator ; it is in fact with sign changed Laplace’s most important operator. 

The fuller discussion of the analytical forms attributable to V 1s postponed to a 

later section.” 

(13.) It may be as well to print here the equation 

aX OY  (aW eG o¥\ (aw aX 
dn Oy aclu seer Ss dz Ow 

(2H, oY _ ex 
Z ak ta ice 

(xxi) 

which is obtained by operating by v in the form (xviii) on ¢ in the form 

Q=W+tIX+ V+ kZ. (xxil1) 

* See section (73.). 



438 APPENDIX—NOTES. [ XIII. 

This gives at once expressions for SVg, VVqg, VSg, SVVq, and VVVq. We 

observe that 
SVqg=SvVVq and VVq¢=VSq+ VVV¢ (xxill) 

and we notice that the form of these equations is precisely the same as if V were an 

ordinary vector—a verification of the d priori inference drawn in (11.). 

It may be instructive to the student to find expressions for 

VUg;, Vig, 1 ..V¢,. VEe, KV, (KV Ko, oV, 

and other combinations of the symbols g, V and the characteristics 8, V, T, U, and K. 

(14.) We can at once assign an interpretation to 

_ Va'pd’p .dg + Va"pdp . d’g + Vdpd’p .d’y 
vq a Sdpd'pd’p 

(xxiv) 

(compare (x1ii)) by considering the parallelepiped whose centre is at the extremity 

of p and whose small* vector edges are dp, d’p and d’p. The vectors from the centre 

to the centres of the faces are + 4dp, +4d’p, +4d”p and the outwardly directed 

areas of these faces are + Vd'pd"p, + Vd"pdp, + Vdpd'p, the signs corresponding 

if Sdpd’pd”p is negative. 

Now the mean value of g over the face + Vd’pd’p may be taken as its value at 

the centre of the face or ultimately as g + 3dqg, qg being the value at the centre of the 

parallelepiped. But 

Vd'pd"p.dqg + Vd'pdp : — Vd'pd"p 
—————_ = —_—_ ,, 41d Se ee | ° 
Sdpd’pd’p 2 Sdpd’pd’’p (q nF 2 q) “Hh x Sdpd’pd’p (g 3d) ? 

- (xxv) 

that is it is equal to the sum of the mean value of g over each face multiplied by 

the directed area of that face and divided by the volume (-— Sdpd’pd”p) of the 

parallelepiped. 

Adding up we see that Vg equals the sum of the products of the directed elements 

of the surface into the corresponding values of ¢g divided by the volume included. 

(15.) We shall extend this result so as to be able to write for any small closed 

surface surrounding the extremity of p, 

Vq = lim. ; J dvg (xxv) 

where v is the volume included by the surface and dy a directed element of area, the 

normal being outwardly drawn. Conceive the region enclosed by the surface divided 

arbitrarily into an infinite number of small parallelepipeds. For each of these 

Vadu = f dvg 

* It is not necessary in (xiii) that the differentials should be small. 
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where Vq on the left refers to the centre of the parallelepiped. On summation 

XVqdv = & J dvg. 

But over a common interface dv regarded as referring to one parallelepiped is opposite 

to dv referring to the other. Hence if there is no discontinuity in q the interfaces 

contribute nothing and % f{dvqg is due simply to the bounding faces of the extreme 

parallelepipeds, so that in the limit as these become indefinitely small 

J Vadv = | dvg (XxXvii) 

where the integral on the left is taken throughout the volume and that on the right 

over the surface. Conceive now the surface to shrink indefinitely and we find in the 

limit the required result (xxv1). 

(16.) On account of the importance of this result and also as an exercise we shall 

calculate directly the integral taken over any small closed surface including the 

extremity of the vector p. Let 7 be the variable vector drawn from this point and 

terminating on the surface. 

Since 7 is small we may put for the value of g at its extremity 

g,=q9-SrV.g (xxviii) 

q being the value at the extremity of p. Here we assume as in the last section that 

the function g is continuous. If dv or Vdrd’r is an outwardly directed element of 

the surface 
J dvg, =fdv(q -—SrV.¢) =-fdv.8rv.¢ (xxix) 

because the surface is closed so that {dv=0 or {dvg=0. 

In this if we choose we may regard 

—fdv.8rv (xxx) 

as an operator acting on qg since we have to deal with 7 only so far as integration is 

concerned, or indeed we may take V outside the sign of integration and regard 

— (f{dvSr)V (xxxi) 

as a linear and vector function of V. 

In any case we have for any vectors 7, dr, and d’r 

Vdrd'rSrV + Vd'rrSdrV + VrdrSd’rV = Srdrd’r .V (XxXxii) 

and also identically when d and d’ operate on 7 and its differentials alone 

d(Vd'tr8rV) = dVd'rr . StV + Vd'rr . SdrV 
and (XXx111) 
or d’(VrdrSrtV) = d’Vrdr .SrV + Vrdr . Sd’rV 

u 
AVd'rr + d’Vrdr = 2Vd'rdr + Vdd'rr + Vrd'dr (XXxXIY) 
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and the second and third term on the right cancel if we choose dr and d’r to be 

independent differentials so that dd’r=d’dr. In this case by means of (xxxiii) and 

(xxxiv) the equation (xxxil) reduces to 

3Vdrd’r . SrV + d(Vd'rrSrV) + d’(Vrdr8rV) = Srdrd’r . V. (XXXvV) 

Integrating over the surface we find 

3 f Vdrd'rV .Sr.g = { Srdrd’r. Vq (XXXVI1) 

since {d(Vd'rrSrV).q vanishes* if we suppose as we may that dr (and also d’r) is an 

element of a closed curve drawn on the closed surface. Now 4S8rdrd’r is the negative 

volume of the pyramid whose vertex is at the origin of vectors 7 and whose base is 

the outwardly directed element of area Vdrd’r or dv. Hence if v is the volume of the 

closed surface by (xxxvi) and (xxix) we find 

fdvg, = vVq. 

Or finally dropping the sub-index 7 as not now necessary we have rigorously 

Vga = lim. : fdvq; (Xxxvil) 

or the value of Vq at any point is the limit of the integral of the outwardly directed 

elements of any small closed surface surrounding the point multiplied into the 

corresponding quaternion ¢ and divided by the volume enclosed by the surface. 

(17.) We proceed at once to the interpretation of the results of the last two 

sections. 

The case of g a scalar is aptly illustrated by a hydrostatic pressure ». As dv has 

been supposed measured outwardly, — dvp is the pressure in direction and magnitude 

on the directed element, and —{dvp=-vVp is the resultant pressure over the 

surface. This urges the element in the direction — UVy, that is in the direction in 

which p diminishes most rapidly for we have seen (1.) that + UVy is the direction in 

which p increases most rapidly. 

(18.) In the case of ¢ a vector (oc) unlike the former case, the integral consists of 

a scalar as well as a vector part. We notice that the scalar part depends merely on 

the components of the vectors o normal to the surface and the vector part on the 

tangential components. For 

Vo =0'(8 + V) fdvo = 01 f Sdvo + v1 | Vdvo (XXxXvVlil) 

because 8 and V are distributive, the scalar of a sum for instance being the sum of 

the scalars. 

* We repeat that q is quite independent of + being in fact the value of g at the origin of the 

vectors rT. 
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We shall consider the scalar and vector integrals separately, that is the integral of 

the inwardly* directed normal components + Sdvo ; and the integral of the tangential 

components turned through a right angle in the tangent plane for 

Vdvo = dv(dv)"Vdve. 

(19.) Takiag the scalar part first we have to interpret 

SVo = : f Sdvo. (XXXix) 

In the first place let o represent the displacement of a point in a body—the extremity 

of the vector p—deformable in any way. The integral then represents the sum of 

the inward components of displacement of the elements of the small surface ; in other 

words it is the diminution of volume. The ratio of this to the volume is the 

condensation. To put this in a clearer light we resort to the suffix 7 (xxviii) and 

(compare (xxix)) we write {Sdvo, = {Sdv(c,-) so that we only have to consider 

the displacement relative to the origin of vectors r. 

Secondly let o denote any distribution of force. The integral represents the total 

normal force over the surface. 

Thirdly if c represents the flua of a fluid the integral measures the rate at which 

the inflow into the little region exceeds the outflow. The quotient of this by the 

volume is the rate at which the fluid accumulates in unit volume or the rate of 

increase of density at the point. Otherwise if o is the velocity and ¢ the density 

SV(co) is the rate of increase of density or 

= = $V (co). (xl) 

For these reasons Clerk Maxwell called SVo the convergence of the vector o.} 

(20.) Now we may choose the small surface to be any surface we please. We 

shall take it to be a portion of a tube of flow according to the hydrodynamical 

analogy, or we shall suppose that the vectors o are tangential to its sides and normal 

to its ends. The integral vanishes consequently except over the ends and 

SVo =—— jTdvTo (xli) 

the integral being taken over the two ends. 

The areas of the ends being small and the distance between them small we have 

ultimately 

Sug =—_ Ij AdTo + ddTo | i dTo To dd ens d log ATc 

A Ade ae PL, ea nei ey de 
SOO OO OO 

* dy being outwards, Sdvo is — TdyTo cos 6 if @ is the angle between the normal dy and o. 

t Electricity and Magnetism, Art. 25. 

(xlii) 
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A being the mean area of a normal section and di the length of the tube. SvVo is 

thus equal to the rate of diminution of To along a line of flow together with the 

rate of contraction of the normal cross-section multiplied by To. This is the inter- 

pretation of the transformation 

SVo = 8Uo,V . To + Ta,SVUc (xii) 

in which the suffixes denote that the marked symbol is not to be operated on by V. 

We notice moreover that if a is any constant vector 

SVo = SU(c, —2)V.T(o - a) + T(o, — a)SVU(o - a). (xliv) 

The property (xxxix) remains true if any constant velocity is added to the velocities 

existing. 

(21.) As regards the vector part of Vo we have seen that 

Vo = lim. ~ | Vave (xlv) 

depends only on the tangential components of o turned through a right angle round 

the normal. We may indeed find interpretations of this surface integral taken over 

an arbitrary surface, but none are satisfactory until we choose a surface presenting a 

definite direction upon which to fix the attention. For instance for a sphere we find 

Uiieveli nee feed y (xlvi) 
oTr 

showing that the vector is the integrated moment of about the centre divided by 

the product of radius and volume. But when we select a small portion of a cylinder 

whose sides have a fixed direction a and whose ends are normal, we obtain results 

easily interpretable. Let dA be an element of the small cross-section, d/ an element 

of a generator, dr a tangential vector on the curved boundary forming with a and dy 

a mutually rectangular system so that dr, a, dv are in positive order.* Then over 

the curved boundary dv = di/Vdra and over the plane faces dv=+adA. Thus 

VVo = him. 5 (fdlV.Vdra.o + { Va(oz - 0) A). (xlvii) 

Taking / so small that it may be integrated by itself in the first integral, we may 

replace a2 — o, in the second by — /SaV.c. 

The expression (xliv) reduces consequently to 

VVo = lim. 2 ({ V.Vdra.o -{ Va. SaV.odA),. (xlvil) 

* That is rotation round dz from a to dy is positive. 



XI) THE OPERATOR V. 443 

It may be further transformed since 

V.Vdra.o = — aSdro + drSac = — aSdro — VaVdro 

because a is at right angles to every dr; thus 

AE 
VVo =— lim. 7 (af Sdro + Va({ Vdro + [SaV . od A)) (xlix) 

which gives separately 

roa ged 
SaVVo = lim. 7] {[Sdra; VaVVo =- lim. a aVa({Vdro + [ Sav. od A). (1) 

As we give an independent and superior method of obtaining analogous results in the 

next section we shall not consider the interpretation of these until section (23.). 

(22.) The transformation of the last section suggests the investigation of line 

integrals {dpg. Take a small parallelogram, centre at p and edges dp, d’p, and circuit 

it in the order from dp to d’p. In this order the vector sides are + dp, + d’p, —dp, —d’p 

and the corresponding vectors from the centre to their middle points are — 3d’p, + 3dp, 

+ 4d'p, —4dp, so the four sides contribute in order 

+ dp(q + 38d’pV .¢), +d’p(g - 38dpv . 9), 

— dp(q- 38d’pV.9q), -d'p(g+aSdpV.¢g) (li) 

and the sum of these, which we may write 

fdpg = VdvV .q; (lii) 

where dv = Vdpd’p is the directed area of the parallelogram, because 

dpSd’pV . — d’pSdpV . = V.Vdpd’p. V. 

Also rotation round dy in the direction of circuiting is positive, viz. from dp to d’p. 

We shall prove that the same relation (lii) is true whatever be the shape of the 

small plane circuit. Conceive the small area divided arbitrarily into small parallelo- 

grams, and let each be circuited in the same direction and the sum taken. Any side 

common to two is traversed twice in opposite directions. If there is no discontinuity 

in g such a side contributes nothing for dpg+(-—dp)g=0. Hence only the bounding 

sides contribute and in the limit when these approach coincidence with the curve 

fdpg =f Vdvv.¢ 

the first integral being taken over the bounding curve and the second over the plane 

area. From this in the limit we recover (ii). 
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(23.) When q is a vector (lii) affords the two equations true for any small plane 

circuit (compare (1)) 

[Sdpo = SdvVVo (iii) 
and 

{ Vdpo = V.VdrV .o. (liv) 

The first shows that what we may call the circulation in any small circuit (- { Sdpc) 

is equal to the product of the area into the component of VVo along the positive 

normal.* We shall see in the case of fluid motion that VVo is twice the angular 

velocity of an element. Just as the rate of change of a scalar function in any 

direction is the component of VP in that direction so the circulation in any unit 

plane circuit is the component of VVo along its positive normal. The circuit 

normal to UVVo may be called the principal circuit, the circulation therein being 

a maximum. 

(24.) If o represents a distribution of force, by carrying a small unit mass round 

a circuit we gain from the forces an amount of work represented by —{Sodp or 

-SdvVVo. Hence the condition that the forces should be conservative, or that no 

work could be gained in carrying a small mass round any complete small circuit, 

is VVo=0; or what is equivalent this is the condition that {Sdpo should be 

integrable without a factor, the integral being taken between arbitrary limits. In 

fact the integral must be a function of the vectors p at the limits. We may therefore 

write 

P= -[ Sodp = f(p; po): (ly) 
Po 

Whence VP =o, because as P is a function of p 

dP = -— SdpVP = — Sodp 

for all vectors dp. Thus the equation 

VVo='0' amplies c= VP (1vi) 

just as the latter implies the former (compare (xx)). A distribution of vectors 

satistying this condition is said to be irrotational. 

(25.) Introducing the symbol y’ to denote a linear and vector function, we write 

equation (liv) in the form 

— x'dv = V.VdvV . o = { Vdpo. (1vii) 

* For brevity let the normal to the circuit about which the positive rotation is the same as that 
of the circuit be called the positive normal. 
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This function x’ and its conjugate may be expressed* by 

Xa=- V.VaV.c0=-a8Vo+VSac; ya=- VVVoa=-— aSVo + oSaV. (lviil) 

In fact x is Hamilton’s auxiliary function for ¢ or 

xa=(m"—d)a where da=—-SaV.o (lix) 

since m'’ = — SVo (compare (27.)). 

When a unit electric current flows in the small circuit — y‘dv is the resultant 

mechanical force acting on the circuit provided o is the magnetic induction due to 

extraneous causes.| We shall therefore in the most general case briefly term — xa 

the force on the circuit a. 

The force on the circuit is normal or tangential to its plane according as a. satisfies 

Vax’a=0 or Say’a=0. (Ix) 

The force on the circuit a has 86 x’a for its component along 6 and this is generally 

different from the component along a of the force on the circuit 6 because y’ is not 

self-conjugate. The spin-vector of x is easily seen to be — $VVo and whenever this 

vanishes the force on a has the same component along £ as the force on f has along a. 

In a steady magnetic field 

Vo=0 or c=-VOQ (1xi) 

where 2 is the magnetic potential and (lvii1) 

x’a = xa = VSac = SaV.c (Lxii) 

or the force is the rate of change of the induction (c) along the normal. 

(26.) As the last particular case we suppose g to be a scalar P, then for all small 

circuits 
fdpia= VayVeck. (Lxiii) 

The most direct illustration of this formula seems to be to suppose P the magnetic 

potential of the field. The expression on the right with sign changed represents the 

couple on a small magnet whose magnetic moment is dv. As this can be expressed as 

a line integral round a circuit whose directed area is dv, the equation suggests the 

equivalence of the magnetic action due to a unit current in the circuit and that due to 

the magnet. It shows moreover that the couple acting on the circuit is the negative 

of the integral of its elements multiplied by the corresponding potentials P. 

* There can be no possible objection to placing v after the operand o in an equation of this kind 
(lvili) as no confusion is likely to arise. 

ft Clerk Maxwell, Electricity and Magnetism, Art. 490. 
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(27.) We shall now consider the linear vector function and its conjugate 

g¢a=-SaV.o and d'a=- VSac (1xiv) 

of which an auxiliary function has occurred in (25.). It is only necessary to find 

expressions for its invariants and for the second auxiliary function y in terms of V 

for its meaning has been fully investigated. In fact if o is the strain-displacement 

of the extremity of p, the displacement of a near point (p + dp) is o + ddp, so that 

dp is the displacement of this near point with respect to the point (p). The strain 

being supposed small we have seen* that the molecular rotation of the element at (p) 

is e=4VVo; also the dilatation is given by the first invariant m’=-SVo. The pure 

part of the strain is due to 

Pa = — 38aV.c0 — 4VSac = 3(¢ + ¢’)a. (xv) 

Of course now, in contrast to the case treated in the Note cited, the strain is not 

homogeneous. 

On account of the great importance of this function we shall prove these expres- 

sions for m” and e. For three arbitrary vectors 

VBy.¢a+ Vya.oB + VaB. dy =—- (VBySaV + VyaSBV + VaBSyV)c. 

Hence by (xiii) and the well-known expression for the invariant of ¢ 

m'' —-2e=—- Vo. (Ixvi) 

(28.) In forming the function y it is necessary to use temporary marks to 

distinguish the corresponding operator and operand. 

We write therefore 

WVaB = Vd'ad'B = VVSac . V/SBo’ = VVV'Sac8Bo"’. 

Now we may write equally well 

WVaB = VV'Sac’. VSBo =—- VVV'Sao'SBo. 

So that treating V, V’, o, and o’ as four distinct vectors we obtain on addition of 

these two forms 

Wy =-4VVV'SVoo'y. (ixvu) 

* Note on Strain, sections (16,) and (17.), p. 372. 
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The accents may be removed when but not till when the operations indicated have 

been performed.* Just as in (1xvi) 

m' — 2pe =- 4VVV'. Voo’ (Ixviil) 

and this result should be compared with the former and the expressions for the 

vectors verified. It is also a useful exercise to verify that the third invariant is 

= 48VV'V"Sco'o”. (xix) 

(29.) Instead of retaining only the first term in the expansion we may, for the 

particular case in which g is a function of p, write Hamilton’s expression for Taylor’s 

series in the formt 

qa = e*g = e- Savg = g —- SaV.¢ + 3(SaV)*¢ - &e. (xx) 

Here as there is no danger of confusion we need not accent or distinguish the several 

operators there being but one operand. 

If the quaternion q, is associated with each element of mass dm of a body 

J @adm = aM - 8a,V .gM- 4(3(44+ B+ C)v? - SVOV).¢g+ &. = (I1xxi) 

where a, is the vector to the centre of mass; A, B, and C the principal moments and 

® the momentum function of the body with respect to the origin.{ To prove this it 

is only necessary to observe that (SaV)? = a’V*? + (VaV)*? and to employ the notation 

explained in the note on page 291. 

In like manner 

faq,dm =agM+34(4+B+C)Vq -O8V.¢. (xxii) 

From (lxxi) we obtain Clerk Maxwell’s expression for the mean value of ¢ throughout 

a sphere when we put ® = A = B=Canda,=0. 

* A device precisely similar is used in Aronhold’s symbolic method of denoting a quantic by 

Gx" = 0, ba" = 0, &c. The Hessian of a quantic is represented by 

A = n(n — 1)%a1b2(ab)ag"-2b_"-2 = 4n?(m — 1)?(ab)2a"2D gn? 

where (ab) = a2 — a2b;. (Compare Clebsch, Vorlesungen tiber Geometrie, p. 191, Leipzig, 1876.) 

Tt See p. 473, vol. i., and the second Note to p. 20 in the present volume. It is undoubtedly 
strange that Hamilton has deliberately avoided the employment of the symbol v in the Elements. 
We have seen several times in the course of this Note that our results are merely translations into 

this notation of investigations in which y was not explicitly employed (comp. sections (2.), (5.), (27.)). 
He even introduces a new notation (see p. 294 and section (5.)) when Vv was ready to his hand. The 
key to this neglect of y seems to be contained in Art. 422, (92.), p. 351. 

{ + $w is the angular momentum of the body (comp. p. 291) spinning with angular velocity . 

Hamilton uses a negative sign. 
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If the body is subject to the attraction of matter having a potential P we find for 

the force and couple at the centre of mass 

N= UVP +4SVOV.VP, p= VOV.VEP. (Ixxiil) 

Hence it is not hard to deduce, using the examples in section (10.), when 

P={T(a-a’)"dm' that 

X= - Mf Bredm' - 3{((4+ B+ C)B + 268 - 5BSB'SB)r*dm' 
and 
i w=—3f VB'SBr Adm’ (xxiv) 

where for brevity B=a-a’ and r=TB. 

(30.) It is not necessary to examine in any detail the extension of the integrations 

of sections (14.) and (15.) to finite regions because the method is almost precisely the 

same as in the case of scalar integrals. If (I.) there is no discontinuity in the 

quaternion qg, if (II.) it is single-valued and (III.) does not become infinite at any 

point of the region, if moreover (IV.) the region is simply-connected, we can fill it 

with small parallelepipeds in any way we please and since over an interface the 

aspects of the corresponding directed elements of the adjoining parallelepipeds are 

opposed the interfaces contribute nothing. In the limit therefore when the conditions 

I., I1., I11., and IV. are satisfied, the volume integral equals the surface integral or 

J Vado = f dvgq. (xxv) 

(31.) I. When there is a surface of discontinuity suppose the region divided into 

two by that surface and apply the equation (lxxv) separately to each region and add. 

Then 
J Vado = fdvg + f dry2(q1 - 92) (Ixxv1) 

when over the surface of discontinuity an element affords the parts 

dv 291 and dv2192 or dyy2( 9; = 2): 

(32.) Il. If ¢ is not single-valued by reasoning almost precisely similar to that of 

Clerk Maxwell* we can see when infinite values of Vg are excluded from the region 

that assuming the value of g at any one point its value at every other point is 

determinate. In fact starting from a point a with a given value of g we can return 

to it with a different value only if we thread some circuit along which q is indeter- 

minate ; and if ¢g is indeterminate anywhere in the region its corresponding deriveds 

must be infinite. In the case in which a circuit locus of indeterminate values 

of g exists in the region, we may enclose it in a tube but the region then becomes 

multiply-connected (IV.). 

* Electricity and Magnetism, Art. 96 (d). 
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(33.) III. If g becomes infinite at any point, we exclude that point by a small 

sphere and include the surface integral over the sphere in the result. Taking for the 

moment the origin at the point and writing Tp = r let 

U 3 
ee Jalles, fue &e. - : (lxxvil) Rael 

Then if dQ is an element of solid angle the integral over the sphere is 

— fdvg = dQ. Upr’ (0 + ‘a + Biss &e.). 

This in general is ultimately infinite or indeterminate if f,Up, &c. are not zero. 

Excluding these cases, in the limit 

— fdvg = {f dQUpf,Up. 

We need only consider the case in which f,Up is a linear function* of Up, and we 

may take it to be 

S,Up = 8n'Up + SASuUp = S’Up + fUp. (1xxviii) 

It is easy to see in various ways (compare for instance (29.)) that 

fdQUpSaUp =- 42a and f{dOQUpf,Up =— $a(7’ + Spd). 

Hence (lxxv) becomes modified by the infinite point into 

[ Vado = {dog + 4a(n' + m” — 2e) (lxxix) 

if a term r?f Up occurs in g, the part of fUp linear in Up being Sy’Up + hUp. 

(34.) IV. If the region is multiply-connected we render it simply connected by 

drawing diaphragms when we fall back on case I. if g 1s many valued. A diaphragm 

corresponds to a surface of discontinuity and gq, — q, = mp where yp is the cyclic incre- 

ment of g and m an integer. 

(35.) In order to extend the integrations of section (22.) to any closed curve 

directly we must be able to connect all points of the curve by a continuous net of 

small parallelograms for each of which g must be (I.) continuous, (II.) single-valued 

and (III.) without infinite differentials. Then because a common side is traversed in 

opposite directions . 
fdpg ={ VdvvV .g (lxxx) 

where the line integral is over the curve and the surface with which the net 

ultimately coincides. Under these conditions the surface integral extended to a 

closed surface is always zero. 

* By an application of a well-known theorem in spherical harmonics (72.). 
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(1.) In the case of discontinuity as in (31.) we take an arbitrary curve on the 

surface of discontinuity and when this curve is specified we have on adding the 

results for the two circuits 

dpq + [dew - 92) = [ Vd .¢ (Ixxx1) 

where the second integral on the left is taken over the specified curve on the surface 

of discontinuity. Let this curve be acs terminating on the given circuit at a and B. 

Draw any other curve app, then letting the accented line integral refer to this curve 

and the second surface integral to the portion pzca of the surface of discontinuity 

fdog + f’ dpi(q - g2) =f VdvV .g +f Vdvn(g, — 92) (lxxxii) 

provided the portion of the surface of discontinuity can be covered with a continuous 

net. Applying (Ixxx) to the surface of discontinuity it is evident we get the same 

value for {dpg in both cases. 

(II.) If ¢ is not single-valued over the continuous net, its value is definite if a 

definite value is chosen at some one point of the net, or else g is indeterminate at a 

point of the net and as a consequence its differential may become infinite (III.). This 

point may be surrounded by a small curve joined by a barrier to the given circuit, 

and the barrier must then be treated as a line of discontinuity and the value of the 

integral round the closed curve must be taken account of. 

(36.) We shall not delay to prove the more general relations 

{fav =[fVdv; {Fp =f FVavv (Ixxxiii) 

where f and F are linear functions and where V operates on them 7 situ in the two 

expressions fV and #’VdvV. They may be proved exactly as in the simpler case 

when we have to do only with a quaternion multiplier; in fact fVd'pd"p at the 

extremity of p becomes 

(1 — 48dpV)fVd'pdp or f(1-43S8dpV). Vd'pa”p 

at the extremity of p+ 4dp it being understood that V operates on the constituents 

of f alone. We may remark that the symbol of taking the conjugate K may be 

applied to the integrals (xxx) or (xxv). 

(37.) Let the quaternion p or p, be the value of the integral 

p=J° T(p - w)g¢dv (Ixxxiv) 

at the extremity of the vector w, p being now the vector variable in the integration 

which is extended throughout all space or at least everywhere that g is not zero. 

We suppose g is never infinite and has never infinite differentials corresponding to 
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finite differentials of p. Considering separately the parts of the integral inside and 

outside a small sphere, centre w, we have on operating by V.,? 

Vuo7p = Va" {’ T(p — w)¢dv (lxxxv) 

where the accent denotes that the integration is confined to the interior of the sphere 

for by 9(f), Vo"I(p — w)!=0 wherever w does not coincide with p. The sphere 

may be taken so small that g is sensibly constant within it. g may thus be removed 

outside the sign of integration and 

Vo = Vu" fT (p — 0) do. Ym = 4774y (lxxxvi) 

because by Poisson’s theorem (compare (xx) ) 

Vo f T(p — w) dv = 4z. 

(38.) From these results we infer conversely if two quaternions y and gq are 

connected by the equation 

g=V*p (lxxxvil) 

that 
P = Pw = (4) [” T(p — w)¢dv (Ixxxvill) 

the integration being extended throughout all space or wherever q is not zero, and 

we may regard this expression as the equivalent of the inverse operation in the 

equation 
p= V9. (lxxxix) 

On this supposition the operator V~* presents no ambiguity. 

(39.) The difference between Vg or the integral (lxxxviii) taken over an unlimited 

field and the same integral taken throughout a circumscribed region may by Green’s 

theorem be expressed as a surface integral over the boundary of the region. The 

extremity of w being within this region we have by (33.) when the volume integral 

is taken in the limited region outside the small sphere, the first surface integral over 

the boundary and the accented integral over the surface of the sphere, 

fV.(T(p - w)1Vp)do = f dvT(p - wo) .Vp +f dvT(p - w)?. Vp (xc) 

and also by (86.) 

[ VI(p — wo) (V)pdo =f VI(p - w)1. dvp +f’ VI(p — w)*. dup. (xci) 

In the volume integral (xc) the first operator V operates on all that follows it 

(except dv) and in the second the bracketed (V) operates im situ upon p and also 

upon VI(p — »)". 
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The surface integral over the sphere in (xc) vanishes; that in (xci) (comp. (3. (g)) 

and (33.)) becomes* 

—{' dQp=-—4mp because dv = — U(p—w)r*dQ and VT(p-)1 =- U(p-) T(p- o)”. 

Also the term in the first volume integral is 

V.(T(p-0)"Vp) =VT(p- 0). Vp +T(p- 0). Vp —— (xeil) 
and that in the second is 

VT(p — w)?(V)p = VI(p — wo). Vp + VT (p — wo). p, (xcill) 

for it is easy to prove} that VIT(p-—w)1V = V*I(p-—w)'. Moreover this part 

vanishes since w is not included in the limited field. 

By these considerations (xc) and (xci) reduce to 

[(VI(p — 0)? . Vp + T(p — wo). V*p)do = fdvT(p — w)*. Vp (xciv) 

JVT(p — w)!. Vpde = [VT (p — w)!. dup — 4p (xcv) 

so that on subtraction 

fT(p — o)?. Vpde — 4rp = [dvT(p — wo)! . Vp -[ VI(p - w)1. dyp.  (xcvi) 

Or if we suppose p and qg connected by the equation (1xxxvii) or (lxxxix) 

1 
ee 

a,/ Tle - ©) "gdo = Vg + e {dvT(p -w)*. V.V%q -[ VT(p-w)?. dv. V%g. (xevii) 
Tv 

Thus the difference of the integral over a limited and unlimited field (Ixxxvili) has 

been expressed as a surface integral over the boundary of the former. 

(40.) We have seen (Ixxxv) that when we operate with V.? on a potential 

function it is only necessary to take account of the element at which p and o 

coincide. Provided therefore we introduce surface integrals wherever necessary 

we may limit the field of integration and write generally for all points within that 
field 

ene qdv ‘ xcvylil) 

ks | 4nT(p - w) 

By the associative principle we deduce 

4rq = Vu» Va { T(p- w)gdv = V,S8V. {[T(p-)gdv + VaVV., { T(p — o)“*gde. (xcix) 

Hence any quaternion may be expressed as the result of operating by V on another 

* Hence another proof of (Ixxxvi). t+ In fact py = Vp =— 3. 
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quaternion (Q) or as the sum of the results of operating by V on a scalar and ona 

vector ; or generally 

q=VQ. (c) 

(41.) We shall transform this new quaternion Q so as to exhibit more clearly its 

relation to g. Integrating through the limited field and excluding the small sphere 

round (w), 

JVT(p-o)?. gdvo + [T(p- w)?. Vede =[V.T(p-)gdv =fdvT(p-w)"g (a) 

the surface integral being taken over the boundary of the field (40.) and the surface 

integral over the small sphere being omitted as it ultimately vanishes (33.). Now 

(V + V..) T(p —w)7 = 0, 

so 47 Q = V, { T(p—w)'gdv = { T(p—w)?. Vado — f T(p- w)"drgq. (cil) 

The surface integral here disappears when the field of integration is unlimited. 

(42.) This transformation is of importance in vortex motion for example. 

Considering more particularly the vector part of the volume integral (cil), we 

have by section (20.) (xlii), 

1 . dlog (dd. TVVq) eee 
= TVV9 . lim. Leeper ae (cll) V*S¢ = SVVVq = 

d.4 being the small area of a cross-section of a tube formed by the vectors VVqg and 

d/ an element of the length of the tube. Using the relation 

Té.d4=dm where €= VVVq (civ) 

and where dm is the strength* of the tube of vectors € we have 

fT(p-—w)?. édv =f T(p—w)". UEdldm = { T(p - w)"dpdm (cv) 

if dp = UE . dl is a directed element along the tube because dv = d Ad. 

(43.) For the case in which the tubes (é) are re-entrant and included within the 

limits of integration the integral on the right may be regarded as the sum of a 

number of integrals taken round closed curves. If then we describe any surface 

through one of these curves so that it does not pass through the extremity of o, 

by (lxxxii1) 

{VI(p-0)?. dp =fVT(p- wo). VavV =fVSdvVT(p-o)? (evi) 

* Lamb, Hydrodynamics, p. 223, Cambridge, 1895. 
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because as V?T(p-w)!=0, the term involving V’ in the expansion V.VdvV 

= VSdvV — dvV? disappears. Again we may replace the equation (cvi) by 

Vo f T(p — w)?. dp =- [ VSdvVT(p — w)? =— V, f SdvU(p - w) T(p — w)? (evi) 

and if we suppose the surface built up of elementary cones through the extremity of 

the vector w, it is evident that the cross-sections of these cones alone contribute so 

that we may replace dv by U(p — w) T(p — w)’dQ and finally* 

Voi T(p- wo). dp = V, f dQ = V,Q (cviil) 

where Q is the solid angle subtended by the re-entrant tube at the extremity of o. 

Thus if none of the circuits pass through the extremity of w 

Vo f T(p — w)". dv = Ve f Qdm. (cix) 

(44.) To illustrate the use of the operator we shall briefly consider the equations 

of motion of a continuous distribution of matter. Directing the attention to any 

selected portion its momentum is 

Mo = { pdm (cx) 

o being the velocity of the centre of mass, dm an element moving with velocity 

p and UM the mass of the portion. If A is the resultant force acting on the mass 

it is equal to the rate of change of momentum, or 

Do = Ud. (cxi) 

We may evidently suppose the selected portion of such a size that the velocity of its 

centre of mass approaches indefinitely the velocity of the matter about that point. 

Again taking moments about the centre of mass we may write 

Dz J V(p — po) (P — po)dm = p + { V(p — po)ddr (cxil) 

where yw is the resultant couple arising from other causes than the force-couple 

[V(p~p,)ad. 
(45.) We shall now consider the transformations of the vector of acceleration 

D,o (cxi). If we regardt o as a function of p and ¢ we have (xi) its total differential 

expressed by 

Do = — dt - SdpV.o (cxiii) 

* Hence the result of operating by v on a vector of a certain kind is equivalent to the result of 
operating on a scalar. 

t Of course on the supposition made in the last section the vectors o and # are identical. 
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en f or. . 
the partial derived with respect to the time being 4 , or in other words sr being the 

rate at which the vector o corresponding to a point fixed in space is changing. But 

D,o is the rate at which the vector o as corresponding to a definite portion of the 

matter is changing. So when we follow the motion of the matter, dp = odé¢ and 

do s ‘ 
Do =~ -SoV.0= Ud (cxiv) 

in which V of course operates only on the o to the right. In this case the appro- 

priate form of the equation of continuity is (xl) if ¢ is the density 

Oc 
—= : CXV =, = SV(¢o) (exv) 

(46.) On the other hand if in Lagrange’s method we suppose p to be a function 

of ¢ and of three parameters uw, v, and w which individualize any element of matter 

the velocity and acceleration of the centre of mass may be represented simply by 

p and p, the partial deriveds of p with respect to the time, and the equation of 

motion is 
pe dX. (exv1) 

Also the appropriate form of the equation of continuity is 

cSpipep3 = const. = - C (exvil) 

which expresses that the mass + cSp,p,p,dudvdw of a small definite parallelepiped 

of the matter does not vary, pi, pz, and p3; being the deriveds of p with respect to 

u, v, and w. 

(47.) It is easy to derive (cxvii) from (cxv) for remembering the meaning of the 

fluxional notation* 
a) ; fhe 

é= = — SoV.¢ = cSVo = cSVp. (exviil) 

But exactly as in section (12.), when p is expressed in terms of three parameters 

u, v, and w, the appropriate form of V derived from (xiii) by taking 

dp =pidu, d'p=pdv, and dp =p,dw (cxix) 

; 1 0 0 0 
V=-— a ins BR CxxX 18 Spipats [Vw au + Vpspi ap + Vpipe sa (cxx) 

Hence evidently 
d 4 d ‘ 
a log ¢=SVp=- i log Spipeps (cxxi) 

* As an exercise one may verify that Svp = — Svp. 
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where the differentiations have the same meaning as the fluxional notation which is 

not here convenient for printing. 

(48.) As regards the forces acting on the element, we have in the first place 

bodily or external forces € acting at each point and generally specified with respect 

to unit of volume. These contribute the volume integral | cédv. 

In the second place there are the forces due to the interaction of the parts of the 

substance. Their resultant is suitably represented by a surface integral {dv where 

Odv + &(—dv) = 0 because the interaction across a directed element from one side is 

balanced by that on the other, and where @dv = Udv.Tdy because the force is 

ultimately proportional to the area. Thus (cxi) becomes 

Dio = I" f c&dv + M1 [ Odv = MU" f c&dv + MN [ Ody —- UM [ StV. Ody (exxii) 

®, being what the function ® becomes at the origin of the small vectors r (16.) which 

may for convenience be taken centrally within the element. The integral { ®,dv must 

vanish as it is only of the second order in the linear dimensions of the element while 

the others are of the third order. Hence ® (or ®,) must bea linear and distributive 

function for 3®,dv = 0 whenever 3dvy=0.* And therefore by an application of the 

integration theorem (1xxxiii) because ® is distributive and linear 

J dv =f ®V. de. (exxili) 

From this (exxii) gives when the element is very small 

Do =€+¢'. 8V (Cxxiv) 

(where V operates on ® an situ) for ultimately Mf = cdv. 

(49.) Again we may write the couple equation (cxii) in the form 

[Weer sheaeen © (ln + fave (exxv) 
where the origin of vectors 7 is at the centre of mass and where 7 is the voluminal 

distribution of impressed couple. By the principle of linear dimensions employed in 

the last section we must have separately 

| ndm + [ Vr®dv = 0 (Cxxvi) 

or ultimately if we take the element to be a small parallelepiped whose sides are 

parallel to a, B, y, 

ncSaBy + Va®,VBy + VB®,Vya + Vy, VaB = 0 (CXxXvl1) 
or simply 

ne = 2e (CXxXvill) 
if « is the spin-vector of &,. 

Thus if there is no impressed couple 7 the function ® (or ®,) must be self-conjugate. 

* For example take a small tetrahedron whose directed faces are a, B, y, and 8. Then 

Po(a+ B+ y)=hoa+ B+ hoy because a+tB+y=- 8, 
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(50.) Neglecting small terms of the second order in (cxxiv) and elsewhere the 

motion of the substance is completely given by 

) 
2 —-SoV.c=€+6'. BV; “5 = SV(co) (CXxX1x) 

when we employ Euler’s method (compare (cxiv), (cxv), (¢xxiv)); or by 

p=€&+C (F ® . Vosps + _ ® . Vosp; + Ss ® Yours) (cxxx) 

when we employ Lagrange’s (compare (cxvii), (cxx)), the function ® being linear, 

vector and self-conjugate, and this function, not the vectors Vp,p,, &c., being differen- 

tiated with respect to wu, v, and w. 

(51.) We shall now apply Lord Kelvin’s great conception of the flow along a 

finite curve drawn in the medium and moving with it so that it always threads the 

same elements.. The flow is the integral of the component velocities of the various 

points of the curve along the corresponding tangents and is given by 

F =— { Sodp = — f Spdp. (cxxx1) 

It is convenient to suppose p and o or its equal p expressed in terms of the time and 

the necessary parameters as in Lagrange’s method. The time rate of change is thus 

Fi =~ 5  Sidp = — | Spdp ~ | Spap. (a 

The second integral on the right is simply half the difference of the squares of the 

velocities of the extremities of the curve. The first integral depends generally on 

the nature of the curve connecting these extremities. It is however quite indepen- 

dent of the curve if (compare section (24.)) 

VVp=0 or VVDo =0 (CXXxill) 

for then the expression under the sign of integration is integrable without a factor.* 

By (cexxiv) we have in this case 

VVEé+ VV.c'.®V =0 (CXXXiv) 

and when this is satisfied we may speak of the rate of change of flow from one point 

to another without mentioning a connecting curve. 

* The vectors p and Dio are identical in as much as they represent the same acceleration. 
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(52.) For a perfect fluid dy = — pdvy and ®V =- pV =- Vp so (cxxxiv) 

reduces to 
VVé+ V.Ve".Vp = 0 (CKXXV) 

and is satisfied if the density (c) is a function of the pressure (p) and if the forces (€) 

have a force function (P). 

Under these conditions we find without trouble 

ae ES oy pe | = (cxXxxv1) 
¢ 

where the square brackets indicate that the difference is to be taken of the values of 

the enclosed expression at the extremities of the curve. 

In general when we integrate round a closed curve the flow or circulation changes 

at the rate (xxx) 

i = { Spdp = — f Spdp = - f SdvVV5. (cXxXXvil) 

This vanishes under the supposed conditions (cxxxiil) so whenever the density of a 

perfect fluid is a function of the pressure conservative forces are powerless to alter 

the circulation in any circuit moving with the fluid. 

(53.) It appears from (cxxxvii) that the component of VVp or VVD,oc normal to 

any small unit circuit measures the rate of change of circulation in that circuit; and 

VVD,o determines the aspect and the rate of change of circulation of the unit circuit 

in which this rate of change is a maximum. 

Or the other hand VVo determines the aspect and the circulation of the unit 

circuit* in which the circulation is a maximum, and D,VVo measures the rate of 

change (following the motion of the fluid) from one principal unit circuit to another. 

A principal unit circuit obviously does not remain fixed in the fluid. 

The difference between these vectors is easily seen to be 

VVD,o - D,VVo = - VV 8o,V.c =- VV,V.0,VVo (¢XXXVli1) 

@) Hind 
for V and ay are commutative in order of operation so that as a first step the 

difference is} 
—- VV(ScV. oc) + ScV.VVo. 

It vanishes as it ought if VVo = 0. In Lagrange’s method the equivalent equation is 

Vp - e VVp =—- VVp. (CXXxix) 

* This has been called the principal circuit (23.). 

+ It is useful to observe that a term such as Vyv,Soc, vanishes for it should remain unchanged 
when the suffixes are transposed but it apparently changes sign. 
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(54.) As an additional example on the application of the operator V, we shall 

consider the nature of the stress in a viscous fluid. We assume as usual that the 

stress consists of a hydrostatic pressure y and a part linear in the rate of distortion or 

in the constituents of the strain function ¢) = 4(¢ + ¢’) of section (27.), and that the 

principal planes of the stress-function (®) and the strain function ¢, coincide. These 

considerations lead to the equation 

Da = — pa + 2nd,a + n'm"'a (cx) 

where a is an arbitrary vector, where ~ and 7m’ are scalars independent of the rate 

of distortion and where m'(=-—SVo) is the first invariant of 4. For this is the 

most general linear function involving py in the manner specified and linear in the 

constituents of ¢, and having the same principal planes. 

(55.) Defining p more particularly by the condition that the hydrostatic pressure 

is equal to the mean of the magnitudes of the principal stresses, we have, for 7, 7, and & 

along the principal axes, 

— 3812 = Ul” = — 3p + (2n + 8n'\m"; (exl1) 

and the condition requires 

2n + 3n' = 0. (exlii) 

Therefore when we replace n’in terms of » and ¢, in terms of V and o (section (27.)) 

Pa = — pa —n(SaV.a04+ V.Sac) + 4naSVo. (exliil) 

If ” is constant, the equation of motion (cxxiv) becomes 

Do = €- 6 Vp — c'n(V’o + $V8Vo). (exliv) 

(56.) In like manner for an isotropic elastic solid if o is the displacement, the 

stress is given by (cxl) when p is put equal to zero, and the equation analogous to 

(cxliv) is 

Dio = € - eC V’o — (n+ n')V8Vo. (cxlv) 

(57.) The rate of change of the kinetic energy of the substance in any region 

fixed in space is evidently 

2 sero (xl) 
This is due to the activity of the forces acting on the substance and to the trans- 

ference of portions of the substance through the walls of the fixed enclosure. 
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Transforming and utilizing the equations of continuity and of motion (cxxix), 80 

as to remove the differentials with respect to the time* 

Q { dcTo*dv = [ (To 2SV(eo) — cSo,VSo,o0 — Sa,6V — cScé)da, 

where o, is free from the operation of V. Or again this is 

< [ delordo = { (4SV(coTo’) - Sc@(V) + Sc@,V - cSoF)dz, 

where (V) operates both on o and ® and where ®, is free from V. 

Finally on integrating by parts 

s J $eTo*de = { $cTo*Sodv — f So@dy + f Sob,Vdv - { cScédv.  (exlvii) 

The first integral on the right is the rate of increase of kinetic energy due to the 

influx of fresh matter; the second is the activity of the surface stress; the fourth 

that of the external forces; and the third with sign changed measures the rate at 

which energy is stored in the substance and dissipated (see section (59.)). 

(58.) On the other hand for a definite portion of the substance the rate of change 

of kinetic energy is 

D, { 3¢To’dv = D, { $To*dm = - { SoDodm = — { So(cé + ®V)dv. (exlvii) 

This reduces as in the last section the only difference being that there is no contribu- 

tion due to influx across the boundary. 

(59.) When © is given by the equation (cxliii), 

— So®V = + pSVo + n(SVV Soc, + SVoSV,c) — 3n(SVc)? (exlix) 

is the rate of storage and waste of energy per unit volume. 

The term in » may be modified as follows. By the equation of continuity 

SVo = D, log ¢ = — D, log b (cl) 

if 6 is the reciprocal of the density (c) or the bulkiness of the fluid. Hence as p isa 

function of c and therefore of 6 

pSVo = — D,{ pb db. (cli) 

Also we have} for the rate of change of the intrinsic energy of a given mass 

[ pSVodo = — f pDctdm = — D, f dm { pad. (cli) 

Ot 

+ Compare Lamb’s Hydrodynamics, Art. 287. 

* Namely from (38 To? — So <r) dv. 
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(60.) The part of (cxlix) quadratic in o has been called by Lord Rayleigh the 

Dissipation Function. It measures the rate at which energy is wasted by the 

viscosity and it admits of many transformations which may serve as exercises. 

It is essentially positive, for if we write the invariant m’ of section (28.) in the 

form 
m' = 3(SVo)? — 48Va SV,o (cliii) 

and 
SVV,Soo, = SVaScV, —-SVVcVV,c, (cliv) 

we have in the notation of the section cited 

2F = n(SVV Soc, + SVaSV,o — 3(SVo)*) = 4n(m' — 8m! — 32) (clv) 

when we utilize (cliii) and (cliv) to eliminate SVV Soc, and SVoSV,c. 

But (p. 520, vol. i.) m’ + is the sum of the products of the roots of the self- 

conjugate function ¢) = +(¢ + ¢’), so if these roots are ¢, ¢, and és, 

2F = 3n ((¢2 — és)? + (¢3 — @1)? + (€, — €2)*). (clvi) 

If then the dissipation function vanishes every spherical element must remain 

spherical, for the condition is 

al = @2 = 63% (elvii) 

Again as Vo* = 2VSo,o if o, is free from V, we have 

V?o* = 2V*8a,0 + 2V,VSo,o = 280,V?o + 28V,VSo.c. (clviii) 

Hence by (cliv), we obtain the relation 

2F = n(V*%o* — 280,V’o + (VV) — 2(SVo)’) 

in which the operator is contiguous to the operand. 

Integrating and supposing ” constant we may transform as follows :* 

2 { Fdv =n [ SdvV. o? - 2n [ SodvVo +n { ($(SVo) - (VVo)*)dv  (clix) 
because 

J So,V?odv = { Sa,dvVo - [ 8a,V,Vodv 
and 

Sa,V,Vo = (SVa)? — (VVo)’. 

(61.) Before passing on to other matters, we shall consider the expression of 

stress in terms of strain.t| By Hooke’s law stress is a linear function of strain and 

* Compare Lamb, Joc. cit. 

t+ Here, as elsewhere in this Appendix, my object is to provide suggestive illustrations of 
quaternion methods rather than short solutions of special problems. 
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therefore of the space variations of the displacement. Consequently the stress across 

any small plane area (w) is a linear function of w, of V, and of the displacement o, 

the operand of V. Thus we may write 

Bw = O(a, V, c) (clx) 

and we shall investigate in the first place the nature of this trilinear vector function 0. 

We have seen that ®w is a self-conjugate function of w. Therefore for any pair of 

vectors w and @, 

SwA(w, V, o) = Sw6 (a, V, o). (clx1) 

Again we know when a potential function exists that the expression (comp. (cxlix)) 

S®V,c, = 8c0(V,, V, o) (celxi1) 

is symmetrical in the strain arising from the displacement o and in that arising from 

the displacement o,, it being understood that V operates on o alone and V, on c,. 

Therefore identically 

No (VV; 7) = sa0l(V, V,, o,). (clxiii) 

The two properties expressed by the equations (clxi) and (clxiii) furnish us with 

sufficient data to determine the nature of the function 6, or in other words to express 

stress in terms of strain. 

(62.) On account of the arbitrariness of the vectors o and o, we may replace the 

equations just referred to by 

Sa6(B, y, 8) = 8B0(a, y, 8) = $86(y, B, «) (clxiv) 

where a, 6, y, and 6 are four arbitrary vectors. Using as a matter of convenience 

the symbol (a, 8, y, 5) defined by the equation 

(a, B, Y) 0) oe Sa (Bf, Y 8), (clxv) 

we see by (clxiv) that it is permissible to reverse the order of the vectors and to 

transpose the first and second vectors. Hence ringing the changes on these allowable 

alterations we have 

(a, B, y, 8) =(B, , y, 8) = (8, y, a, B) = (y, 8, a, 8) 

= (B, a, 8, y) = (a, B, 8, y) = (y% 8, B, 2) = (8, y; B; @); (clxv1) 

and the laws of the symbols (a, 8, y, 5) may be summed up in the statement, the 

pair composed of the first and second vectors is interchangeable with the pair composed 

of the third and fourth and the members of each pair are likewise interchangeable. 
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(63.) Since (8, a, 8, y) = (8, a, y, 8) we have generally as the vectors are 

arbitrary, 

6(a, B, Y) = O(a, y, B): (clxvi1) 

®w = O(w, V, c) = O(w, o, V); (clxviil) 

In particular 

or more fully for any mutually rectangular system 7, 7, & 

bw = 6(w, 2, 7) SeVSeo + 3O(w, 7, &) (S7VSko + SkVS Jo) (elxix) 

because O(a, 7, &) = 6(w, &, 7), or again in a usual notation for the strains, 

Bw = SO(w, 1, 1)a+ 3O(w, J, &). 2. (clxx) 

The constituents of the six vector functions O(, 7, 7), O(w, 7, &), &c. are the elastic 

constants. They are all of the type (a, B, y, 5) (comp. (clxv)) where a, B, y, and 6 

stand for 7, 7, and £; and they fall into the following groups :—three of the type 

(4, i, #, 4); six (i, ¢, a7) 5 three (4, 4, 7,7); three (i, 7, 4,/) ; three (y, & #, 2); and 
three (j, 2, 4, 7); twenty-one in all bearing in mind the laws of the symbol 

(a, B, y, 8) (elxvi). 

(64.) We saw at the beginning of the last section that the second and third 

vectors are interchangeable in O(a, B, y). We shall now investigate the effect of 

interchanging the first and second vectors and we shall prove that 

O(a, B, y) — O(B, a, y) = 2VOVaB.y (celxxi) 

where © is a linear and self-conjugate vector function of the ordinary kind. The 

left-hand member obviously vanishes if a and £ are parallel. We are therefore 

entitled to assume 

O(a, B, Y) 7 A(B, a, y) = x(VaB, Y) (clxxil) 

where x is a bi-linear function of Vaf8 and of y. Operating by Sy and referring 

again to (clxvi) we find Syxy(Vaf, y) =0 for all vectors y. The form of the right- 

hand member of (clxxi) is therefore justified and it only remains to prove that @ is 

self-conjugate. To do so we operate by 88; and the law of interchanges again shows 

us that 

S89 (a, B, y) — $86(B, a, y) = Sa8(5, y, B) - Sa8(y, 8, B) 

when we find almost immediately 

SVyé@OVaB = SVaBOVy5, (clxxiil) 

and @ is self-conjugate as asserted. 
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(65.) We have now at our disposal two distinct geometrical methods of investi- 

gating the arrangement of the elastic properties of a body with respect to certain 

natural directions of reference. The first and the most obvious method consists in 

the study of the quartic surface 

(p; P, P, pP) =— SpO(p, p, p) = const. (clxxiv) 

whose radii vectors are inversely proportional to the fourth roots of the elastic 

constants depending on a single direction—that of the corresponding radius vector. 

When the body has a plane of symmetry normal to 2, the elastic constants which 

involve ¢ an odd number of times must vanish. Perhaps the most instructive way 

of seeing the truth of this is to equate the reflection, with respect to the plane of 

symmetry, of the stress across any small area to the stress due to the reflection of the 

strain across the reflection of the area. In this case the quartic surface has also a 

plane of symmetry. The converse is not generally true for the quartic depends on 

but fifteen constants, for example 2(jyk) + (gtk). 

The surface must evidently be closed and finite; otherwise the potential energy 

might vanish for an actual strain. To discover the planes of symmetry, when they 

exist, we may calculate the positions of the summits of the surface,* or the points at 

which a concentric sphere can touch it. The vectors to these points have the 

directions of the solutions of 

VpO(p, p, p) = 0 (elxxv) 
for by the rule of interchanges 

dSp6(p, p, p) = 48dpA(p, p, p). 

The normal to a plane of symmetry obviously cuts the surface at a pair of summits. 

The radius of a touching sphere may be obtained by equating to zero the discriminant 

of the cone through its intersection with the surface, the centre being the vertex. 

It is easy to see geometrically that three at least of the vector solutions of (clxxv) 

must be real. 

(66.) When the potential energy involves the strains only in the combinations 

a+6+ ce and the minors be - f?, &., gh — af, &c. of the well-known determinant of 

a conic, that is when 

2W=m(a+b+c) + Sm(be — f?) + Sh(gh - af), (clxxvi) 

the equation of the quartic reduces to 

mp* = const. (clxxvi1) 

* A more convenient process will be found in section (67.). 

t When the surface has three planes of symmetry the equation has thirteen roots, one quadruple 
and three double. 
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The surface is spherical and fails to afford special directions of reference. In this 

case the second method to which we now proceed must be selected. 

(67.) This method depends on the self-conjugate function © of section (64.). 

The coefficients of the quadric 

SpOp = const. (clxxviil) 

are easily calculated in terms of the elastic constants by means of equations such as 

6(9, k, y) — O(4, J, y) = 2VOry (elxxix) 

which is merely a modification of (clxxi). We find 

28707 = (gykk) — (ghyk) ; 28jOk = (ytk) — (tyk) (clxxx) 

and the remaining coefficients may be written down from symmetry. 

If the body has a plane of symmetry it must be a principal plane of this quadric, 

for if 7 is normal to a plane of symmetry SjOc=S4@c=0 or Vi@i=0. The 

converse of course is not true. But (compare (65.)) when the quartic has a principal 

plane of the quadric for a plane of symmetry, we have from the equation of the 

quartic 2(syk) + (gtk) =0 and from that of the quadric (yk) — (gjik)=0, &e. 

The elastic constants vanish separately and the plane is a plane of symmetry of 

the body. 

Thus provided the quadric has determinate axes they form a natural system of 

lines of reference, and planes of symmetry may be at once detected by expressing the 

equation of the quartic in terms of these vectors. In the most general case having 

selected this system of axes we have only eighteen constants to deal with, the last 

group of (63.) being then merged in the preceding group. As an example for the 

case noticed in (66.) 

(c1) =m; (gkk) =m + 2m; (gkkj)=-m; (yk) =- 21; (gtk) =1, (elxxxi) 

but when 7, 7, and / are along the axes of the quadric the constants /,, /,, and /, vanish. 

(68.) It is only when the quadric is of revolution that the body can have two 

planes of symmetry not at right angles to one another; and moreover when the 

quadric is of revolution and when the quartic has a plane of symmetry through the 

axes of revolution it must be a plane of symmetry of the body, for every plane 

through the axis is a principal plane of the quadric. Taking the axis of revolution 

as axis of cylindrical coordinates z, p, u the equation of the quartic becomes 

PU, + 2p U; + 2p U, + 8p U, + #8 UV = const. (clxxxil) 

where the suffixes denote the order in which cos u and sin wu enter in the functions U. 
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If u = 0 is a plane of symmetry of the quartic the angle ~ must enter only in cosines 

and we may write 

U,=a+a' cos 2u+ a" cos 4u; U;=6 cos u + 8 cos du; 

U,=¢c+¢ cos2u; U,=dcosu. (clxxxiii) 

If wu =v is a second plane of symmetry, substitution of v + w and of v — w for uv must 

lead to the same results. Hence 

bsinv=dsinv=a@ sin 2v=¢ sin 2v = 0’ sin 8v = a” sin 4v=0. (clxxxiv) 

If the quartic is not a surface of revolution, the only admissible values of v are 

evidently 47, $7, and 47. Thus the planes of symmetry of the body must intersect 

at angles of 90°, 60°, or 45° if every plane through their intersection is not a plane 

of symmetry. 

(69.) When the quadric is a sphere it fails of course to afford a natural system of 

lines of reference. This want may be supplied by the axes of the new quadric 

V? . (pppp) = const. (clxxxv) 

for it is easy to see that a plane of symmetry of the quartic must be a principal plane 

of the quadric. In case this quadric is a sphere we can derive a third quadric by 

means of the operator V to take its place. If for brevity (pppp) = f, the equation of 

this quadric is 
(SV,V2)°. A fe = const., (clxxxyvl) 

the suffixes being omitted after operation. 

Even when this is a sphere, the quadric* 

(SV,V3)* (SV2V3)? SViV2. fi fess = const. (clxxxvii) 

is available and must of necessity determine a natural system of axes if such exists. 

For when any one quadric becomes a sphere five conditions are established 

connecting the elastic constants. If the four quadrics are spheres but one constant 

remains in the equation of the quartic as in the case noticed in section (66.). 

* The equations of these third and fourth quadric may be obtained by operating by v6 and y!0 
on f* and f3 respectively and rejecting terms in Tp?. In Cartesians (clxxxvi) becomes 

=(Dz3f)* + 33(Dz*Dyf)? + 6(DzD yD. f°)? = const. 

In Aronhold’s notation if f = a,4 = bz, the equation is 

(ab, + agb2 + a3b3)%axzbz = const, 
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(70.) Although the subject is foreign to this Note on Hamilton’s operator, it may 

be useful to offer here a few remarks on functions linear and distributive in several 

vectors as such functions have occurred in the treatment of stress. Though the 

process is general we take the case of a trilinear function and write in analogy with 

the notation for conjugates 

Sa6(B, y, 8) = SB6'(y, 8, a) = Sy0"(8, a, B) = 886’"(a, B, vy). — (elx xxviii) 

If the function is self-conjugate in the first vector so that a and 8 may be interchanged 

in these equations, we must have in general 

O(a, B, y) = OCB, y, 4); O(a, B, y) = 8a, y, B); 
9a, B, y) = 0"(B, ay). (elxxxix) 

If it is self-conjugate in the second vector 

O(a, B, y) =O"(y, B, a); O(a, B, y) = 6(y, B, 4); 

G"(4, By y) = O"(y, B, a) (exe) 
and if it is self-conjugate in both of these 

O(a, B, y) = O(B, a, y). (excl) 

If finally it is self-conjugate in all three they may be interchanged in all possible ways. 

There is the closest analogy between these completely self-conjugate functions 

and Aronhold’s notation a@a,a,a, (j= 1, 2, or 3). We may imitate his notation by 

writing 

O(a, B, y) = (A)SA)aS(A)BS(A)y (excil) 

where (A) is a symbolic vector devoid of interpretation unless it occurs in a term 

involving three other vectors (A). We may extend this notation to the case of 

non-conjugate functions by writing 

4(a, B, 7) = (A)S(u)a8(r)78(w)8 (cxciii) 
where (A), («), (v), and (a) are symbolic and uninterpretable unless they occur 

together in a term. 

Reference to Aronhold’s notation is sufficient to suggest a number of interpre- 

tations of quaternion forms. For example* if 

G(a,-B) = 0 (cxciv) 

where generally 0(p, 7) = 0(a, p), the vectors a and B are corresponding edges of 

the Hessian of a cubic cone Sp6(p,p) = 0. The equation of the Hessian is 

SO(p, €)O(p, 7) O(p, 2) = 0, €, », and ¢ being arbitrary constant vectors. 

* This vector equation may be compared with the scalar f(a, 8) = 0, where generally f(p, a) 

= f(@, p), which expresses that a and B are conjugate with respect to the cone f(p, p) = 0. 



468 APPENDIX—NOTES. | SEY, 

(71.) The operations performed in deducing the quadrics of section (69.) are 

related to the application of V to the theory of Spherical Harmonics.* If f,(V) is 

any integral and rational function of V of degree » and with constant coefficients, 

JnV . Tp is obviously a solid harmonic of order — (x +1). In fact this function is of 

the degree — (w + 1) in Tp and it vanishes under the operator V’. 

It is always possible to determine a function f,, 2p so that 

Sr + P7fn2p = SaupSap .. . Sanp, (excv) 

For draw planes through distinct pairs of the 2x common edges of the cones 

Jrnp = 9, p?=0; and through 4 (n—- 2) (n—2+ 3) of the remaining intersections of the 

planes with the cone /,p = 0 draw a cone f, 0 =0, The complex cone pf, 2p = 0 

passes through 2m + 4 (nm — 2) (n+ 1) or 4n(m+ 3) —1 of the intersections of f,p = 0 

with the » planes; it must consequently pass through all the remaining intersections 

as 2 (m+ 3) — 1 is one less than the number of edges requisite to determine a cone 

of the n” degree. The relation (cxcv) is therefore justified. Again the common 

edges of the cones /,p = 0, p? = 0, group themselves into pairs a’, + a”; / — 1 and each 

group lies in a real plane. The reduction may therefore be uniquely effected in such 

a manner that the planes shall be all real. But in operating on Tp™, any function 

V?f,2vV may be added to f,V without altering the result. Thus we may always 

supposet 
TaN aL Pag NO Vi0OeY Pee a, NV ak pats (excvi) 

This enables us to expand any homogeneous function of p in a series of spherical 

harmonics. When we effect the operations indicated and multiply across by Tp’, 

we have, (/,-2p being a determinate function of degree n — 2), 

Te f,V .Tp? = [2)SapSap .. . Sa,p + Tp. (cxevil) 

where for the sake of brevity 

eee = VL 3 isles ( oft eas): (cxcvill) 

Comparing (cxcv) and (cxcvil) we see that 

T0271 1 : 

Snp = oa «Inv Tp + Tp. Jn2p (cic) 

where g,2p is a homogeneous function of p. Treating this new function g, 0 in the 

same manner we obtain the second harmonic in the series and the process may be 

repeated. 

* Much of the following is adapted from Clerk Maxwell’s most interesting and instructive 
chapter on Spherical Harmonics, Electricity and Magnetism. 

t+ The extremities of the vectors Uai, Uaz, &c. are the poles of the spherical harmonic. 
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(72.) The potential due to any distribution of matter at any point (p) external to a 
sphere which encloses all the matter may be expressed by a relation of the form 

omy No Lp: a) (cc) 

JV being a function of V expansible in ascending powers and the centre of the sphere 

being at the extremity of a. For if dm is the element of matter at the extremity 
of a, 

dm ne | eee dmelrcr 
T(p -7) 

If Q,= | dm’'T(p — a)! is the potential at the extremity of a of a second distribu- 

tion of matter wholly exterior to the sphere enclosing the first, the mutual potential 

1 1 

Bp rai spe edi TORSO): 

energy is 

W = { am! P =f am'f(v) Up — a)? = fam’ f(-Va)T(p - a)? = f(-Va)- Ga. (ci) 
Or more conveniently if we take the origin at the centre of the sphere 

W=f(-¥).Q (cei) 
provided we put p = 0 after the operations have been performed as indicated by the 

suffix. 

If Q is due to a surface distribution of density s over the sphere 

W={ PsdS =f(-V). Q. (eciil) 

When Q=r"Y,, Y, being a spherical harmonic so that 4as = (2m + 1)a"'Y, if a is the 

radius of the sphere, this equation becomes 

4nf (— V)r" Y,, = (2n + 1)a™ § PY,dQ (cciv) 

if dO is an element of solid angle. It is manifest that the terms in f(- V) of the 

n order in V alone contribute to the left-hand member. For the cperation of terms 

of higher order destroys r”Y,, and the results of operation of terms of lower order 

vanish when r is put equal zero. Hence in particular 

4rf,(— V)r" Y, =(2n+1)f[Z,Y,dQ; |Z, Y,dQ = 0 (cov) 

if Z, and Z,, are spherical harmonics and if 

Th ENV) 1 HT OL 

(73.) Up to the present we have scarcely considered the analytical structure of 

the operator V. In section (7.) we obtained an expression (xiii) depending on three 

arbitrary differentials and the corresponding differentiating symbols. In section (12.) 
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we employed the well-known Cartesian form (xviii) for purposes of illustration, and 

a third form (cxx) depending like (xviii) on the highly artificial method of determining 

a vector by means of those systems of surfaces occurred in section (47.) in connexion 

with Lagrange’s method in fluid motion. Of all these forms (xiii) is the most accor- 

dant with the spirit of the Hlements because there is perfect freedom in the choice of 

differentials most suitable for special purposes and because the conception of a vector 

as an entity is not obscured by any system of coordinates. 

(74.) To leave as little obscurity as possible about the method of arbitrary diffe- 

rentials we shall consider the square of the operator (xiii) which we write for brevity 

in the form 
: 

V = 8d + Sd’ + 8a” (cevi) 

where the vectors 6, 5’, and 8” are determined by the equations 

ea ee NEE ee 
oe Sdpd’pd”p’ Ps ae Sdpd’pd”p’ a4 Sdpd’pdp (cevil) 

It must be observed however that any advantage that may arise from the use of 

this form is concealed when the operator is separated from the operand; and owing to 

the generality of the expression the result is apparently cumbrous. Squaring we find 

V? = 307d? + & (8'0"d'd” + 8’8'd'd') + SVS. d. (ceviil) 

In the third sum V operates on the vectors 6 alone and not on the operand of V’. 

Remembering that. V? is a scalar operator this equation breaks up into two, a 

scalar and a vector, 

V? = 367d? + 380'8” (d’d” + dd’) + 38V8.d (ccix) 
and 

0 = 3V0'8" (d’d” - dd’) + S3VVS.d. (ccx) 

It is only when the differentials are independent that the order in which the 

differentiations are performed is indifferent and in this case only is it generally lawful 

to suppress the terms involving d’d” — dd’ and similar expressions. 

(75.) When independent differentials are employed, we may fall back on the 

equation (cxx) or 

Ban. Vp2ps oO Vpspi 0 Vpip2 ) 

Spopsp. Ou —Spspip2 "Ov — Spypsps " de 

which we shall write for brevity in the form 

(cex1) 

where v, v’, v’’ are normals to the surfaces determined by constant values of u, v and w 



XIII. } THE OPERATOR V. 471 

respectively. The following equations among others are satisfied by these normal 

vectors, 
Sovt+1=0, Spw=0, Spywv=0. (cexii) 

Also when we consider w, v and w to be functions of p we have 

V=V i V ety ? iii He mere es? (cexii1) 

So the vectors v may be expressed by the equations 

ve Vu, v=Vo, Vv =Vw (cexiv) 
whence we find 

VWVr= 0; VVir = 0 -VVy' =.0. (ccxv) 

(76.) These equations may be deduced from (ccx) as a particular case. In fact 

02 2 0 
hes mee , ts oh 4 

V 2" + 23S8v'v an Wy (cexvi) 

and 

g) / 0 i 0 7 0 = VVr se uh VVv vies VVv a (cexvii) 

The vector equation furnishes the three equations (ccxv) as appears by operating 

for example on wu, v and w respectively. 

(77.) But there is still another form for V, namely 

1 0 Soe 
eee i (Vous 9) +2 (Voups« 9) + (Veupo. a| (coxviii) 

in which for greater clearness the operand is inserted. On expansion this obviously 

reduces to (cxx). Hence we have 

V2= ; g ( (Vpops)” | y eer G 
mae — SO Ee ie hag (EL RE ia pa 

Spipops Spipops Ou Ou \ Spipzps ov 
} (ccxix) 

where the second sum includes six terms and to this the sign S may be prefixed. 

This may also be written in the more compact form 

Vv 0 eo 0/ Sw’ oO 
ile Vaskhe ie oer gies, ies By = , 

Me ada Is Ou (som =| a Ou (ser = oe 

(78.) The analytical expression for V? becomes immensely simplified in two 

important cases; (I.) whenever the parameters are Cartesian coordinates, rectangular 

or otherwise, for then the vectors v, v’, v’’ are constant instead of being as in general 

variable with p; and (II.) whenever the three families of surfaces are mutually 

rectangular, 
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In the second case, which includes the most important application of the first, 

we may remove at once the superfluous symbols S and V from (cxx) or the first 

expression of (75.) we then have 

i as ay call LGN a hw Ye) 
Sra See cots ay Bigs tan 

pi 0% py OV ps Ow Seed 

Forming the square of this directly or replacing Sp,p.p; by — Tp.p2p3 and (Vpep3)* by 

— Tp’p;? in (ccxix) we obtain 

1 

Tpipops 

a) 0 
es Eat Sp aaecde “e Va > ay (tp, Pops =) (ccxxi1) 

which is equivalent to the usual expression for V? in orthogonal curvilinear coordinates. 

(79.) If the family of surfaces u constant is isothermal or equipotential, we must 

have 
V?f(u) = 0 (ccxxil1) 

where f(w) is the potential. Operating by V’ as given by (cexxii) on f(w) we obtain 

0 0 0 
a [Toop Z| =0 or Tp; 'p.p; ae = Fv, w). (ccxxiv) 

If the parameter wu is the potential, so that V’u =0, the product Tp,p.-p;7 is a 

function of » and w. If moreover the three families are equipotential (ccxxii) 

reduces to 
icc eC ee Lekaos 

V2 = (ccxxv) 
~ py? Ou® * py? Bv® ” py? dot 

when u, v, and w are the corresponding potentials. 

(80.) More generally we shall find the condition that the family of surfaces 

Tp, uy = 90 (ccxxvl) 

should be isothermal. If we suppose the parameter (w) of the family to be found by 

solution as a function of p we may treat (ccxxvi) as an identity and may equate to 

zero the results of operating by V and V? on f(p, vw) when we operate both on u 

and on p. Hence 

of Vi tVa. == 6 CCXXVil f+ Vu e (CCXxvil) 

where p alone is operated on in Vf. Again 

OV 6) 6) é 
vet Vue 4 vi va ve. 4 (ou), ad a) au aa 5 ay (ccxxviil) 
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But evidently V as operating on p is commutative with a so we have the simpler 
u 

expression 

: 
+ V7u — ie ANd er oe =), (cexxix) 

ovis 
*F4 2 : Vf + 28Vu = 

Now if P is a function of « which satisfies V?P=0, as a particular case of this 

equation 
0 oa Reels in 
— log — + —~—= aos Bat (Tur? (CCxxx) 

Eliminating Vu and V*’u between (cexxvil), (cexxix) and (ccxxx) we obtain 

without difficulty 

) aie, 0 Of a vif af ahi PY ples $2 te Nee ea a 24 
SU CAD ROn eed cele tb Geticen RGRI 

When the operations* indicated have been performed on the right-hand member 

of this equation, it must be possible to reduce it by means of the equation (ccxxvi) of 

the family of surfaces to a function of u alone if the family is isothermal. This con- 

dition being satisfied, two integrations afford P, the temperature (or the potential) 

appropriate to the surfaces. The condition may be obtained explicitly, for if 2’(p, ~) 

can thus be reduced to a function of wu, 

or 
V.i+ Vu — || va || VS or VVf/V F=0. (ccxxxil) 

Hence the condition may be written as a partial differential equation in the form 

WS. Via log (2 ee vel aad As Ugeest 

(81.) As an example take the system of confocals 

I (p, u) = Sp(@4+ uy p-1 = 0. (CCXXXIV) 
For this 

Vf=-2(B+uytps Vif= 2a eu)? + (rays (Atay); Za a(v/y 
(CCXXXV) 

The differential equation for P is simply 

< log = 2 =-iWf=-4((@+u)) + (P+u)? + (e+u)"); 

* The fact that these operations are partial must be borne in mind. This may be illustrated for 

the cases f=p?+u*, f= pu? +1. 
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the condition (ccxxxiii) is obviously satisfied and 

d 
Hee | a, (cexxxyl) 

((a? + w) (6? + u)(c? + u)) 

a second arbitrary constant being understood to accompany the sign of integration. 

(82.) It is also easy to find in terms of V the condition that the family of surfaces 

Fp = u (cexxxvi1) 

should compose one of three mutually orthogonal systems.* 

The vectors pi, pz, p3 being the deriveds of p with respect to three parameters 

u, v, and w, the corresponding surfaces will be mutually orthogonal if the equations 

Sp2p3 = Spsp. = Spip2 = 0 (CCxxXVill) 

are true for all values of uw, 7, and #. Under these conditions we may differentiate 

and equate the results to zero. Thus we obtain 

S (pisps £5 P2P31) = S (p23p1 ae P3P12) = S (psipe ve P1P23) = 0, 

or what is equivalent 
Spesp1 = Spsipe = Spi2ps = 0 (ccxxxix) 

or again by the conditions of perpendicularity, 

Spasp2s = Spsipsp1 = Sprpip2 = 0. (cexl) 

These equations show that the surfaces intersect along their lines of curvature 

for they are of the form 
Svdvdp = 0 (cexl1) 

which is the well-known equation of the lines of curvature. They may be replaced 

by vector equations, one of which is 

P23 = YP2 ie %P3 (cexlii) 

where y and z are certain scalars, Differentiating with respect to u, we may write 

the result in the form 

esas Gta! ftw! ae lili 
vow y Ov eee Ow ; Ou inl Ou re ry 

and this implies 
0p, Cp Op, ° 

S oh) ef ota ome es Wer) ecxliv 
ie ee 405” ze) i ( ) 

Now 

se ak Pee S / V G) teal S / oe? S / N) / S / ] 
ov Pe2v, Ape p3V, AHA p'2V p'sV — P'23V (ccxlv) 

* Compare Salmon’s Geometry of Three Dimensions, fourth edition, pages 436-450, 
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in which the accents signify that the marked vectors are free from the operation of V. 
Hence we see immediately by (ccxlii) that generally and symbolically 

e 0 0 
by ee’ We PcNey he Sa oe / / i 1 

avow dv ~ dw pe ayepay3 ce) 

while the condition (ccxliv) may be replaced by 

Sp’2VSp’sVSp' pi = (cexlvii) 

in which V operates solely upon the unaccented vector py. 

It only remains to replace pi, p2, and p; in terms of V and Jp in order to obtain 

the differential equation which the equation of the family of surfaces Fp = u must 

satisfy. 

In the first place (ccxxi) 

VE=Vu=-p orp =- Vis (ecxlviil) 

and again if we put v = VF and write 

dv=q¢dp= SdpV.VF (cexlix) 

in the equation of the lines of curvature (ccxli), we find 

Pn \| (P+ bay 7y || (Wt tax + te’) (cel) 

where the suffix n = 2 or 3 and where #2 and ¢, are the roots of the quadratic 

Sv(p+t,)v=0 or Sv(W + tax + 6,?)v = 0. (ecli) 

We may also write 
pn || vVu(W + tax)y || A+ tam, (cclii) 

the vectors A and » being introduced for the sake of brevity and being known in 

terms of V and F by the results of sections (27.) and (28.). Substituting in (ccxlvii) 

we obtain 
S(Ay + topo) VS(Ay + ts) VS(VF')71 (VE), = 0; (ecliii) 

and finally by the aid of the quadratic (ccli) we arrive at the equivalent of Cayley’s 

differential equation of the third order in the form 

{(SA,V)? — (Svtyv)) SALVSp,V + (Sv ty), (Su,V)?} S(VF)1 (VE), = 0. (ccliv) 

In this the suffixes are intended to indicate that the quantities distinguished by them 

are exempt from the operation of V. 
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INDEX TO VOLUMES [L AND I. 

[The Roman Numerals i, ii, refer to the First and Second Volumes respectively ; the Arabic figures to the pages. | 

Ablatitious force, 322 ii. 

Abstraction of symbol from subject of operation, T, 

165.1 -.K; UO. BR, 142 1° KS, V, 2041; o; 

494i; V, 434 ii. 
Academy, Royal Irish, first communication on quater- 

nions, note, 160 i, 316 i, 380 i. 

construction of ellipsoid, note, 230 i. 

spherical quadrilaterals, note, 392 1. 

lines of curvature, note, 239 ii. 

hodograph, notes, 300 ii, 310 ii, 318 ii, 319 11. 

rotation of a solid, note, 290 ii. 

development of disturbing force on planet, note, 

321 ii. 

Third Supplement on Systems of Rays, notes, 

330 ii, 341 ii. 
Conical Refraction, note, 341 ii. 

Operator v, note, 548 i. 

Acceleration, vector of, 100 i. 

with respect to moving axes, 289 ii, 403 ii. 

Action of a dynamical system, 296 ii. 

Actual vector, 3 i, 110i. 

Addition, extended meaning of, 5 i. 

of vector and point, 5i. 

of vectors, 51; is commutative and associative, 7 i. 

of quaternions, 1161; is commutative and asso- 

ciative, 176 i, 204 i, 207 i. 
of vector-arcs, is not commutative, 156 i; is 

associative, 304 i, 408 i. 

of vector-angles, 406 i. 

of amplitudes, 264 i. 

spherical, 406 1. 

Algebra, imaginary symbol of, 133 i, 224 i, 253 i, 

258 i, 289 i, 316 i. 
paradox in, 149 i. 

| principles adopted from, 108 i. 

| extended use of signs in, 5i, 61, 108i, 1231, 2561. 

| Algebraic form, equations of, 77 i. 

_ Alternation and inversion, equidifference of points, 4 i. 

equality of geometric quotients, 118 1. 

of vector-arcs, 144 i. 

Am, symbol for amplitude, 262 i. 

Amz or Zn, 263 1; Amo, principal amplitude, 263 i. 

Amplitude of quaternion, 2621; note, 120 1. 

| of a twist, 390 ii. 

| Amplitudes, addition of, 264 i. 

Analytical expressions for V, 469 ii. 

| Angle of quaternion, 120 i, 111 i. 

differential of, 458 i, 277 ii. 

Euclidean, 120 i. 

representative, 151 1. 

vector-, 151 i, 406 i. 

for curves, auxiliary, H, 891i, P, 89 ii, C, 91 ii, 

DOB ILI Gai ALLS a: 

| of contact, 403 i, of torsion, 403 il. 

| Angular acceleration, note, 289 ii. 

momentum, 289 ii. 

velocity, 288 ii, of emanent, 84 ii, 119 ii. 

Anharmonic coordinates, 23 i, 378 ii; in space, 55 i, 

388 il. 

construction of cubic curve, 38 i. 

equations of curves, 32 1; of surfaces, 87 1. 

function or quotient, 16 1. 
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Anharmonic coordinates of four points on a line, 15 1; 

in space, 2941; ona circle, 297 i. 

properties of ruled surface, 408 ii. 

of triangle, 21 i. 

quaternion, 294 i, 350 i. 

Anti-parallel sections of a cone, 183i. 

Apollonius of Perga, locus, 130 i, 165 i, 191 i, 182 ii. 

cyclic cone, 181 i. 

Applicable surfaces, 264 ii, 402 ii. 

Are, vector-, 143 i. 

representative, 143 1. 

cyclic, 185 i, 308 i. 

of curve, element of, 32 ii, 87 ii; of surface, 

263 ii, 411 ii. 

on surface, variation of, notes, 48 ii, 271 ii. 

affections of curve involving the third power of, 

88 ii; fourth power of, 112 ii; fifth power of, 

156 ii. 

of cusp-edge of polar developable, 120 ii; of 

rectifying developable, 123 ii. 

of evolute, 169 ii. 

Arch, oblique, 283 ii. 

Arcual sum, 156 i, 303i, 369 i. 

Area, sign of, 18 i. 

directed, 482 i. 

of parallelogram, 246 i. 

of spherical triangle, 364 i. 

of spherical polygon or curve, 368 i, 370 i. 

of spherical cap, 482 i. 

Areal velocity, 299 ii. 

Arithmetic, illustration of differential from, 434 i. 

Aronhold’s notation, 467 ii. 

Arrangement of axes of a function and its conjugate, 
512 i, 384 ii. 

of rays of complex and congruency, 419 ii. 
Aspect of plane, 112i; note, 207 i. 

Associative law for addition of vectors, 7i; of qua- 
ternions, 207 i; of vector-arcs, 304 i. 

for multiplication of i, 7, 4,159 i; of quaternions, 

308 i, 2451; of vectors, 337 i. 

for multiplication, enunciations of, 301 i. 
Assumption as to equality of a right quaternion with 

its index-vector, 334i; note, 175 i. 
Asymptote of hyperbola, 341; 9 ii; of twisted cubic, 

131 ii, 162 ii. 
Asymptotic cones, 189 ii, 186 ii. 

Attracting bodies, system of, 298 ii. 

ELEMENTS OF QUATERNIONS. 

Atwood’s machine, 100 i. 

Auxiliary functions, linear vector, 486 1, 4951; quater- 

nion, 560 i. 

spherical curves, 28 ii, 51 ii, 110 ii. 

angles for curves, H, 89 ii; P, 89 ii; CO, 9111; 

D, 98 ii; J, 116 ii; J, 118 ii. 
vector function for confocals, 199 ii. 

Ax., symbol for axis of quaternion, 120 i. 

examples on, 121 i. 

equals IUV, 203 i. 

replaced by UV, 334 i. 

Axes or directions of linear vector function, 508 i. 

arrangement of, and of its conjugate, 512 i, 

384 il. 

coincidence of two, 503 i, 379 il. 

of three, 505 i, 379 ii. 

determination of, note, 512 1. 

imaginary, 514i. 

indeterminate, 501i, 525i, 369 ii, 379 ii, 
385 il. 

rectangularity of two, note, 513 1. 

of three, note, 513 i, 5141, 5171. 

of system of functions, 384 il. 

of ellipsoid, principal, 2381; of quadric, 536 i, 

187 li, 272 ii. 

of section of quadric, 238 i, 525 i, 231 ii, 253 ii. 

of sphero-conic, 192 ii. 

of confocals, 199 ii; of touched confocal, 228 ii. 

of inertia, 291 ii. 

of crystal, optic, 348 ii. 

moving, 408 ii, 404 ii, 410 ii ; note, 289 ii. 

Axis of quaternion, 119i, 1121, 2031; differential 

of, 458 i. 

of parabola, 34 i. 

of screw rotation, 84 ii, 95 i1. See Screw. 

of system of applied forces, central, 286 ii. 

of instantaneous rotation, 288 ii. 

polar, 57 li. 

Ball, Sir R. §., Theory of Screws, Note VIII., 390 ii; 

notes, 285 ii, 287 ii; 374 ii. 

Barycentres, 86 1. 

Barycentric Calculus, referred to in notes, 22 i, 50 i, 

61 i, 62 i, 85 i, 162 ii. 
Bertrand, geodetics on cylinder, note, 111 ii. 

Biaxal crystal, 323 ii. 

Biconcyclic surfaces, 627 i, 187 11, 272 ii. 
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Bicouple, 289 i. 

Bifocal form of linear vector function, 545 i, 196 ii. 

Binet’s theorem on principal axes, note, 292 ii. 

Binomial form of quaternion, 254 i. 

of linear vector function, 498 i. 

Binormal, 28 ii, 82 ii. 

Biquadratic equation of linear quaternion function, 

560 i. 

of united points, 387 ii. 

Biquaternion, 133 i, 225 i, 289 i, 316i. 
Biscalar, 225 i, 289 i. 

Bisecting sides of spherical triangle, triangle, 358 i. 

Bisectors of a triangle, 18 i. 

Bivector, 225i; note, 171 ii. 

Bonnet on geodetic torsion, 416 ii. 

Booth, tangential coordinates, notes, 40 i, 255 ii. 

Calculus, Barycentric, notes, 221, 50i, 61i, 62i, 85, 

162 ii. 

of finite differences, 83 i. 

of functions, 202i, 205i. See Abstraction. 

of partial differentials, 48 ii. 

of variations, notes, 48 ii, 271 ii. 

Cambrure, note, 81 ii. 

Cap, area of spherical, 482 i. 

Carnot on transversals, notes, 65 i, 377 i. 

Cartesian coordinates and quaternions, note, 248 i, 

3561 ii. 

expressions for functions of a quaternion, 242 i. 

Cassinian oval, 281 i, 285 i. 

Cauchy on the wave-surface, note, 324 ii. 

Cayley on the theorem of the polar plane, note, 357 ii. 

on quaternion determinants, 361 ii. 

on orthogonal surfaces, 474 ii. 

Central sections of quadric, 238i, 525 i, 281 ii, 253 ii. 

surfaces, 186 ii. See Quadric. 

axis of system of applied forces, 286 ii. 

of finite displacement, 398 ii. 

orbit, 298 ii. 

Centre of involution, 16 i, 409 ii. 

of homology, 60 i. 

of conic inscribed to triangle, 36 i. 

of ruled hyperboloid, 92 i; vector to, 96 i. 

of osculating circle, vector to, 50 ii, 57 ii. 

of spherical curvature, 74 ii, 134 ii, 155 ii, 168 ii. 

of quadric, 280 ii. 

of applied forces, 286 ii. 
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Centres of curvature of a surface, 246 ii. 

quadric, 260 i. 

surface of, 254 ii. 

‘reciprocal of surface of, for a quadric, 2565 ii. 

Centro-focal ellipses, 203 ii. 

Characteristic function, 297 ii; for central orbit, 314 ii. 

of operation. See Symbol. 

Chasles, referred to in notes, 161i, 31 i, 72i, 89 i, 

183 i, 300i, 308i, 340i, 227 ii, 236 ii. 
Chiastic homography of screws, 394 li. 

Circle, inscribed or exscribed to triangle, 33 i; to 

spherical triangle, 401 i. 

quaternion equation of, 133 1. 

expressed by square of right radial, 134 i. 

examples on, 174 i. 

inverse of line, 296 i, 349 i. 

through three points, vector equation of, 355 i. 

exponential equation of, 417 i, 462 i, 5 ii. 

touching three small circles on a sphere, 427 i. 

osculating a curve, 50 ii, 86 ii, 174 ii. 

vector equation of, 58 i. 

and intersecting, 60 ii. 

deviation of, from curve, 97 ii, 133 ii, 138 ii, 

404 ii, 
locus of, 140 ii. 

geodetic, or Didonia, 271 ii. 

of excentricity, 306 ii. 

| Circular sections of cyclic cone, 184 i. 

of ellipsoid, 232 i, 239 i. 

of index surface, 2384 ii. 

of Fresnel’s wave surface, 332 ii. 

group of four points, 297 i. 

successions, 297 i, 305 i, 311i. 

logarithmic spiral, 419 i. 

points at infinity, note, 516 i. 

hodograph, 300 ii. 

ridges on Fresnel’s wave-surface, 337 ii, 344 ii. 

Circumscribed developable of curve, 116 ii. 

to confocals, 222 ii. 

to surfaces, 232 ii. 

Cis (symbol), 260 i. 

Class of a curve, 42 i, 93 i. 

surface, 88 i. 

congruency, 431 ii. 

Classification of points of construction, 55 i, 75 i. 

of quadrics by roots of function, 187 ii. 

by centres, 280 il. 
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Clifford, note, 289 ii. 

Co-axial quaternions, 250 i. 

linear functions, 364 Ii. 

Coefficient of non-sphericity, 80 ii, 120 ii, 135 ii, 138 ii. 

Coefficients of vectors, 9 i. 

differential, 99 i, 444 i. 

Coincidence of axes of linear function, 878 ii. 

s 

of cusp-edges of envelope, 146 ii. 

Collinear, condition that three points should be, 14 i, 

49 i, 52i, 57i. 

three right quaternions, 247 i. 

quaternions, 210 i. 

termino-, vectors, 14 i, 343 i. 

Comet, distance from earth of, 320 ii. 

Commutative law for addition of vectors, 6 i. 

of quaternions, 176 i, 207 i. 

not valid for addition of vector arcs, 156 i. 

multiplication of quaternions, 147 i, 156 i. 

of linear functions, 364 ii. 

Complanar points, 14 i, 451, 56 i. 

vectors, 141, 3401; proportion of, 250 i, 256 i. 

termino-, 45 i, 344 i. 

quaternions, 116 i, 211i, 250 i. 

Complanarity, sign of, 117 i. 

condition of, of points, 14 i, 45 i, 52i. 

of vectors, 14 i, 338i. 

of quaternions, 148 i. 

Complex mean of » vectors, 85 i. 

of lines, note, 211 11; Note XII., 417 ii. 

Composition of two quadrantal rotations, 149 i. 

of rotations, 415 i. 

of wrenches and twists, 390 ii. 

Concircularity, condition of, of four points, 297 i, 

51a ahe byes by gra 

Concurrence of three lines, 18 i. 

of four planes, 57 1, 342 i. 

of three circles, 311 i. 

Concyclic quadrics, 527 i, 187 ii, 272 ii. 

Condition of collinearity of three points, 14 i, 49 i, 

D2, Date 

right quaternions, 247 i. 

commutation of quaternions, 148 i. 

linear vector functions, 364 ii. 

complanarity of points, 14 i, 45 i, 52 i. 

of vectors, 14 i, 338 i, 345 i. 

of quaternions, 148 i. 

of versors, 148 i. 

ELEMENTS OF QUATERNIONS. 

Condition of concircularity, 297 i, 177 ii. 

concurrence of lines, 18 i. 

of planes, 57 i, 342 1. 

of contact of line and sphere, 224i, 427 i, 428 i. 

and quadric, 209 ii. 

homoconicism, 376 ii. 

homosphericity, 352 i, 354 i. 

indeterminateness of axes, 379 ii. 

integrability of Sydp, 276 ii. 

parallelism, 10 i, 194i, 325i. 

perpendicularity, 180 i, 325i, 3451. 

planarity of curve, 26 ii. 

rectangularity of axes of function, note, 513 i. 

sphericity of curve, 80 ii, 120 ii, 135 ii, 138 ii, 

406 ii. 

termino-collinearity of vectors, 14 i, 343 1. 

complanarity, 45 i, 344 1. 

Cone, asymptotic, 186 ii, 189 i1. 

of axes of system $ +10, 384 ii. 

of complex, 4380 ii. 

confocal, 213 ii. 

cubic, vector expression for, 951; monomial 

equation of, 281 ii, 384 ii. 

on curve, 27 ii, 34 li. 

cyclic or quadric, 95 i, 181 i, 309 i, 189 ii. 

expressed by S, 1811. 

vector expression for, 95 i, 101i. 

differential equation of, 46 ii. 

focal, 202 ii, 216 ii. 
geodetics on, 31 ii. 

motion of body about fixed point represented by 

rolling, 290 ii, 291 ii. 

of normals, 243 ii. 

osculating, related to curves, 91 ii, 99 ii, 126 ii, 

129 ii, 163 ii. 
of parallels to tangents, 6 ii, 27 ii, 29 ii. 

Pascal’s theorem deduced from equation of, 

376 il. 

of revolution, 1831; note, 184 ii. 

expressed by Z, 121i, by S, 180i. 

equation of one sheet of, 121i. 

tangent to sphere, 225 i; to quadric, 

217 ii. 

tangent, to sphere, 2251; to quadric, 209 ii. 

to confocals, 213 ii; note, 224 il. 

right, 217 ii. 

at wave-cusp, 336 ii, 341 ii. 
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Confocal quadrics, 196 ii. 

tangent cones, 213 ii; note, 224 ii. 

right, 217 ii. 

equation of, 207 ii. 

a line touches two, 214 ii. 

developable circumscribing, 222 ii. 

corresponding points on, note, 2265 ii. 

vector equation of, note, 226 ii. 

axes of inertia related to, note, 298 ii. 

wave-surface and, 346 ii. 

as isothermal surfaces, 473 ii. 

Congruence for quinary symbols, formula of, 51i. 

Congruency of lines, 417 ii. 

Conic, anharmonic equation of, 32i. 

asymptotes of, 341, 9 ii. 

circumscribed to triangle, 386i. 

conjugate diameters of, 94 i. 

curvature of, 52 ii, 54 ii. 

evolute of, 53 ii, note, 168 ii. 

excentric anomaly of, 417i, dii. 

exponential equation of, 417i, 462i, 5ii, 25 ii. 

exscribed to triangle, 33i, 361. 

focal, 202 ii, 219 ii. 
index-, 231 ii. 

intersection of cone and plane, 181 i. 

cylinder and plane, 196i, 199i. 

invariants, 380 ii. 

quaternion equation of, 9 ii. 

spherical, intersection of cone and sphere, 182i. 

of ellipsoid and sphere, 239 i. 

associative principle illustrated by, 302i, 

308 i. 

curvature of, 63 ii. 

axes and foci of, 192 ii. 

on wave surface, 346 ii. 

vector equation of general, note, 10 ii. 

Conical points on wave-surface, 332 ii, 335 ii, 341 ii. 

refractions, 341 ii. 

rotation, 154i, 172i, 359 i, 398i, 429i, 397 ii. 
linear function of, 367 ii. 

surfaces, family of, 46 ii. 

Conjugate diameters of ellipse, 941; ellipsoid, 94 i. 

of quadric, mutually, 211ii, note, 250 ii, 

374 il. 

directions to two quadrics, mutually, note, 250 ii, 

364 il. 

harmonic, 16i. 
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Conjugate of linear vector function, 485 i. 

quaternion function, 555i. 

transformation function, 388 ii. 

point of cubic, 41i. 

points to quadric 229i, 4281, 209 ii. 

quadrics, note 188 ii. 

quaternions, 1151, 123i. 

screws of potential, 395 ii. 

tangents, 231 ii. 

of vector, 346i. 

Conjugation, characteristic of, K, 1241. 

equation of (linear vector function), 485 i. 

(linear quaternion function), 555i. 

(pole and polar), 2291, 428i, 209 ii. 

Connected region, multiply, 449 ii. 

Constants determining a linear vector function, 486 i, 

530i, 374 ii. 
quaternion function, 5561. 

dynamical, of a body, 396 ii. 

elastic, 463 ii. 

or invariants of linear vector function, 491 i, 376 ii. 

vector-, of ellipsoid, 201i, 236i. 

Constituents of a quaternion, 2421. 

Construction for centre of curvature of hyperbola, 

54ii; of sphero-conic, 665 ii. 

of spherical curvature, 77 ii. 

for cubic curve, 38 1. 

for ellipsoid by diacentric spheres, 2341, 241i, 

184 ii. 

by variable ellipses 201i, 204 ii. 

modular and umbilicar, 279 ii. 

of fourth proportional to three diplanar vectors, 

3621, 

points of, for plane net, 17 i, 221i; for net in 

space, 61i. See Points. 

for potential in orbit, 307 ii 

of rays of congruency, 419 ii. 

of series of spherical parallelograms, 3901. 

for wave-surface, 327 li, 253 ii. 

Contact of line with sphere, 2251. 

quadric 209 ii. 

See Tangent, Osculating. 

Continued proportion of complanar vectors, 256i, 

251i. 

Continuity, equation of, 456 ii. 

Convention respecting sign of area, 18i. 

of volume, 48 i. 
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Convention respecting sense of rotation, 119 i, notes, 

111i, 152i, 369i. 
position of operator and operand, 110i, 147i. 

expansion of quaternion determinants, 361 ii. 

Convergency of series, 269i, 424i. 

Coordinates, anharmonic, 231, 55i. 

of a plane, 60i. 

Cartesian, 248i. 

of a couple, 254i. 

curvilinear, 471 ii. 

elliptic, note, 225 ii. 

geodetic, 264 ii. 

idea of, foreign to quaternions, note, 112i, 404 i, 

351 ii. 

of a line, note, 211 ii; 426 ii. 

screw, 392 ii. 

tangential, 40 i, 255 ii. 

Co-reciprocal screws, 392 ii. 

Co-residuals on cubic, 386 ii. 

Corresponding points on confocals, note, 225 ii. 

Cosine of quaternion, 275 i, 424i. 

Couple (quaternion in given plane), 254 i. 

or moment, 284 ii. 

Criterion as to nature of conic inscribed to triangle, 34 i. 

Crystal, propagation of light in biaxal, 328 ii. 

incidence of light on, 352 ii. 

Cube-root of quaternion, 256i; principal, 257 i. 

Cube-roots of unity, nine, 291 i. 

Cubic, anharmonic construction of plane, 38i. 

equation of, 411. 

cone, 951, 281 ii, 384 ii. 

surface, general equation of, 281 ii. 

related to curve, 164 ii. 

symbolic, of linear function, 494i. 

depressed, 501i, 505i, 379 ii. 

twisted, having contact of third order with a 

curve, 92ii, 104ii; of fourth order, 125 ii, 

128 ii; of fifth order, 129 ii, 167 ii, 404 ii. 
vector equation of, 131 ii, note, 562i. 

Curl of vector, 444 ii. 

Curvature of curve, absolute, 50 ii. 

second, or torsion, 88 ii, 811i, 92ii, 108 ii, 109 ii. 

spherical, 74 ii. 

vector of, 52 ii, 56 ii. 

of hodograph, 302 ii. 

of surfaces, 246 ii. 

geodetic, 267 il. 

ELEMENTS OF QUATERNIONS. 

Curvature of surfaces, lines of, 230 ii, 235 ii, 236 ii. 

through umbilic, 242 i. 

measure of, 261 ii, 412 ii, 4165 il. 

of section, 267 ii. 

total, 264 ji, 416 ii. 
Curvatures, constant ratio of, 111 ii, 405 ii. 

difference of, of surface, 249 1. 

Curve, affections of, depending on third power of arc, 

88 ii. 
on fourth power, 112 ii. 

on fifth power, 156 ii. 

auxiliary angles for a. See Angle. 

cubic. See Cubic. 

deviation of. See Deviation. 

element of arc of, 32 ii. 

emanating line and planes, 83ii, 85 ii, 109 ii 

114 ii, 408 ii. 

osculating planes and absolute normals to, 24 ii. 

reciprocal of, 41 ii, 111 ii, 193 ii. 

spherical, 62ii. See Spherical. 

tangents and normal planes to, 4 ii. 

unicursal, note, 10 ii. 

vector equation of, 941. 

Curvilinear coordinates, 471 ii. 

Cusp or conical point on wave-surface, 33211, 336 ii, 

341 ii. 

-cones of wave-surface, 343 ii. 

-edge of developable, 931, 100i, 36 ii. 

(polar), 120 ii. 

(rectifying), 122 i1. 

of envelope of sphere, 144 ii. 

-rays, 332 ii. 

Cyclic arcs, 1851, 308i. 

cones, 95i, 181i, 309i, 189 i1. 

form of linear vector function, 5201, 5281, 5353, 

5381. 

applied to quadric, 5351, 187 ii. 

to wave-surface, 332 ii. 

to strain, 369 ii, 373 ii. 

planes, normals, of cone, 183i, 549i. 

of ellipsoid, 232i, 235i. 

of quadric, 18 ii. 

quadrilateral, 2961, 3471. 

Cyclical law of i, j, 4, 1581. 

permutation under § of vectors, 350i; of quater- 

nions, 248i. 
of linear vector functions, 363 ii, 
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Cylinder of revolution expressed by TV, 195i. 

by V, 199i. 

centre indeterminate, 280 ii. 

geodetic on, 301i, 405 ii. 

osculating curve, right, 95 ii. 

tangent, to sphere, 201i; spheroid, 201i; ellip- 

soid, 202i. 

right, 201i, 202i, 2361, 241i, 220ii. 
Cylindrical surfaces, equation of, 44 ii, 45 ii. 

Cylindroid, 391 ii, 419 ii, 4221. 

D’ Alembert’s principle, 288 ii. 

Darboux, referred to in notes, 401 ii, 415 ii. 

Decomposition of quaternion g = Tg. Ug, 169i; 

g=Sq+Vqg, 193i; in terms of four quater- 

nions, 242i, 564i. 

of vector along and perpendicular to a given direc- 

tion, 193i. 

along three given directions, 338 i. 

at right angles to three planes, 3391. 

into tensor and versor, 164i. 

of strain, 366 ii, 370 11, 375i. 

Definite integral, analogue of, 368 i. 

over sphere, 482i, 483i. 

total curvature, 265 ii, 416 ii. 

principal function, 294 ii, 314 ii. 

characteristic function, 296 ii, 314 ii, 317ii. 

time in orbit, 310 ii, 317 ii. 

Definition of addition, 5i, 109i, 116i. 

of differential, 971, 430i, 438 1. 

of multiplication, 1081, 101. 

of power of a vector, 3961. 

of a quaternion, 421 i. 

of reciprocal of vector, 2931. 

of subtraction of vectors, 51; of quaternions, 

109i, 116i. 
of a sum of vectors, 71. 

of a vector, 31. 

Deformation of sphere, 232i. 

theorem of geometrical, 525i. 

of surfaces, 264 11, 402 ii, 416 ii. 

strain, 365 ii. 

Degenerate quaternions, 120i, 178i, 333i. 

Degree of plane curve, 32i. 

of twisted curve, 93i, 10 ii. 

of surface, 87 i. 

Delaunay on isoprometrical problem, note, 271 ii. 
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De Moivre’s theorem, 264i. 

De Morgan, Double Algebra, note, 278i. 

on geodetics on surfaces of revolution, 49 ii. 

on evolutes, 169 ii. 

Denominator, reduction of two quaternions to a com- 

mon, 116i. 

Depressed equation of linear vector functions, 501 i, 

505 i, 379 ii. 

Derivative of a vector, 99 i. 

partial, 294 ii. 

Derived from scalar, vector (v), 548 i, 13 ii, 482 ii. 

Descartes on powers of lines, notes, 394 i, 404i. 

Desk, illustration of quaternion by, 113 i. 

Determinants, quaternion, 361 ii, 382 ii, 393 ii. 

Developable surface, 100 i, 36 ii, 409 ii. 

circumscribed, 116 ii. 

to surface (conjugate tangents), 232 11. 

circumscribing confocals, 222 ii. 

cusp-edge of, 93 1, 100i, 36 ii. 

differential equation of, 46 ii. 

as envelope, 42 ii. 

generated by emanants, 85 ii, 409 il. 

geodetic on, 37 li, 272 ii. 

normal surface, 256 ii. 

polar, 58 ii. 

reciprocal of, 41 ii. 

rectifying, 81 ii, 122 ii. 

Development of a vector, 102 1. 

of functions of quaternions, 465 i, 476 i. 

of vector to point on curve, 112 ii, 156 ii, 404 ii. 

of disturbing force, 32011. 

Deviation of curve from osculating sphere, 79 ii, 

132 ii, 138 ii. 
circle, 87 U1, 97 11, 1383 ii, 1388 ii; helix, 95 ii. 

parabola, 96 ii. 

of helix from twisted cubic, 161 ii. 

in general, 404 ii. 

Diacentric sphere, 234 i, 2411; note, 204 ii. 

Diameters, conjugate, of ellipse, 951i; ellipsoid, 951; 

quadric, 211 ii; note, 250 ii. 

Didonia, note, 271 ii. 

Difference of two points, 3i; of two vectors, 5 i. 

of two quaternions, 176 i. 

of curvatures of a surface, 249 ii. 

Differenced equation of quadric, 21 ii. 

Differences and differentials, 102 i, 431 i, 434 i, 469 i, 

174 ii, 179 ii. 
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Differences and differentials, successive, 479 i. Direction, relative, 110i, 138i. 

unchanged by strain, 368 ii. 

Directions of linear vector function, 508 i. See 

Linear vector function or Axes. 

Displacement, axis of, 95 ii. 

finite, 397 ii. 

Dissipation function, 461 ii. 

Distance of comet from earth, 320 ii. 

Distribution, parameter of, 408 ii. 

Distributive property of multiplication of vectors by 

co-efficients, 9 i. 

finite, equation in, 84 i. 

Differential coefficient, 99 i, 444 i. 

definition of, 97 i, 431 i, 440 i. 

s and differences, 102 1,431 i, 434 i, 4691, 174 ii, 

179 ii. 

distributive property of, 441i. 

elimination of, 4481. 

equation of families of surfaces, 44 ii, 47 ii. 

of geodetics, 29 ii, 34 ii, 226 ii, 414 il. 

of lines of curvature, 230 ii, 412 i. 

for principal function, 296 ii, 314 ii. 

for characteristic function, 297 ii, 315 i. 

exact, 275 ii, 554 i. 

with multiplier, 276 ii. 

finite, 99 i, 103 i, 432 i, note, 179 ii. 
fluxion compared with, 4311. 

illustrations of, 432 i, 435 i, 469 1. 

Lacroix on, 473 1. 

of quaternions, 212i, 219i. 

of sign I, 2061; K, 176i, 207i; 8, 185i; 

V, 2043. 
of differential, 441i. 

Disturbing force on planet, 320 ii. 

Division of vector by parallel vector, 10i. 

of quaternions, defined, 109i, 116i. 

homographic, 16i. 

Double algebra, note, 278 i. 

Duality, 888 ii, 427 ii. See Reciprocity. 

Dupin, indicatrix, 231 ii. 

conjugate tangents, 232 ii. 

Lagrange on, 441 i. 

Maxwell on, 102i. 

Newton on, 431 i. 

partial, 1011, 446 i, 479 i, 48 ii. 

of quaternion function, 438 i, 440i, 446 1; lines of curvature on confocals, 236 ii. 

of g*, 4381; of g-1, 489i, 4471; of g™, 451i; focal conics, note, 236 ii. 

of g}, 452i, 560i; of «7, 453i; of Kg, Sg, Vg, | Dynamical constants of a body, 396 ii. 

4551; of Tg and Ug, 456i; of Ax g, 458i; | Dynamics, general equation of, 287 ii. 

of Zq, 459 i. general method in, note, 295 ii. 

of function of function, 449i. 

of implicit quaternion function, 484 i. 

quotient, 443 1, 98 i. 

of a scalar function of vectors, 459 i. 

Edge of regression, 93 i, 100i, 36 ii. 

Effective vector, 3 i: 

Hight square roots of linear vector function, note, 

225 ii, 367 ii. 

umbilicar generators, 222ii, 236 ii. 

Elastic constants, 468 ii. 

force, Fresnel’s, 324 ii. 

Electro-magnetic force, 445 ii. 

wave surface, note, 326 ii. 

s simultaneous, 431 i. 

s successive, 100 i, 465 i, 479 i. 

of a vector, 96 i, 462 i. 

Differentiation formula of, 981, 438i. 

examples of quaternion, 451i. | 

symbol q = (S.dp)"!d, note, 6481. 

with respect to moving axes, note, 28911, 403 ii. 

See also Differential. 

Dilatation, 372 ii. 

Dimensions, principle of, applied to linear function of 

a vector, 488 1. 

Elimination of arbitrary functions, 48 ii. 

of differential, 448 i. 

of a vector 3421, 3551. 

Ellipse, centro-focal, 208 ii. 

curvature of, 52 ii. 

Diplanar quaternions, 116i. 

Direct and inverse similitude, 115i, 365 ii. 

evolute of, 53 ii, note, 168 ii. 

focal, 202 ii, 219 ii. 

section of cylinder, 196 i, 199i, 4181. 

vector expression for, 95 i, 417i. 

circular succession, 297 i. 

Directed area, 482 i. 
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Ellipsoid, axes of, 238 i. 

of section, 2381. 

circular sections of, 2321, 235i. 

construction by diacentric sphere, 2341, notes, 

184 ii, 204 ii, 351 ii. 
cyclic normals, 2351. 

cylinder (right) tangent to, 202 1. 

equation of, focal, 201i, 230i. 

cyclic, 527i. 

T(ip + px) =x? — 0, note, 241i, 3141, 3251, | 

328i, 537i, 15 ii, 185 ii, 27441, 350i. 
homologous deformation of mean sphere, 2321, 

3141. 

strain-, 366 ii. 

vector-constants of, 201i, 236i, 5371. 

vector expression for, 96 i. 

Ellipsoidal linear function, 366 ii. 

Elliptic coordinates, note, 2265 ii. 

functions, 386 ii. 

logarithmic spiral, 419 i. 

Elongation in strain, 372 ii. 

Emanant lines and planes, 83ii, 85 ii, 109ii, 114 ii, 

408 ii. 

Energy equation, dynamics, 288 ii, 294 il. 

for light, 354 ii. 

hydrodynamics, 460 ii. 

Enunciation of the associative principle, 301i. 

Taylor’s theorem, 22 ii 

Envelope of confocals, 222 ii. 

involute as limit of, 171 ii. 

lines of curvature on quadric, 235 ii. 

planes, developable as, 42 ii. 

osculating sphere, 141 ii. 

sphere with varying radius, 143 ii, 171 ii. 

wave-surface as, note, 326 ii. 

Equality of points, 3 i, 13 i. 

quaternions, 109 i, 115 i, 243 i, 408 i. 

vectors, 3 i. 

vector-arcs, 1441. 

versors, 409 i. 

Equation of algebraic form in quaternions, 277i; 

n* roots of, 292 i. 

anharmonic of curve, 321; local and tangential, 

391; of surface, 87 i. 

of confocals, 207 ii. 

of conjugation (poles and polars), 229 i, 186 ii. 

(linear functions), 485i, 555i. 
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Equation of continuity, 455 ii. 

depressed, of linear function, 501 i, 505 i, 379 ii. 

differential. See Differential. 

of dynamics, 287 ii, 289 ii, 295 ii, 396 i. 

of equilibrium, 284 ii. 

exponential, for spherical triangle, 404 i, 409 i., 

in finite differences, 84 i. 

functional, of families of surfaces, 46 ii. 

of loci involving signs Ax. and /, 121i; K,1271; 

S, 180 i, 190 i; V, 195 i, 199 i; T, 165 i, 
167i, 190i; U, 142i. 

powers of a vector, 417 i. 

of second degree, homogeneous and vector, 5081. 

of six segments, 211, 18 i. 

symbolic, for K, 8, T, U, V, 142 i, 206 i. 

for linear functions, 494 i, 560 i. 

vector for curve, 941; surface, 94 1. 

Equi-difference of points, 4 i. 

Equilibrium, equation of, 284 ii. 

Euclidean angle, 120i, 262i. 

Euler, identity, law of the norms, 244 i. 

theorem on curvature, 268 ii. 

equations of motion, 289 il. 

fluid motion, 457 ii. 

Evolute, 167 ii. 

of ellipse, 53 ii, note, 168 ii. 

of spherical curve, 169 ii. 

Evolutionary quaternion, 295 i. 

Exact differential, 275 ii. 

Examples, geometrical, on signs £, Ax, 121; K, 127i; 

R, 296 3; S, 180i, 190i; T, 165i, 167i, 190i: 
U, 142i; V, 195i, 199i. 

depending on powers of vectors, 417 i, 

of quaternion differentiation, 451 i. 

| Excentric anomaly, 6 ii. 

Excess, spherical, 364 i. 

spheroidal (total curvature), 266 ii. 

Expansion. See Development. 

| Exponential of quaternion, 421 i. 

form for sine and cosine, 266 i, 274 i, 424 i. 

equation for spherical triangle, 404 i, 409 i. 

of quadric, 206 ii. 

transformation of Taylor’s series, 468 i, 473 i, 

551 i. 

Exponents, scalar, 264 i. 

quaternion, 274 i, 421 i. 

Exscribed or circumscribed conic, 36 i. 
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Extensions of algebraic notation, 5 i, 6 i, 108i, 123i, 

256 i. , 
Extreme points of congruency, 420 ii. 

Factor or operator, 108 i, 185 i. 

integrating, 276 ii. 

Factorials, notation of, 476 i. 

Families of surfaces, 46 ii. 

isothermal, 472 ii. 

orthogonal, 474 ii. 

Finite differences, equation in, 84 i. 

differentials, 99 i, 103 i, 432 i, note, 179 ii. 

displacements, 397 ii. 

Five quaternions, identical relation connecting, 563 i. 

vectors, 471; terminating on a sphere, 3541. 

system of screws, 392 ii, 394 il. 

Flexion, note, 81 ii. 

Flow, Lord Kelvin on, 457 ii. 

Fluid me’.on, 454 ii. 

Fluxions, note, 431 i. 

Focal conics, 202 ii, 219 ii. 

ellipses, centro-, 203 ii. 

equation of quadrics, 535 i. 

generations of quadrics, 278 ii. 

lines of cones, 545 i, 549 i, 213 ii, 243 ii. 

notation for, relations, 310 i. 

properties of sphero-conics, 310i, 393i, 72 il. 

surface of congruency, 431 ii. 

Foci of involution, 16 i. 

modular, 278 1. 

principal, 420 ii. 

by projection, 423 11. 

umbilicar, 278 ii. 

virtual, 419 ii, 420 ii. 

Force, Fresnel’s elastic, 324 ii. 

conservative, 444 il. 

disturbing, on planet, 320 ii. 

function, 293 il. 

Formula (A), 160i, 243i, 344i, 182 di, 351 ii. 
of addition, 5i. 

of association, 71, 2451, 3021. 

of collinearity of three right quaternions, 247 i. 

of commutation, 7 i. 

of complanarity of three vectors, 338i, 341i, 

2471. 

of congruence for quinary symbols, 51i. 

of differentials, 98 i, 438i. 

| Gauche curve. 

ELEMENTS OF QUATERNIONS. 

Formula of inversion of linear function, 486 i. 

of parallelism of two vectors, 325i. 

of perpendicularity of two vectors, 3251. 

of relation between + and -, 5i. 

Formule of spherical trigonometry, fundamental, 400i. 

| Four constituents of quaternion, 114 i, 242i. 

identical rows, determinant with, 363 ii. 

points, group of, linear, 151; circular, 2971. 

complanarity of, 141, 451, 344i. 

concircularity of, 3551. 

system of screws, 392 ii, 394 il. 

vectors, linear relations between 441, 338i. 

proportion of, 250i. 

Fourth proportional to three vectors, complanar, 2501, 

2931; diplanar, 356i: rectangular, 377i. 

unit in space, 3941, 3801. 

power of arc, affections of curve depending on, 

112 ii. 

| Fraction or quotient, geometric, 107i. 

| Fresnel, wave-surface, 323 ii, note, 258 ii. 

| Function, anharmonic quaternion, 294i. 

s, calculus of, 2051, 202i. 

symbol. 

See Abstraction of 

characteristic, 297 ii. 

dissipation, 461 ii. 

elimination of arbitrary, 48 ii. 

elliptic, 385 ii. 

force, 293 1i, 394 ii. 

implicit, differential of, 4841. 

linear. See Linear. 

principal, in dynamics, 294 ii, 314 ii. 

strain, 366 ii. 

transcendental, of quaternions, 421i, 453i. 

trigonometrical, of quaternions, 424i. 

of vectors, a quaternion, 332i, 394i. 

| Functional notation, 2051, 202i. 

equations of families of surfaces, 45 ii. 

Fundamental formule of trigonometry, plane 214i; 

spherical, 400i. 

See Cubic, ete. 

hexagon inscribed to sphere, 305i, 354i. 

polygons inscribed to sphere, 347i. 

quadrilateral, 82. 

on quadric, 881, 95i. 

Gauss on measure of curvature, 253ii, 261ii, 264 ii, 

412 ii, 416 ii. 
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Generation of ellipsoid, 241i, notes, 184ii, 204 ii, 

351 ii. 

of quadric, modular and umbilicar, 278 ii. 

of ruled hyperboloid, 903. 

of wave surface, 327 ii, 253 ii. 

Generatrix of ruled nyperboloid, 891, 213 ii. 

umbilicar, 221 ii, note, 225 ii. 

Geocentric distance of comet, 320 ii. 

Geodetic lines, 29ii, 225ii, 264 ii, 415 ii. 

circles, 271 ii. 

coordinates, 264 ii. 

curvature, 267 ii. 

on cylinder, 111 ii, 405 ii. 

on developable, 37 ii, 272 ii. 

Didonia, 271 ii. 

on quadric, 225ii; P > D = const. 226 ii. 

on surface of revolution, 48 ii. 

torsion, 415 ii. 

triangle, curvature of, 266 ii. 

Geometric quotient, 107 i. 

inversion aud alternation of, 118i. 

Geometrical examples on V, 195i, 199i; S, 180i; 

Ax. and Z, 1211; K, 1271; R, 296i; U, 1421; 

S and T, 190i. 

deformation, theorem of, 525i. 

Geometrical illustration of differential, 486i. 

of ratio of vanishing quantities, 470 i. 

nets, plane, 20i, 291i; in space, 61i. 

‘¢ Géométrie de position ’’ of Carnot, note, 377i. 

“‘Géométrie supérieure,” of Chasles, notes, 16i; 

72i, 89i, 300i. 
Geometry of Three Dimensions. See Salmon. 

Grammarithm, note, 335i. 

Graves, C., note, 308i. 

Graves, J. T., note, 276i. 

Gravitation, Newton’s law of, 99i, 302 ii. 

Group of four points on a line, 15i; in space, 2941; 

on a circle, 297i. 

of six points, evolutionary of, 295i. 

Guide-points, 239i. 

Guiding curve, 365 ii. 

Half-line or ray, equation of, 121 i, 142 i. 

Handle, versor compared to a, 336 i, note, 345 i. 

Harmonic mean of two vectors, 231 i, 298 i; of n, 

300 1. 

polar of point to triangle, 21 i. 

487 

Harmonic property of quadrilateral, 20 i. 

of pole and polar, 229i. 

spherical, 468 ii. 

Helicoid or screw-surface, 419 i, 12 ii, 28 ii, 83 ii, 

281 ii. 

Helix, 419 i, 5 ii, 25 ii, 28 ii, 51 ii, 77 ii, 92 ii, 95 ii, 

112 ii, 157 ii. 

as curve of constant curvatures, 112 ii. 

osculating curve, 95 ii. 

related to complex, 428 ii. 

Heptagon, inscribed to sphere, 354 i. 

Herschel, Sir John F. W., Treatise on Light, note, 

327 il. 

Hexagon, spherical, 303 i. 

inscribed to sphere, 305 i, 354 i. 

evolutionary of, 295 i. 

‘‘ Higher Plane Curves,’’ Salmon’s, notes, 37 i, 40 i, 

41 i, 42i. 
Historical notes on quaternions, 206 i, 258 i, 262 1, 

278 i, 351 ii. 

Hodograph, 300 ii, 99 i, 29 ii, note, 112 ii. 

curvature of, 302 ii. 

of evolute, 173 ii. 

Hodographic isochronism, 310 ii. 

geometrical proof, 319 ii. 

relation to Lambert’s theorem, 314 ii. 

Homographic division, 16 i. 

nets (plane), 811; (in space), 79 i. 

property of ruled hyperboloid, 89 i. 

surfaces, 408 ii. 

screw-systems, 396 ii. 

Homologies of ellipsoid and sphere, 315 i, 282 i. 

Homology, centre of, 601; plane of, 60 i. 

Homospheric property of cyclic sections, 18 ii. 

Homosphericity, equation of, 354 i. 

Huyghens, note, 353 ii. 

Hydrodynamics, 454 ii. 

Hydrostatics, 483 i. 

Hyperbola, 33 i, 9 ii, 54 ii, 60 ii. 

curvature of, 54 ii. 

focal, 201 ii, 219 ii. © 

Hyperbolic paraboloid, 93 i, 96 i. 

orbit, note, 303 ii. 

| Hyperboloid, ruled, anharmonic equation of, 88 i. 

generators of, 891, 213 ii. 

vector equation of, 95 i. 

Hypotenuse, proof of theorem of square on, 212 i, 
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I, symbol for index of right quotient, 187 i. 

is distribution, 206 i. 

Axy = 1UYV,#203 1; IV = V,°835 i. 

i, J, k, laws of, 157i, 344 i. 

early use of, notes, 160 i, 316 i, 345i, 351 ii. 

formula (A), 160 i, 243 i, 344 i, 182 ii, 351 ii. 
links between quaternions and coordinates, 351 ii. | 

quaternion in terms of, 242 i. 

vector in terms of, 344 i. 

Ideal or imaginary intersections, 223 i. 

Identical rows, determinant with, 362 ii, 383 ii, 398 il. 

Identification of a right quaternion with its index, 

3311, note, 193 i. 

Identity connecting three yectors, 337 i, 344 i, 375 i, | 

426 i. 

four vectors, 338 i, 339 i, 376 i. 

five quaternions, 563 i. 

six spherical arcs, 377 i. 

seven screws, 393 ii. 

on square root of quaternion, 316 i. 

Illustration of differential and difference, 434 i, 436i. 

of ratio of vanishing quantities, 470 i. 

of a quaternion by a desk, 113i. 

Imaginary* of algebra, 224 i, 289 i. 

geometrically real, notes, 133 i, 253 i. 

as mark of geometrical impossibility, note, 

404 i. 

axes and roots of linear vector function, 514 i. 

i, j, k formerly called, note, 316 i. 

part, or vector part, note, 316 i. 

quaternion. See Biquaternion. 

Imponential, 2741. 

Independent differentials, 5531. 

variable, change of, 24 ii, 33 ii. 

Indeterminateness of axis of linear vector function, | 

501i, 525i, 364 ii, 369 ii, 379 ii, 385 ii. 

of interpretation of 4/— 1, 133i. 

of versor of null quaternion, note, 120i, 139i. 

of construction for fourth proportional, 379i. 

Index of right quotient, 122i. 

symbol of, 187 i. 

equals right quotient, 331i, note, 193i. 

curve (indicatrix), 231 ii. 

surface, 233 ii, 237 ii. 

surface or surface of wave-slowness, 324 ii. 
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Index of vector, 323 ii. 

connexion with ray, 328 ii. 

Indicatrix, 231 ii. 

Indices of right quotients, quotient of, 175i. 

sum of, 206i. 

product of, 329i. 

Inertia, axis of, 287 ii, 291 ii. 

linear function of, 289 ii. 

principal screws of, 395 ii. 

Infinitesimals, 170 ii, note 2380 ii. 

osculating circles treated by, 174 il. 

Infinity, line at, 27i. 

circular points at, note, 516i. 

circle at, 222 ii. 

| Inflexion points of, note, 26 ii. 

Inflexional tangents to cubic, 37 i. 

Inscription of polygons in sphere, 354 i. 

Integrability, condition of, 277 ii. 

| Integral as limit of a sum, 4821, 170 ii. 

definite, analogue of, 368i. 

over sphere, 482i, 483i. 

total curvature, 265 ii, 416 ii. 

principal function, 294 ii, 314 ii. 

characteristic function, 296 ii, 31411, 317 

time in orbit, 310 ii, 317 ii. 

of differential equation of family of surface 

45 ii, 48 ii. 

of geodetics, 35 ii, 37 ii, 48 ii, 226 il. 

intermediate, of general equations of dynamic 

295 ii, 297 ii. 

s, volume and surface, 448 11. 

s, line and surface, 449 ii. 

Integration of differential equations, examples o 

80ii, 52 ii, 277 ii. 

See Integral. 

Intensity of a wrench, 390 ii. 

Intermediate integrals of dynamics, 295 ii, 297 ii. 

Interpretation of a product of vectors as a quaternio: 

821i, 3371, 3941. 

of 4/ = 1 alse 1, 2081. 
Intersection, ideal or imaginary, 223i, note, 87 i. 

real, 220i. 

of line and plane, 473. 

of two planes, 338 i. 

of confocals, 198 ii, 236 ii. 

* The words ideal and syméolical are occasionally used by Hamilton as synonymous with imaginary. 
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Intersection of normals, 230 ii, 239 ii. 
of osculating circle and curve, 60 ii; and sphero- 

conic, 67 ii. 

surfaces, 103 ii, 160 ii. 

Invariants, 491i, 506i, 376 ii, 364 ii, 386 ii. 

screw, 393 il. 

Inverse or reciprocal of a vector, 293i, 322i. 

symbol for, R, 141i, 293i, 3281. 

called vector of proximity, 20 ii, 461 i. 

of a quaternion, 122i; differential of, 439i. 

of line, 2961; of circle, 296 i, 3491; of sphere, 353i. 

similitude, 115i, 129i, 365ii. 

Inversion and alternation, equidifference of points, 4 i. 

equality of geometric quotients, 118 i. 

of vector-axes, 144i. 

geometrical, 2931. See Inverse. 

of linear vector function, 485i, 280 ii. 

of linear quaternion function, 557i. 

Inversor, 135 i. 

semi-, 1351. 

Involute, 167 ii. 

as limit of envelope, 171 ii. 

Involution, 16 i. 

double, 72 i. 

in space, 295i, 300i. 

Trish Academy, Royal. See Academy. 

Isochronism, hodographic, 810 ii. 

Isothermal surfaces, 472 ii. 

See Hodographic. 

Jacobi, generators of confocal, note, 213 ii. 

Jamin, experiments on light, 358 ii. 

Joachimstal, first integral for geodetics, note, 226 ii. 

K introduced, 124i. 

examples on, 127i. 

differential of Kq, 455i. 

Kelvin, Lord, on flow, 457 ii. 

Kinematical treatment of curves, 83 ii, 92ii, 114 ii, 

118ii, 403 ii. 
of surfaces, 410 ii. 

Kummer surface of complex, 480 ii. 

Lacroix, on Taylor’s theorem, note 473 i. 

Lagrange, definition of a derived function, note, 441 i. 

ratio of vanishing quantities, note, 472i. 

virtual velocities, 288 ii. 

motion of fluid, 457 ii. 
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Lambert’s theorem, 314 ii, 316 ii. 

Lancret, angle H for curves, note, 90 ii. 

on evolutes, note, 172 ii. 

Laplace, rule of heliocentric distances, note, 320 ii. 

Latent roots of linear function, 517i, 508i, 500i, 

562i, 369 ii, 376 ii. 

Law of the Norms, 173i, 2441. 

| Lectures on Quaternions referred to in notes, 160i, 

206i, 219i, 304i, 311i, 315i, 345i, 354i, 380i, 
479 i, 5251, 884i, 48 ii, 129 ii, 2034i, 204 ii, 219ii, 
226 ii, 26411, 26911, 270ii, 27111, 279ii, 288 ii, 

321 ii, 351 ii. 
Left-handed, 111i. 

Lemniscata, 286 1. 

Length of line. See Tensor. 

relative of two lines, 111i. 

‘¢ Letters on Quaternions,”’ note, 311i. 

Light, Fresnel’s theory of, 323 ii. 

Limit, of sum, integral as, 482i, 170 ii. 

See Rotation. 

Limiting ratios, 4691. 

| Line, expressed by 4 and Ax., 121i; K, 127i; 

U, 1421; V. 195i. 

anharmonic equation of, 261; coordinates of, 27 i. 

s, complex of, 417 ii, 427 ii. 

concurrent 181i. 

congruency of, 417 11. 

contact of, with sphere, 225i. 

with confocals, 214 ii. 

of curvature, 230 ii, 235 ii, 236 ii. 

emanant, 83 ii, 408 ii. 

focal, 545i, 549i, 213ii, 243 ii. 
geodetic, 29 ii, 22511, 264 ii. 

group of points on, 151, 721. 

half, 121i, 142i. 
at infinity, 27 i. 

integral, 449 il. 

intersection of, and plane, 471; 

220i; 223i. 
of intersection of two planes, 338 1. 

and sphere, 

inverse of, 296i. 

number added to line, 335i. 

parallel, 10i, 1941, 325i. 

perpendicular to line, 1791, 1941, 4271. 

to plane, 1801, 3421, 3531. 

to two lines, 83 ii. 

to itself, note, 236 ii. 

point added to, 5i. 
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Line, projection of, 179i. 

rational, 29 i, 54 i, 79i. 

reflexion of, 129i, 358i. 

regulus of, 408 ii, 417 ii. 

relative length and direction of two, 111i. 

shortest, 83 ii. 

singular on envelope of sphere, 144 ii. 

six coordinates of, note, 211ii; 426 ii. 

of striction, 408 ii. 

symbol of, ternary, 56i; 

quinary, 63 i. 

tangent, 991, 4ii, 7ii. See Tangent. 

vector expression for, 151, 941; equation of, 195i. 

Linear complex, 427 ii. 

Linear equation between two vectors, 12 i. 

three vectors, 13 i. 

four vectors, 44 i, 338 i. 

five quaternions, 5638 i. 

seven screws, 393 ii. 

function of several vectors, 467 ii. 

transformation, 387 ii. 

Linear quaternion function, 485i, 555 i. 

number of constants in, 556 i. 

standard quadrinominal form of, 565i. 

symbolic biquadratic of, 560i. 

Linear vector function, 484 i. 

auxiliary (~), 4851; (x), 495i. 

axes or directions of, 508 i. 

anharmonic, 571; 

arrangement of, and of its conjugate, 512i. 

coincidence of two, 503i, 379 ii. 

of three, 505i, 379 ii. 

determination of, note, 512i. 

imaginary, 514i. 

indeterminate, 501i, 5251, 369ii, 379 ii, 

386 ii. 

rectangularity of two, note, 513i. 

of three, note, 513i, 514i, 517i. 

of system of, 384 ii. 

bifocal, 5451, 196 ii. 

binomial, 498 i. 

conjugate, 485 i. 

constants in, number of, 486i, 530i. 

cyclic (pp = gp + VApu), 520i, 528i, 535i, 

5491, 187 ii, 193 ii, 233 ii, 240 ii, 332 ii, 369 ii, 

373 ii. 

with depressed equation, 5011, 505i, 379 ii. 

derived, 551i. 

ELEMENTS OF QUATERNIONS. 

Linear vector function—continued. 

dimensions of, 488 i. 

focal (pp = aaVap + bBSBp) 531i, 5333, 

5381, 373 ii. 

invariants of, 491i, 376 ii, 364 ii, 386 ii. 

inversion of, 485i. 

536 i, 

monomial, 501i, 5051. 

non-conjugate, part of, 4921. 

powers of, 491i. 

principal planes of, 512i, 384 ii. 

reduction of two, 363 ii. 

roots of, 517i, 508i. 

equal, 500i. 

imaginary, 5151. 

self-conjugate, 5131, 5191, 5251, 272 ii. 

specification of, 374 ii. 

square-root of, 225 ii, 367 ii. 

standard trinomial form of, 486i. 

strain represented by, 366 ii. 

symbolic cubic of, 49 i. 

of self-conjugate part, 520i. 

unifocal. See Focal. 

Liouville on confocals, 228 ii. 

on geodetic curvature, 267 ii. 

Liouville’s Monge referred in notes, 92ii, 111 ii 

145ii, 153ii, 23541, 2394i, 261ii, 264ii 
266 ii, 267 ii, 271 11. 

Lloyd, experiments on conical refraction, note, 341 11 

Local equations, 39 i. 

Loci, equations of, involving, 7, Ax., 1211; K, 1271: 

R, 296i; 8, 180i, 190i; T, 165i, 167i: 
U, 142i; V, 195i, 199i. 

powers of a vector, 4171. 

Locus, Apollonian, 130i, 165i, 191i, 182 ii. 

of centres of curvature of curve, 77 ii, 106 ii, 168 ii 

of spherical curvature, 120 ii. 

of osculating circle, 140 ii. 

of vertices of right cones tangent to confocals. 

223 il. 

Logarithm of quaternion, 268 i, 275i, 421i, 83 ii. 

Logarithmic spiral, 4181, 54 ii. 

Mac Cullagh, modular generation of quadrics, note 

279 ii. 

motion about a fixed point, 291 ii. 

theorem of the polar plane, 352 ii. 

referred to in notes, 323 ii, 324 ii, 
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Magnetic analogies for vy, 446 ii. 

Maxwell, on differentials, note, 1021. 

on sense of rotation, note, 111i. 

electro-magnetic equations, note, 326 ii. 

Mean point, projection of, 19i, 81i. 

of gauche quadrilateral, 82 i. 

of partial systems, 831. 

proportional between two vectors, 2511. 

of two vectors, harmonic, 2981; of ”, 300i. 

of » vectors, simple, 81i; complex, 851. 

Measure of curvature, 261 ii, 412 ii, 416 ii. 

Mécanique Céléste, note 320i. 

Meusnier’s theorem, note, 257 ii, 413 ii. 

Mixed transformations of functions, 545i, 278 ii. 

Mobius referred to in notes, 221i, 311i, 611, 621, 651, 

66i, 77i, 791i, 162ii, 236 ii. 
Modular generation of quadric, 278 ii. 

Moment, central, 285 ii. 

of inertia, 292 ii. 

total, 286 ii. 

Monge, families of surfaces, 48 1. 

envelope of sphere, 144 ii, 153 ii. 

evolutes, 167 ii. 

lines of curvature, 2365 ii. 

referred to in notes, 53ii, 90ii. See Liouville’s 

Monge. 

Monomial form of linear vector function, 5011, 5051. 

equations of circle and sphere, 3551. 

of cubic cone, 281 ii, 384 ii, 467 ii. 

Motion on surface of revolution, 49 ii. 

about fixed point, 290 ii. 

screw-, 83ii, 84ii, 285ii. See Screw. 

fluid, 454 ii. 

Mourey, note, 278 ii. 

Moving axes, note, 289 ii, 403 ii, 404 ii, 410 ii. 

Multiplicand, 147i, 110i, 159i. 

Multiplication of i, 7, #, 159i. 

of quaternions, definition of, 116i. 

is not commutative, 147i. 

is doubly distributive, 219i, 212i. 

is associative, 245i, 308i. 

reduced to multiplication of versors, 1721. 

by coefficients, 119i. 

of vectors is associative, 337i. 

by coefficients, 91. 

-arces by scalars is not distributive, 156i. 

of versors illustrated by vector ares, 147i. 

Multiplier, 147i, 110i, 159i. 

or integrating factor, 276 ii. 

| N, symbol for norm, 130i. 

| Nq, differential of, 455i. 

Negative unity, square of right radial, 132i. 

Square root of, has geometrically real value, 

notes, 133i, 253i. 

as an uninterpreted symbol, 2241, 289i. 

square of vector, 203i, 345i, 

Net, plane geometrical, 20i, 29i; in space, 61i. 

Nets are homographic figures, 31i, 79i. 

Newton on fluxions, note, 971; 481i, 471i. 

Non-commutative multiplication, 147 i. 

addition, 156i. 

Non-conjugate part of linear vector function, 492i. 

Non-distributive multiplication, 156 i. 

Non-scalar, 110i. 

Non-sphericity, coefficient of, 80 ii, 120 ii, 13 ii, 138 ii. 

Norm, 130i, note, 128i. 

of sum, 189i, 219i, 476i. 

differential of, 456 i. 

s, law of the, 173i, 244i. 

Normal, absolute, 24 ii, 38 ii. 

bi-, 27 ii. 

to confocals, 199 ii. 

cyclic of cone, 183i; of ellipsoid, 282i, 2351. 

developable, surface, 256 ii, 259 ii. 

emanants, 109 ii, 117 ii. 

s, intersection of, 230 ii, 239 ii. 

planes to curves, 41i, 8 ii. 

to quadric, 16 ii, 199 ii, 239 ii. 

to surfaces, 11 ii. 

at umbilic, 241 ii. 

Notation, extended meaning of algebraic, 51, 6i, 108i, 

123i, 256i. 
of factorials, 4761. 

for focal relations, 310i. 

functional, 205i, 202i. 

simplification of, 3341. 

See Symbol. 

Null quaternion, 125i, 139i. 

vector, 31; vector-arc, 146i. 

Number added to line, 335 i. 

of constants in linear vector function, 486 i, 5301. 

in linear quaternion function, 556 i. 

in equation of twisted cubic, 131 ii. 
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Number of points of construction, 221, 731. 

signless, 111i, 1701. 

Numbers, norm borrowed from theory of, note, 130 i. 

Oblique cone, 183 i, note, 181 1. 

quotient, 321 i, 387 i. 

Ohm on logarithms, note, 276 i. 

Olivier, note, 91 ii. 

Opening, spherical, 366 i. 

Operation, characteristic of. See Symbol. 

Operations, Calculus of, 202 1, 2051. 

Operator or factor, 108 i, 1351. 

Vv, 432 ii; notes, 548 i, 554 i, 261 ii. 
disguised as —Da, 294 ii. 

Opposite quaternions, 126 i, 

vectors, 31. 

Optic axes of crystal, 348 ii. 

Orbit, central, 298 i. 

Order of curve (plane), 321; (twisted), 9315; 10 ii. 

of surface, 87 i. 

of congruency, 431 ii. 

of complex, 4380 ii. 

of factors, indifferent when one is scalar, 119 i. 

generally vital, 1471, 1531, 158 1. 

Origin of vectors, 12 1. 

Orthogonal axes of self-conjugate function, 513 i, 

519 i, 524 i, 272 ii, 
vectors for curve, 82 ii. 

section of confocals, 198 ii. 

surfaces, 474 ii. 

Osculating circles, 58 ii, 86 ii, 174 ii. 

intersections with curve, 60 ii. 

deviation from curve, 97 ii, 133 ii, 138 ii, 

404 il. 

cone (right), 99 11; to cone of chords, 102 1; 

(oblique), 99 ii. 

cylinder, 126 ii, 128 ii. 

helix, 96 ii, 404 ii. 

parabola, 96 ii. 

plane, 24 ii. 

quadric, to surface, note, 249 ii. 

screw-surface, 85 ii. 

sphere, 50 ii, 74 ii, 178 ii; to surface, 269 ii. 

surfaces, 103 11. 

twisted cubic, 129 ii, 156 ii, 404 ii. 

Oval, 279 i. 

ELEMENTS OF QUATERNIONS. 

| P, symbol for ponential, 268 i. 

Pairs of vectors, note, 393 ii. 

Parabola inscribed to triangle, 34 i. 

osculating curve, 96 ii. 

Parabolic time in orbit, 311 ii. 

Paraboloid, centre at infinity, 280 ii. 

ruled, anharmonic equation of, 93 i. 

vector expression for, 96 i. 

normal to, 11 ii. 

Paradox, apparent, 149 i. 

| Parallelepiped, volume of, 247 i, 338 i. 

| Parallelism, condition of, 325i. 

Parallelogram, area of, 246 i. 

spherical, 388 i. 

| Parameters in vector equations, 94 i. 

of confocal system, 196 ii, note, 224 ii. 

of distribution, 408 ii. 

Part, right or vector, of a quaternion, 193 i, 204 i. 

Partial differentials, 101 i, 446 i, 479 i, 48 ii. 

equations for dynamical functions, 296 ii, 297 ii 

Pencil of lines, 23 i, 3071; planes, 57 i. 

of a congruency, 424 ii. 

| Pentagon inscribed to a sphere, 351 i. 

| Permanent screws, 396 i. 

Permutation, cyclical, of i, 7, #, 158 i. 

of quaternions under 8, 248 1, 350 i. 

of linear vector functions, 368 ii. 

Perpendicular from point on line, 179 i, 194 i, 427 i. 

on plane, 180 i, 342 i, 353 1. 

to two lines, 83 ii. 

to itself, line, note, 236 ii. 

of spherical triangle, 217 i. 

of tetrahedron, note, 568 i. 

Perpendicularity, condition of, 325 1, 346 i. 

Perturbing force, 320 il. 

Pitch of a screw, 285 11, 390 11. 

Plane, expressed by Z, 1211; Ax., 121i; K, 1271 

T, 165 i, 167i; U, 143i; S, 180i. 
anharmonic equation of, 56 i. 

concurrence of four, 57 i, 342 1. 

cyclic, of cone, 1831; of ellipsoid, 232 i. 

equation of, scalar, 1801; vector, 24 i, 94 i. 

geometrical nets, 20 i, 29 i. 

intersection of and line, 47 i. 

s, intersection of two, 388 i. 

inverse of, 3531. 

normal, 4 ii, 8 ii. 
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Planes, pencil of, 571. 

polar, to sphere, 228i; to quadric, 210 ii. 

polar, Mac Cullagh’s theorem of, 352 il. 

rational, 54 i. 

of quaternion, 111i. 

quinary symbol of, 53 i. 

strain, 370 ii. 

of symmetry, elastic, 464 ii, 466 ii. 

s, system of, related to linear vector function, 512i. 

quaternion function, 568 1. 

through three points, 3441. 

Planet, distance of, from earth, 320 u. 

Pliicker’s six coordinates of a line, note, 211 1i, 426 i. 

Poinsot, representation of motion about fixed point, 

290 ii. 

Point, addition of, to vector, 51. 

s, circular, note, 516i. 

s, condition of three on a line, 141i, 491, 521, | 

57 i. 

four in a plane, 141, 45i. 

five on a sphere, 3541. 

s of construction in plane, 171i, 221. 

in space, (first) 611i; (second) 621; table of 

types, 751; diagram of, 78 i. 

s, corresponding, on confocals, note, 225 ii. 

s, difference of two, 3i. 

s, equality of, 31, 131. 

s, equidifference of, 41. 

s, extreme, 420 ii. 

Ss, group of, on line, 151; in space, 2941; on 

circle, 297 i. 

guide, 239 i. 
mean, of triangle, 191i; of gauche quadrilateral, 

821; in general, 811i. 

s rational, in a plane, 291; in space, 541, 791; 

types of, 551, 751. 

symbol of, ternary, 251; quinary, 511; qua- 

ternary, 55 i. 

of transformation, united, 387 ii. 

Polar axis, 57 ii. 

developable, 58 ii; cusp-edge of, 120 ii. 

plane to quadric, 210 ii. 

to sphere, 228 1. 

Mac Cullagh’s theorem of, 352 ii. 

reciprocals, 547i, 20 ii, 41 ii. 

Pole and polar of a sphere, 228 i. 

of plane curve, 351. 
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Poles of a plane with respect to confocals, note, 224 ii. 

s of a spherical harmonic, 468 ii. 

Polygon, area for spherical, 368 i. 

exponential equation for spherical, 404 i. 

geodetic, 266 ii, 416 ii. 
inscribed to sphere, 347 i, note, 129 ii. 

spherical sum of angles of, 415i. 

Polynomial equations, 277 i. 

Poncelet, plane of homology, note, 60i. 

Ponential of a quaternion, 268 i. 

Position, vector of, 100i. 

function of, 432 ii. 

| Positive or signless number, 170i, note, 111i. 

Potential of attracting system, 293 ii, 306 ii. 

function, 469 ii. 

Power of a vector, a quaternion, 396i, 399i. 

development of a, 476i. 

differential of a, 451i. 

equation of loci involving a, 417 i. 

transformations of a, 420i. 

of a quaternion, 264i, 2741, 4211. 

of a linear vector function, 491i. 

Pressure, hydrostatic, 483 i, 440 ii, 459 ii. 

Principal amplitude, amo, 263 i. 

axes of a body, 292 ii. 

of ellipsoid, 238 i. 

of quadric, 536 i, 187 ii, 272 ii. 

of a section of, 238 i, 5251, 281 ii, 258 ii. 

foci of congruency, 420 ii. 

function in dynamics, 294 ii. 

for central orbit, 314 ii. 

root, 259 1. 

screws of inertia, 396 ii. 

| Principia, Newton’s, 971i, 481i, 471i. 

Principles adopted from algebra, 108i. 

Prism showing properties of curve, 100 ii. 

Product of quaternions defined, 90 11. 

conjugate of, 173i. 

differential of, 451 i. 

reciprocal of, 173i. 

scalar of, 1871, 2451. 

tensor of, 171 i. 

vector of, 245i. 

versor of, 171 i. 

of two quaternions, 109i, 116i, 1711. 

of two vectors, interpreted, 3211, 329 i. 

rectangular vectors, 333 i. 
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Product of vectors, 337 i, 3461, 3941. 

of indices, 329i. ; 

of linear vector functions, 363 ii. 

of sides of a triangle, 3481. 

of an inscribed polygon, 347 i. 

Projection of closed figure, 8 i. 

of line, 179i. 

of mean point, 19i, 81 i. 

stereographic, 311 i. 

foci by, 428 ii. 

Property, associative, of addition, 71, 2071, 304i. 

of multiplication, 1591, 2451, 308i, 337i. 

commutative, of addition, 7 i, 176i, 2071. 

distributive, 9 i, 212i, 219i. 

harmonic, of quadrilateral, 20 i. 

homographiec, of ruled surface, 408 ii. 

Proportion of vectors, 118i, 1751, 2501. 

continued, 251i, 256i. 

mean, 251 i. 

Proportional to three vectors, fourth (complanar), 250 i; 

(diplanar), 356 i, 3621; rectangular, 377i. 

Provector, 3i, 1461. 

Proximity, vector of, 461i, 20 ii. 

Pure strain, 366 ii. 

Pyramid, volume of, 2471, 3381; sign of, 48 i. 

Quadrantal rotations, 149i, 157 i. 

triangle, 377 i. 

Quadratic equation in quaternions, 281 i. 

vector equation, 508 i. 

Quadric, anharmonic equation of, 88 i. 

axes of, 5361, 187 ii, 272 ii. 

of section of, 238 i, 5251, 231 ii, 253 ii. 

biconcyclic, 527i, 187 ii, 272 ii. 

bifocal equation of, 5451, 196 ii. 

centre of, 280 ii. 

s, confocal, 196 ii. 

s, Classification of, 187 ii, 280 ii. 

conjugate radii, 211 ii, note, 250 ii, 374 ii. 

curvature of, 249 ii. 

cyclic equation of, 535i, 187 ii. 

elongation, 372 ii. 

exponential equation of, 206 ii. 

focal equation of, 535i. 

generation of, modular and umbilicar, 278 ii. 

generators of, 89 i, 213 ii. 

geodetics on, 226 ii. 

Quadratic, normals to, 16 ii, 199 ii, 239 ii. 

osculating surface, note, 249 ii. 

8, reciprocal, 389 ii. 

species of, 187 ii, 280 ii. 

sub-contrary circular sections are on a sphere, 18 ii. 

tetrahedron self-conjugate to, 389 ii. 

zero pitch, 392 ii. 

Quadrilateral, cyclic, 296 i, 347 i. 

gauche, 821i, 88 i, 951. 

harmonic property of, 201. 

of a plane net, 31i. 

product of sides of, 347 i. 

spherical, area of, 368 i. 

| Quadrinomial form for quaternion, 242 i. 

for linear quaternion function, 565 i. 

Qualitative element of a quaternion, note, 167 i. 

| Quantitative element of a quaternion, notes, 138 i, 167i. 

| Quantities, ratio of vanishing, 470 i. 

| Quartic, Steiner’s, 392 ii. 
| Quaternary symbols, 55. 

Quaternion addition, 1161, 1761, 207i. 

amplitude of, 262i. * 

angle of, 119i. 

anharmonic, 294i, 296i, 350i. 

axis of, 119i, 203 i. 

binomial, 254 i. 

 s, collinear, 116i, 210i. 

s, complanar, 116i, 148i, 211i, 250i. 

conjugate of, 1231; of product, 173i. 

8, conjugate, 115i, 123i. 

convergence of, series, 269i, 424i. 

cosine of, 275 i, 4241. 

cube-root of, 256 i. 

cyclical permutation under S, 248i. 

decomposition of, TgUg, 169i, S¢ + Vq, 193i. 

determinants, 361 ii, 382 ii, 393 ii. 
development, 473 i, 465 i,.320 ii. 

differentials, 438 i. 

s, diplanar, 116i. 

division, 109i, 116i. 

elements of, 112i, 113i, note, 167 i. 

equality of, 1091, 1151, 248i, 408i. 

equations, 2431; algebraic, 292i; (complanar), 

2771. 

evolutionary, 2951. 

exponent, 2741, 421i. 

exponential, 421 i. 
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Quaternion, as a factor or operator, 135i. 

as a fourth proportional, 357 i, 362 i. 

functions of vectors a, 332 i, 394i. 

s, historical notes on, 206 i, 258 i, 262 i, 278 i, 

351 ii. 

identities, 426 i, 563 i. 

imaginary. See Biquaternion. 

imponential of, 274 i. 

index of right, 122i. 

integration, 482 i, 170 ii. 

invariants, 491i, 506i, 382 ii. 

inverse of, 122i. 

inversion, 557 i. 

Lectures on. See Lectures. 

Letters on, note, 311 i. 

linear function, 485i, 5551. 

logarithm of, 275 i, 4211, 83 ii. 

moment, 286 ii. 

multiplication, 1161, 172i, 219i, 245i, 301i, 308i. 

null, 1251, 139i. 

as number added to line, 335i. 

oblique quotient, 321i, 337i. 

opposite of, 126i. 

plane of, 1111. 

ponential of, 268 i. 

Quaternion, subtraction of, 116 i. 

s, sum of, 176i, 207 i. 

Taylor’s series adapted to, 473 i, 7 ii, 22 ii. 

tensor of, 167 i. 

transcendental functions of a, 421i, 453i. 

and trigonometry (plane), 178 i, 197 i, 214i, 208 i. 

(spherical), 216 i, 209i. 

vector of a, 192i. 

vector as a, 3351. 

versor of, 137i. 

versor as a, 1431. 

Quinary symbols, 501; types, 55 i. 

Quotients, differential, 443 i. 

geometric, 107 i. 

inversion and alternation of, 118i. 

two with common denominator, 109i, 1161. 

oblique, 321i, 337i. 

of quaternions, 109i, 116i, 171i; scalar of, 187i. 

radial, 131i. 

right, 121i. 

index of, 122i, 331i. 

quotient of, 176i. 

sum of, 206 i. 

of vectors, 107 i. 

as power of a vector, 396i, 399i. 

- power of, 268i, 274i, 421i. 

s product of two, 109i, 116i, 171i. 

product of vectors a, 321 i, 337 i. 

quadrinomial form of, 242 i. 

| R, symbol for reciprocal, 141 i, 293i, 328i. 

Radial quotient, 131 i. 

right, 132i. 

Radical plane, 328 i. 

Radius of absolute curvature of curve, 61 ii. 

as quotient of two vectors, 110i. second curvature, 88 ii, 108 ii. 

8, quotient of two, 109i, 116i, 171i. 

radial, 131i. 

reciprocal of, 122i. 

s reciprocal of product of two, 173 i. 

right part, 192 i. s, systems of, 417 ii. 

quotient, 121 i. Third supplement on Systems of, notes, 330 ii, 

root of, 259 i. 341 il. 

-velocity, 323 ii; lines of single, 332 ii. 

Rayleigh, Lord, on the dissipation function, 461 ii. 

Reality of roots of self-conjugate function, 513i, 519i, 

spherical curvature, 79 ii. 

Ratio of vanishing quantities, 470i. 

Rational points, lines and planes, 291i, 54 i, 79i. 

Ray or half-line, equation of, 121i, 142 i. 

scalar, 120i. 

scalar of, 177i. 

as scalar plus vector, 11 i, 335i. 

sine of, 275i, 424i. §25 i, 272 ii. 

square of, 132i, 141i, 170i, 187i. of principal screws of inertia, 396 ii. 

square-root of, 1881, 315i, 3671; differential of, | Reals, 11i, 258i. 

4521, 560 i. Reciprocal of quaternion, 122i; development of, 

as square-root of a positive plus square-root of a 475i. 

negative, 203 i. versor of, 138i, 
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Reciprocal of vector, 293 i. 

curves, 41ii; on sphere, 111, ii. 
4 

of sphero-conic, 193 ii. 

surfaces, 20 ii, 275 1i, 389 ii. 

of surface of centres, 255 ii. 

of system of confocals, 198 ii. 

of wave-surface, 326 il. 

screws, 390 ii. 

Reciprocity of forms, 547 i, 41 ii, 328 ii, 388 ii, 427 ii. 

Rectangle, spherical, note, 388 i. 

Rectangular system for confocals, 199 ii. 

curves, 82 ii, 403 ii. 

surfaces, 410 il. 

self-conjugate function, 513 i, 5191, 525i, 

OT 2a. 

transformations of linear vector function 528 1. 

vectors, fourth proportional to three, 377 i. 

versors, multiplication of, 149 i, 1571; vectors, 

333 1. 

Rectifying vector, 89 ii. 

developable, cusp-edge, 122 ii. 

Reduced wrench, 395 ii. 

Reduction of two geometric quotients to a common 

denominator, 116i. 

two linear vector functions, 368 ii. 

quaternion to a power of a vector, 399i. 

multiplication, 171i. 

Reflexion of a line, 129i, 358 i. 

successive, 361i. 

at surface of crystal, 352 ii. 

strain accompanied by, 366 ii. 

Refraction, conical, 341 ii. 

crystalline, 352 ii. 

Regression, edge of, 931, 100i, 36ii. 

of polar developable, 120 ii. 

of rectifying developable, 122 ii, 

of envelope of sphere, 144 ii. 

Relation connecting three vectors, 337i, 344i, 375i, 

426i. 

four vectors, 441, 338 i, 376i. 

five vectors, 471. 

five quaternions, 563 i. 

six spherical arcs, 377 i. 

seven screws, 393 il. 

Relative length and direction, 111i, 138i. 

Remainder of a series, 4741. 

Representative angle, 1511; arc, 1431; point, 143i. 
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Resolution of vector along and at right angles to line, 

193 i. 

along three lines, 338i. 

normal to three planes, 339i. 

of quaternion TgUq, 1691; Sg + Vg, 1931. 

| Resultant of forces, condition for unique, 284 ii. 

wrenches, 390 ii. 

Revector, 3 i. 

Reversor, 1391. 

Revolution, cone of, 183i; tangent to confocals, 217 ii. 

cylinder of, 1951, 1991. 

spheroid of, 201 i. 

surfaces of, 47 ii. 

Ribaucour, 402 ii. 

| Ridges on wave-surface, 337 ii, 344 il. 

Right-hand rotation, 119i. 

part of quaternion, 193i. 

quotient or quaternion, 1211. 

index of, 122i. 

identification of, with index, 331 i, note, 193i. 

quotients, quotient of, 175i. 

index of sum of, 206i. 

radial, 1321. 

versor as unit vector, 335 i. 

Roberts, Michael, note, 235 ii. 

Root, cube, of quaternion, 2561; of unity (nine), 291i. 

of equation of algebraic form, 277i. 

of linear vector function or latent, 517i, 500i, 

508i, 562i, 369 ii, 376 ii. 
of negative unity, imaginary symbol, 224i, 289i. 

geometrically real values of, notes, 133i, 

2531. 

principal, 259 i. 

square, of quaternion, 188i, 252i, 315i, 3673, 

452i, 560i. 
of linear vector function, note, 225 ii, 367 ii. 

of unity n*, geometrically real, 2591; imaginary, 

2901. 

of zero, 316i, 291i. 

Rotations, composition of, 415i. 

convention of sense of, 111i, 119i, notes, 49i, 

369 1. 

conical, 1541, 1721, 3591, 398i, 429i, 397 ii. 

of emanant, 85 ii. 

finite, 397 ii. 

instantaneous, 288 ii. 

linear function for, 367 ii. 
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Rotation, molecular, 446 ii. 

quadrantal, 149i, 157i. 

of radius of spherical curvature, 114 ii. 

of solid, 361i, 398 ii. 

Royal Irish Academy, see Academy. 

Ruled hyperboloid, 88 i, 95 i. 

paraboloid, 961, 93 i. 

surface, 408 ii. 

helicoid osculating, 83 ii. 

S, symbol for scalar, 1771; =4$(1+K) 177i, =1-V, 

193i; S71, 202i. 
cyclical permutation under, 248 i, 350i. 

distributive, 185i. 

examples on, 180i, 190i. 

Sadleir, Rev. W. D., note, 375i. 

Saint Venant, de, notes, 27ii, 81 ii, 91ii, 94 ii, 111 ii, 

124 ii. 

Salmon, Geometry of Three Dimensions, notes, 27 ii, 

42 ti, 92ii, 104 4i, 129 di, 2134i, 223ii, 228 ii, 
235 ii, 236 ii, 259 ii, 260 ii, 261 ii. 

Higher Plane Curves, notes, 37i, 41i, 421. 

on centres of curvature of quadric, note, 

260 ii. 

Scalar, differential of, 455i. 

exponents, 264i. 

integration, 4821. 

origin of term, 11 i. 

plus vector equals quaternion, 111i, 335i. 

of a product, 2451. 

of a quaternion, 177i, 186i. 

of a sum, 185i. 

symbol of, 177i. See S. 

unit in space, 394i, 380i. 

Screw, axis, 83ii, 285ii, 390ii, 430 ii. 

coordinates of a, 392 ii. 

s, chiastic, 39 ii. 

cylindroid of, 391 ii, 419 ii, 422 ii. 
homography, 396 ii. 

invariants, 393 ii. 

motion, 83 ii, 84ii, 285 ii. 

pitch of, 285 ii, 390 ii. 

surface, 419i, 121i, 28 ii, 83 ii. 281ii. 

osculating, 85 ii. 

system, 391 ii, 393 ii. 

translation, 85 ii. 

Second curvature, 88 ii, 81 ii, 921i, 108 ii, 109 ii. 
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Section of cone, 181i. 

cyclic of cone, 183i. 

of ellipsoid, 232i. 

of cylinder, 196i, 199i. 

of ellipsoid, 238 i. 

harmonic, 16i. 

homographic, 16i. 

normal, curvature of, 247 ii. 

component of curvature of, 267 ii, 413 ii. 

of quadric, axes of, 523i, 253 ii. 

sub-contrary of cone, 183i. 

of quadric, 18 ii. 

of wave-surface, 332 ii. 

| Segments, equation of six, 18i, 211. 

Self-conjugate function, 492i. 

reality of roots of, 513i, 5191, 525i, 272 ii. 

of linear transformation, 389 ii. 

tetrahedron, 389 ii. 

Semi-inversor, 1851. 

Sense of rotation, 1111, 119i, notes, 491i, 369i. 

Series, convergance of, 269 i, 424i. 

exponential, 2741, 421i. 

ponential, 268 i. 

remainder of, 474i. 

of spherical parallelograms, 388 

Taylor’s, 102i, 473i, 7ii, 22 ii. 

Serret, referred to in notes, 92 ii, 108 ii. 

Sexiant of screws, 393 ii. 

Shortest distance between two lines, 83 ii. 

Sign of area of plane triangle, 181. 

of spherical area, 3701. 

of volume of a pyramid, 481i, 342i. 

Signless number, tensor a, 170i, 111i. 

Similitude, direct and inverse, 115i, 365ii. 

Simplification of notation, 334 i. 

Simultaneous differentials, 431 i. 

Sine, exponential form for, 266i, 274i. 

of a quaternion, 424 i. 

_ Six planes, arrangements of, to illustrate the associa- 

tive principle, 302i, 304i, 305i. 

points, evolutionary of, 295i. 

co-reciprocal screws, 392 ii. 

Skew, centre of arch, 283 ii. 

surface of emanants, 85 ii. 

Solution of exponential equation, 409i. 

Space, scalar unit in, 380i. 

symmetry of, 394i, 
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Space, transformation, linear, 387 ii. 

Species of quadrics, 187 ii, 280 ii. 
Sphere equation of, in terms of K, 130i; S, 180i; 

V, 1991; N, T, 165i, 1671; S? ~ V?, 200i. 

Apollonian locus, 130i, 165i, 191i. 

monomial, 3551. 

square of vector, 3271. 

various, 180 ii. 

diacentric, 23841, 241i. 

envelope of, 148 ii, 171 ii. 

geodetic on, 30 ii. 

homologies of ellipsoid and, 315i, 232 i. 

intersection of right line and, 220i, 223i. 

of cone and, 181i. 

of ellipsoid and, 240i. 

inverse of, 353i. 

osculating curve, 50 ii, 74 ii, 178 ii; surface, 

269 ii. 

poles and polars of, 228 i. 

tangent cone to, 2251. 

cylinder to, 201i. 

Spherical addition, 406 i. 

area, 3641, 368i, 482i. 

cap, 4821. 

conic, intersection of cone and sphere, 182i. 

of ellipsoid and, 239i. 

associative principle illustrated by, 302 i, 308i. 

curvature of, 63 ii. 

axis and foci of, 192 ii. 

on wave-surface, 346 ii. 

cubic, 281 ii. 

curvature, 74 ii. 

curve of absolute normals, 28 ii. 

osculating circle of, 62 ii. 

defect, 266 ii. 

excess, 364 i. 

total curvature, 266 ii. 

harmonics, 468 ii. 

hexagon, 303i. 

inscription of polygons in, 347i, note, 129 ii. 

opening, 366 i. 

parallelogram, 388 i. 

polygon, 414i. 

sum, 156i, 406i, 415i. 

tetragonometry, 417 i. 

triangle, area of, 364 i. 

exponential equation for, 404 i. 

Spherical trigonometry, 209 i, 2161, 325i, 358i, 400i 

fundamental formula, 400 i. 

Sphericity, coefficient of non-, 80ii, 120ii, 135 ii, 

138 ii. 

Spheroid of revolution, 201 i. 

Spin-vector, 4921, 373 ii, 382 ii. 

Spiral, 418i. 

Square of quaternion, 132i, 1411, 170i, 187i. 

of right radial, 132i. 

of vector, 327 i, 346 i. 

root of — 1, geometrically real values, notes, 133i, 

2631. 

as uninterpreted symbol, 224 i, 289i. 

of linear vector function, note, 225 ii, 367 ii. 

of quaternion, 188i, 2521, 3151, 3671. 

differential of, 452 i, 560i. 

of zero, 316i, 291i. 

theorem of, on hypotenuse, 212 i. 

Standard form, quaternion, quadrinomial, 242i. 

binomial, 254i. 

vectors, 3441. 

linear function, vector, 486i. 

quaternion, 565i. 

Statics, 283 ii. 

Steiner’s quartic, 392 ii. 

Stereographic projection 311i. 

Stokes’s theorem, 44 ii, 449 ii, 416 ii. 

Strain, 366 ii. 

Stress, 456 ii. 

in terms of strain, 461 ii. 

Striction, line of, 408 ii. 

Sub-contrary sections of cone, 183i. 

of quadric, circular, are homospherical, 18 ii. 

Subtraction of vectors, 5 i. 

of quaternions, 116i. 

of amplitudes, 264 i. 

Succession, direct or indirect, 297 i. 

Successive differentiation, 100i, 465i, 4791. 

Sum, arcual, 156i, 369i. 

of quaternions, 176i. 

scalar of, 185i. 

spherical, 156 i, 406i, 415i. 

tensor and norm of a, 189 i, 219i, 476i. 

of vectors, 7i. 

Summand, 5 i. 

Supplementary triangle, 217 i. 

s, formed by axis of ¢ and q’, note, 512i. 
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Surface, anharmonic equation of, 87 i. 

properties of ruled, 408 ii. 

of centres, 254 ii; vector equation of, 260 ii. 

Symbol of similarity, direct (« ), 1151. 

| inverse («’), 115i. 

for spherical addition [(+)], 406i. 

s, confocal, 196 ii. 

curvature of, 246 ii. 

deformation of, 264 ii, 402 ii. 

developable, 100i, 36 ii, 232 ii, 409 ii. 
emanant, 85 ii, 408 ii. 

s, families of, 45 ii. 

focal, of congruency, 431 ii. 

geodetics on, 29 ii, 225 ii, 264 ii, 415 ii. 

integral, line and, 449 ii. 

volume and, 448 ii. 

kinematical treatment of, 410 ii. 

Kummer, of complex, 430 ii. 

normals to, 11 ii. 

order of, 87i. 

osculating, related to curve, 103 ii. 

quadric osculating, note, 249 ii. 

of revolution, 47 ii. 

ruled, 408 ii, 

screw, 419i, 1211, 28ii, 83 ii, 281 ii. 

of second order, 179ii. See Quadric. 

vector equation of, 94i. 

wave-, 326 ii. 

Symbol,* Am. 262i; Amo., Amy., 263i. 

Z 120i, Ln 263i. 
Ax. 1201; replaced by UV, 334i. 

cis, 260 i. 

v, note, 548i. See Operator. 

I, 1871; suppressed, 334 i. 

i, J, k, note, 160i. 

K, 124i, 

1, 276i. 
N, 130i, note, 128i. 

P, 268i. 

R, 141i. 

S, 177i, 166i, note, 127i; S-10, 202i. 
T, 163i, note, 131i. 

U, 136i; U0, note 140i. 

V, 193i, note, 1241; V-10, 202i. 

of complanarity (|||), 117i. 

of focal relation (. .), 393i. 

of intersection (oa‘Bc), 17i. 

ent , indeterminate, 133i; uninterpreted, 2891. 

s, equations in, 202i, 205i. 

s of algebra, extended use of, 6i, 6i, 1081, 1231, 

256 i. 

+ and -, formula of relation, 51. 

s, notes on, 262i, 334i, 351 il. 

of point ternary, 25i, 56i; quaternary, 551; 

quinary, 50i. 

Symbolic cubic of linear and vector function, 494 i. 

depressed, 501i, 505i, 379 ii. 

biquadratic of linear quaternion function, 560 i. 

expression for Taylor’s Series, 468i, 473i, 5511. 

Symbolical or imaginary roots of quaternion equation, 

288 i. 

See also Imaginary. 

Symmetry of space, 3941. 

elastic, 464 il, 466 ii. 

Synchronism, hodographic, 310 ii. 

Syntypical points, 55i, 751. 

System of linear vector functions, 384 i. 

of lines and planes related to linear vector func- 

tion, 512i, 568i. 

of rays, 417 ii. 

of screws, 391 ii, 393 ii, 429 ii. 

of six planes (association principal), 302i, 304i, 

305 i. 

of three right versors, 157 i. 

T, symbol for tensor, 163i. 

examples on, 165i, 1671, 190i. 

Tq, differential of, 456 i. 

Table of types of points of construction, 75 i. 

Tait, Prof. P. G., on electro-magnetic wave-surface, 

note, 326 il. 

on wave-surface, note, 350 ii. 

on strain, 365 ii. 

Tangent cone to sphere, 225i. 

to quadric, 209 ii. 

to system of confocals, 213 ii, note, 224 ii. 

right, 217 ii. 

to wave-surface at cusp, 335ii, 342 ii. 

* References are given to an early or the earliest usage of the following symbols in this work. Fuller 

particulars will be found under the letters appropriate to each symbol. 
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Tangent to curve, 971i, 4 ii, 7ii. 

cylinder, right, 201i, 202i, 236i, 241i, 220ii. 
developable, 36 ii, 91 ii, 98 il. 

circumscribed to surface, 222 ii, 232 ii. 

to geodetic, 227 ii. 

to locus of centres of curvature of curve, 77 ii, 

106 ii, 168 ii. 

plane, 11 ii. 

Tangential co-ordinates, 40 i, 256 ii. 

equations, 391. 

Taylor’s series, 102i, 469i, 473i, 7 ii, 22 ii. 

symbolic form of, 468i, 473 i, 551i. 

Tension, act of, 1641. 

total, * 287 ii. 

Tensor of quaternion, 167i. 

a signless number, 170i, note, 111i. 

of a scalar, 168i. 

of a sum, 189i, 2191. 

development of, 476 1. 

of a vector, 163 i. 

Term, 3i. 

Termino-collinear vector, 141, 3431. 

-complanar vectors, 45i, 344 i. 

Ternary product of vectors, 3371. 

symbols, 25i, 561. 

types, 761. 

Tetragonometry, spherical, 417 i. 

Tetrahedron, pyramid or gauche quadrilateral, 82 i. 

self-conjugate, 389 ii. 

Total curvature, 264 ii, 416 il. 

differentiation, 479 i. 

moment, 286 ii. 

tension, 287 ii. 

Torsion, 88 ii, 178 ii, note, 81 ii. 

expressions for, 109 ii. 

geodetic, 415 ii. 

Transcendental equations of surfaces, 206 ii, 281 ii. 

functions of a quaternion, 421i, 453i. 

Transformation, S and T, 190i, U, 141i. 

exponential, of Taylor’s series, 468i, 473i, 551i. 

of equation of wave-surface, 326 ii, 331 ii, 332 ii, 

342 ll, 344 1, 346 ii, 352 ii. 

linear, 387 ii. 

Translation in finite displacement, 397 ii. 

screw, 85 ii, 390 ii. 

QUATERNIONS. 

Transport, 4 i. 

Transvector, 3i, 147i. 

Transversal, triangle cut by, 21 i. 

of spherical triangle, 362 i. 

Triangle, geodetic, 266 ii. 

plane, conics and, 321. 

harmonic relations, 21 i. 

product of vector sides of, 348 i. 

spherical, area of, 364 i. 

exponential equation for, 4041. 

sum of angles, 406i. 

_ Trigonometry, plane, fundamental formula, 214i. 

examples, 178i, 1971, 2651, 272i. 

S and V, 2081. 

spherical, fundamental formula, 216 i, 400i. 

examples, 3571, 3251, 400i. 

S and V, 209i. 

solution of exponential equation of, 409 i. 

Trigonometrical functions of quaternion, 4241. 

| Trinomial form for vectors, 242i, 3441. 

for linear vector functions, 486i. 

| Tube of flow, 441 ii. 

| Twist on a screw, 390 ii. 

| Twisted cubic, contact with curve of third order, 

92 fi, 104 ii. 
fourth, 125 ii, 128 ii. 
osculating curve, 129 ii, 156 ii, 404 ii. 

vector equation of, 129ii, 131 Ii. 

Two-system of screws, 391 ii, 393 ii. 

Types of points of construction, 541, 751. 

U, symbol for unit-vector, 136.1. 

versor, 137 i. 

examples on, 142i. 

Uq, differential of, 456 i. 

Ultimate ratio, 469 i. 

Umbilic, 218 ii, 249 ii. 

lines of curvature through, 242 ii. 

normals at, 241 ii. 

Umbilicar generation of quadric, 278 ii. 

generatrix, 221 ii, 236 ii. 

as line of curvature, 242 ii. 

as envelope, 235 il. 

locus of, 222 ii. 

Unicursal curves, note, 10 ii. 

* Clausius has called this the virial. 
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Unifocal or focal form of function, 531i, 533i, 636i. 

5381, 373 ii. 

equation of wave-surface, 342 ii. 

Uninterpreted symbol, \/ — 1, 224i, 289i. 

Unique resultant, condition for, 284 ii. 

Unit in space, scalar or fourth, 380i, 394i. 

sphere, 120i. 

-vector, 120i. 

conception of right versor as, 3351. 

-vectors of curve, 82 ii, 403 ii. 

of surface, 410 ii. 

United points of transformation, 387 ii. 

Unity, cube root of, principal, 258i. 

nine, 291i. 

geometrical real n‘* roots of, 259i. 

imaginary n* roots of, 290i. 

negative, inversor, 135i. 

square of right radial, 132i. 

square root of, geometrically real, notes, 

133i, 253i. 
uninterpreted symbol, 2241, 289i. 

views of other writers, 258i, 2781. 

particular case of radial quotient, 1321. 

of linear function, 376 ii. 

V, symbol for vector or right part, 193i; = IV, 335i. 

=1—-S=}(1—RK), 197i. 
distributive character of, 204 i. 

examples on, 195i, 197i, 199i, 208i. 

Vq, differential of, 4551. 

Vanishing quantities, ratio of, 4701. 

Variable, change of independent, 24 ii, 33 ii. 

Variations, calculus of, note, 48 ii, 271 ii. 

Vection, 5i. 

Vector of acceleration, 100i, 289 ii. 

addition, commutative, 61; associative, 7i. 

to point, 5i. 

angle, 3i. 

representative of versor, 151i. 

associative property, 304i. 

sum of, 156i, 406i. 

arc, 3i. 

determination of, 1441. 

addition of, 156i. 

is associative, 304 i. 

representative of versor, 143i. 

coefficients of, 91. 

Vectors, complanar, 340i. 

continued proportion of, 251i. 

s, complanarity of three, 3381. 

conjugate of, 3461. 

of conjugate, 1971. 

constants, 2011, 236i, 491i. 

curl of, 442 ii. 

of curvature, 50 ii, 267 ii. 

second, 88 ii. 

definition of, 31. 

difference of points, 31. 

differential of, 961. 

division of, by number, 111i. 

by parallel vector, 101. 

by vector, 107 i. 

elimination of, 342i, 355i. 

equation of curve, 941i; of surface, 941. 

of confocals, note, 226 ii. 

of congruency, 417 ii; of complex, 417 ii. 

of cylindroid, 391 ii. 

of second degree, 508i. 

of surface of centres, 260 ii. 

of twisted cubic, 129 ii, 131 ii, note, 10 1. 

of unicursal curves, note, 10 ii. 

as factor, 335i. 

s, fourth proportional to three complanar, 250i; 

diplanar, 3571; rectangular, 377 i. 

function. See Linear. 

s harmonic mean of two, 2981; of , 300i. 

identities. See Identity. 

or imaginary part, note, 316. 

imaginary or bi-vector, 224i, note, 171 ii. 

integral, 4831. See Integral. 

invariant. See Invariant. 

s, linear relations in four, 441, 838i; five, 47i. 

s, mean between two, 251i. 

multiplication, 323i. 

is associative, 337i. 

null, 3i. 

origin and term of, 3i, 12i. 

pairs of, note, 398 ii. 

parallel, 10i, 3251; perpendicular, 325i, 345i. 

plus scalar is quaternion, 11i, 335i. 

power of, 396i, 399i, 420i, 476i. 

of product, 245i. 

product of two, a quaternion, 321i, 333i; of n, 

337 i, 346i, 394i. 
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Vectors, proportion of, 118i, 175i, 250i. 

of proximity, 20 ii, 461i. 

quotient, 107 i. 

reciprocal of, 2931. 

resolution of, 194i, 338 i, 339i. 

is right part of quaternion, 335i. 

scalar of, 3461. 

special case of quaternion, 336 i. 

spin-, 492i, 373 ii, 382 ii. 

square of, 327i, 345i. 

subtraction of, 51. 

sum of, defined, 7 i. 

tensor of, 163 i. 

s, termino-collinear, 14 i, 343i; complanar, 46 i, 

344 1. 

three conditions determine, 341i. 

trinomial form for, 344i. 

umbilical, 218 ii. 

units of curve, 82 ii, 408 ii. 

versor of, note 187 i. 

Velocity, vector of, 99 i. 

angular, 84 ii, 119 ii, 288 ii. 

areal, 299 ii. 

single ray-, 332 ii. 

single wave-, 336 ii. 

virtual, 287 ii. 

twist, 390 ii. 

Version, 164i. 

Versor, of conjugate, 138i. 

conjugate of, 139i. 

depends on relative direction, 138 i. 

as factor, 135i. 

of null quaternion, 139 i. 

power of unit vector, 261i. 

of product, 171 i. 

of quaternion, 137i, note, 124i. 

of reciprocal, 138i. 

reciprocal of, 138 i. 

right, as unit-vector, 336i. 

OF QUATERNIONS. 

Versor of scalar, 139i. 

of sum, 476i. 

development of, 476i. 

of vector, note 1371. 

| Versors, condition of complanarity of, 148i. 

equation between, 409i. 

Vibration, lines of, on wave-surface, 330 ii. 

orthogonals, to, 345 ii. 

principle of equivalent, 354 ii. 

Virial or total tension, 287 ii. 

Virtual focus, 419 ii. 

velocities, 287 ii. 

Viscous fluid, 459 ii. 

Volume, sign of a, 48i, 342i. 

of parallelepiped, 247i, 3381. 

of sphere, spheric shell, 483i. 

and surface integrals, 448 ii. 

| Vortex motion, 453 ii. 

| Warren, note, 278i. 

Wave-cusps, 332 ii. 

tangent cones at, 335 ii, 342 i. 

ridges, 337 ii, 344 ii. 

-slowness, surface of, or index surface, 326 ii. 

-surface, equation of, 326 ii, 331 ii. 

cyclic form of, 332 ii. 

unifocal form of, 342 ii. 

bi-focal form of, 344 ii. 

confocal form of, 346 ii. 

Cartesian, 352 ii. 

electro-magnetic, note, 326 ul. 

vibrations, 347 il. 

Wrench, 390 ii. 

Zero, square root of, 316i, 2911. 

versor of, 139 i. 

null quaternion is, 1251. 

pitch quadric, 392 ii. 

Zone, area of, 482i. 

END OF VOLUME II. 
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Vol. IJ. PART THREE: Group-Theoretical Con- 
structions. IX. Free Products and Free Groups 
(Free Products with Amalgamated Subgroup, 
Fully Invariant Subgroups). X. Finitely Genera- 
ted Groups. XI. Direct Products. Lattices (Modu- 
lar, Complete Modular, etc.). XII. Extensions of 
Groups (of Abelian Groups, of Non-commutative 
Groups, Cohomology Groups). PART Four: Solv- 
able and Nilpotent Groups. XIII. Finiteness Con- 
ditions, Sylow Subgroups, ete. XIV. Solvable 
Groups (Solvable and Generalized Solvable Groups, 
Local Theorems). XV. Nilpotent Groups (General- 
ized, Complete, Locally Nilpotent Torsion-F ree, 
etc.). Editor’s Notes. Bibliography. 

—Vol. |. 2nd ed. 1959. 271 pp. 6x9. 8284-0107-1. $6.00 

—Vol. Il. 2nd ed. 1960. 308 pp. 6x9. 8284-0109-8. $6.00 

—Vol. III. Approx. 200 pp. 6x9. In prep. 

LECTURES ON 

GENERAL ALGEBRA 

By A. G. KUROSH 
Translated from the Russian by PRoFEssor K. A. 
HIRSCH, with a special preface for this edition 
by PROFESSOR KUROSH. 

Partial Contents: CHAP. I. Relations. II. Groups 
and Rings (Groupoids, Semigroups, Groups, Rings, 
Fields, . .. , Gaussian rings, Dedekind rings). 
III. Universal Algebras. Groups with Multi- 
operators (. .. Free universal algebras, Free 
products of groups). IV. Lattices (Complete lat- 
tices, Modular lattice, Schmidt-Ore Theorem, ..., 
Distributive lattices). V. Operator Groups and 
Rings. Modules. Linear Algebras (. .. Free mod- 
ules, Vector spaces over fields, Rings of linear 
transformations, . .. , Derivations, Differential 
rings). VI. Ordered and Topological Groups and 
Rings. Rings with a Valuation. BIBLIOGRAPHY. 

—1965. 335 pp. 6x9. 8284-0168-3. $6.95 



CHELSEA SCIENTIFIC BOOKS 

DIFFERENTIAL AND INTEGRAL CALCULUS 

By E, LANDAU 
A masterpiece of rigor and clarity. 

“And what a book it is! The marks of Landau’s 
thoroughness and elegance, and of his undoubted 
authority, impress themselves on the reader at 
every turn, from the opening of the preface... 
to the closing of the final chapter. 

“Tt is a book that all analysts ... should possess 
... to see how a master of his craft like Landau 
presented the calculus when he was at the height 
of his power and reputation.” 

—Mathematical Gazette. 

—3rd ed. 1965. 372 pp. 6x9. 8284-0078-4. $6.95 

HANDBUCH DER LEHRE VON DER 

VERTEILUNG DER PRIMZAHLEN 

By E. LANDAU 
TWO VOLUMES IN ONE. 

To Landau’s monumental work on prime-number 
theory there has been added, in this edition, two of 
Landau’s papers and an up-to-date guide to the 
work: an Appendix by Prof. Paul T. Bateman. 
—2nd ed. 1953. 1,028 pp. 53gx8. 8284-0096-2. 

Two vols. in one. $16.50 

VORLESUNGEN UEBER ZAHLENTHEORIE 

By E. LANDAU 
The various sections of this important work 
(Additive, Analytic, Geometric, and Algebraic 
Number Theory) can be read independently of one 
another. 
—Vol. |, Pt. 2. * (Additive Number Theory) xii + 180 pp. Vol. 
Il. (Analytical Number Theory and Geometrical Number Theory ) 
viii + 308 pp. Vol. II. (Algebraic Number Theory and Fermat's 
Last Theorem) viii +341 pp. 54%4x8Y%4. * (Vol. I, Pt. 1 is issued 
as Elementare Zahlentheorie (in German) or as Elementary 
Number Theory (in English).) 8284-0032-6. 

Three vols. in one. $16.50 

GRUNDLAGEN DER ANALYSIS 

By E. LANDAU 
The student who wishes to study mathematical 
German will find Landau’s famous Grundlagen der 
Analysis ideally suited to his needs. 

Only a few score of German words will enable 
him to read the entire book with only an occasional 
glance at the Vocabulary! [A COMPLETE German- 
English vocabulary, prepared with the novice 
especially in mind, has been appended to the book. ] 

—4th ed. 1965. 173 pp. 514x814. 8284-0024-5. Cloth $3.95 
8284-0141-1. Paper $1.95 

FOUNDATIONS OF ANALYSIS 
By E. LANDAU 

“Certainly no clearer treatment of the foundations 
of the number system can be offered. ... One can 
only be thankful to the author for this fundamental 
piece of exposition, which is alive with his vitality 
and genius.”—J. F’. Ritt, Amer. Math. Monthly. 

—2nd ed. 1960. xiv + 136 pp. 6x9. 8284-0079-2. $3.95 
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ELEMENTARE ZAHLENTHEORIE 
By E, LANDAU 

“Interest is enlisted at once and sustained by the 
accuracy, skill, and enthusiasm with which Landau 
marshals... facts and simplifies ... details.” 

—G. D. Birkhoff, Bulletin of the A. M.S. 

—1927-50. vii + 180+ iv pp. 514x8Y%. 8284-0026-1. $4.50 

ELEMENTARY NUMBER THEORY 

By E. LANDAU 
The present work is a translation of Prof. Lan- 
dau’s famous Hlementare Zahlentheorie, with 
added exercises by Prof. Paul T. Bateman. 

—2nd ed. 1966. 256 pp. 6x9. 8284-0125-X. $4.95 

Einfihrung in die Elementare und Analytische 
Theorie der ALGEBRAISCHE ZAHLEN 

By E. LANDAU 
—2nd ed. 1927-49. vii + 147 pp. 53@x8. 8284-0062-8 $2.95 

NEUERE FUNKTIONENTHEORIE, by E. LANDAU. 

See WEYL 

CELESTIAL MECHANICS 

By P. S. LAPLACE 
One of the landmarks in the history of human 
thought. Four volumes translated into English by 
NATHANIEL BOWDITCH, with an extensive running 
commentary by the Translator, plus a fifth volume 
in the original French containing historical mate- 
rial and commentary on the earlier volumes. For 
the most part, this latter is incorporated into 
Bowditch’s systematic commentary. 

“Undoubtedly the greatest systematic treatise 
ever published.”—Bulletin of the Amer. Math. 
Society. 

“The four superb volumes [are] much more 
than a translation; indeed, the extent of Bowditch’s 
own contributions equals, or perhaps exceeds, that 
of the translation proper ... Bowditch’s com- 
mentary restores all the intermediate steps omitted 
by Laplace ... The notes also contain full accounts 
of progress subsequent to the publication of the 
original volumes. The fifth, supplementary, volume 
of the French edition ... is not translated, but most 
of its content is embodied in the translator’s notes.” 

—Nature. 

“A scientific masterpiece ... armed with intelli- 
gent, clarifying commentary.”—Sctence. 

Note: A set of the original edition of Bowditch’s 
translation (when available) costs between $600.00 
and $700.00 in the second-hand book market. 

—Vol. I: xxiv-+136+746 pp. Vol. Il: xviiit+-990 pp. Vol. III: 
xxx+910 pp.+117 pp. of tables. Vol. IV: xxvi+1,018 pp. 1829; 
1832; 1834; 1839. Reprint, 1967. 64x94. 8284-0194-2. a 

Vols. I-IV. $85.00 

—Vol. V (in French) : ix +508 pp. 1825-1882. apres 1969. 
6x9. 8284-0214-0. (In prep.) $17.50 

8284-0194-2; 8284-0214-0. Five vol. set. $99.50 
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Mémoires sur la Théorie des SYSTEMES DES 
EQUATIONS DIFFERENTIELLES LINEAIRES, 

Vols. I, Il, Ill 

By J. A. LAPPO-DANILEVSKII 

THREE VOLUMES IN ONE. 

A reprint, in one volume, of Volumes 6, 7, and 8 
of the monographs of the Steklov Institute of 
Mathematics in Moscow. 

“The theory of [systems of linear differential 
equations] is treated with elegance and generality 
by the author, and his contributions constitute an 
important addition to the field of differential equa- 
tions.”—Applied Mechanics Reviews. 

—1934/5/6-53. 689 pp. 534x8. 8284-0094-6. 
Three vols. in one. $12.50 

TOPOLOGY 

By S. LEFSCHETZ 
CONTENTS: I. Elementary Combinatorial 
Theory of Complexes. II. Topological Invariance 
of Homology Characters. III. Manifolds and their 
Duality Theorems. IV. Intersections of Chains 
on a Manifold. V. Product Complexes. VI. Trans- 
formations of Manifolds, their Coincidences, Fixed 
Points. VII. Infinite Complexes. VIII. Applica- 
tions to Analytical and Algebraic Varieties. 

—2nd ed. 1930-66. 410 pp. 534x8. 8284-0116-0. $6.00 

ELEMENTS OF ALGEBRA 

By HOWARD LEVI 
“This book is addressed to beginning students of 
mathematics. ... The level of the book, however, is 
so unusually high, mathematically as well as peda- 
gogically, that it merits the attention of profes- 
sional mathematicians (as well as of professional 
pedagogues) interested in the wider dissemina- 
tion of their subject among cultured people ...a 
closer approximation to the right way to teach 
mathematics to beginners than anything else now 
in existence.”—Bulletin of the A. M. S. 

—4th ed. 1962. 189 pp. 534x8. 8284-0103-9. $3.95 

VORLESUNGEN UEBER DIFFERENTIAL- 

GLEICHUNGEN MIT BEKANNTEN 
INFINITESIMALEN TRANSFORMATIONEN 

By S. LIE 
Edited by G. Scheffers. A textbook on the integra- 
tion of ordinary and partial differential equations 
in which the Lie theory for solving such equations 
is expounded. 
—1891-1967. xiv + 568 pp. 6x9. 8284-0206-X. $12.50 

THEORIE DER TRANSFORMATIONSGRUPPEN 

By S. LIE 

—Reprint of Ist ed. 1888; 1890; 1893. Three vol. set. Tent. 
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VORLESUNGEN UEBER CONTINUIERLICHE 
GRUPPEN MIT GEOMETRISCHEN UND 
ANDEREN ANWENDUNGEN 

By S. LIE 

An expository work by the originator of the Lie 
theory of continuous groups. 

—1893-69. xii-+ 810 pp. 6x9. In prep. 

THE THEORY OF MATRICES 
By C. C. MacDUFFEE 

“No mathematical library can afford to be without 
this book.”—Bulletin of the A. M. S. 

—2nd ed. 1932-47. 116 pp. 6x9. 8284-0028-8. $3.25 

COMBINATORY ANALYSIS, Vols. | and Il 
By P. A. MACMAHON 
TWO VOLUMES IN ONE. 

A broad and extensive treatise on an important 
branch of mathematics. 

—1915/16-60. 660 pp. 534x8. 8284-0137-3. 
Two vols. in one. $8.50 

INTRODUCTION TO COMBINATORY ANALYSIS, 
by P. A. MACMAHON. See KLEIN 

FORMULAS AND THEOREMS FOR THE 
FUNCTIONS OF MATHEMATICAL PHYSICS 

By W. MAGNUS and F. OBERHETTINGER 

Gathered into a compact, handy and well-arranged 
reference work are thousands of results on the 
many important functions needed by the physicist, 
engineer and applied mathematician. 

Translated by J. WERMER. 

—1954. 182 pp. 6x9. 8284-0051-2. $4.50 

THEORY OF NUMBERS 
By G. B. MATHEWS 
CHAPTER HEADINGS: I. Elementary Theory of 
Congruences. II. Quadratic Congruences. III. 
Binary Quadratic Forms; Analytical Theory. IV. 
Binary Quadratic Forms; Geometrical Theory. V. 
Generic Characters of Binary Quadratics. VI. 
Composition of Forms. VII. Cyclotomy. VIII. 
Determination of Number of Improperly Primitive 
Classes for a Given Determinant. IX. Applications 
of the Theory of Quadratic Forms. X. The Distri- 
bution of Primes. 

—2nd ed. 1892-62. xii + 323 pp. 534x8. 8284-0156-X. $4.95 

KURVENTHEORIE 

By K. MENGER 

Partial Contents: CHAP. I. The Old Concept of a 
Curve. II. The New Concept of a Curve...IV. The 
Sum of Curves. V. Properties under Deformation, 
etc. VI. Fundamental Theorem of Curve-Theoreti- 
cal Concept of Order ... VIII. Regular Curves. 
IX. Rational Curves... XII. The Universal Curve. 

—2nd ed. 1932-67. vi + 376 pp. 614x9Y%4. rect os 
12. 
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THE DEVELOPMENT OF 

MATHEMATICS IN CHINA AND JAPAN 
By Y. MIKAMI 

“Filled with valuable information. Mikami’s 
[account of the mathematicians he knew person- 
ally] is an attractive features.” 

—Scientific American. 
—1913-62. x + 347 pp. 53@x8. 8284-0149-7. $4.95 

GESAMMELTE ABHANDLUNGEN 

By H. MINKOWSKI 

TWO VOLUMES IN ONE. 

Minkowski’s Collected Works are issued under 
the editorship of David Hilbert, with the assistance 
of Andreas Speiser and Hermann Weyl. 

—1911-67. 871 pp. 6x9. 8284-0208-6. 
Two vols. in one. $17.50 

GEOMETRIE DER ZAHLEN 

By H. MINKOWSKI 
—1896-53. viii + 256 pp. 53gx8. 8284-0093-8. $4.95 

DIOPHANTISCHE APPROXIMATIONEN 

By H. MINKOWSKI 
—1907-57. viii + 235 pp. 534x8. 8284-0118-7. $4.95 

FERMAT’S LAST THEOREM, by L. J. MORDELL. 
See KLEIN 

INVERSIVE GEOMETRY 

By F. MORLEY and F. V. MORLEY 

—1937-54. xi +273 pp. 536x8. 8284-0101-2. $3.95 

INTRODUCTION TO NUMBER THEORY 

By T. NAGELL 
A special feature of Nagell’s well-known text is 
the rather extensive treatment of Diophantine 
equations of second and higher degree. A large 
number of non-routine problems are given. 

—2nd ed. 1964. 309 pp. 534x8. 8284-0163-2. $5.50 

LEHRBUCH DER KOMBINATORIK 

By E. NETTO 
A standard work on the fascinating subject of 
Combinatory Analysis. 

—2nd ed. 1927-58. viii + 348 pp. 534x8. 8284-0123-3. $6.00 

THE THEORY OF SUBSTITUTIONS 

By E. NETTO 
—2nd ed. (C.r. of Ist ed.) 1964. 304 pp. 53@x8. 

8284-0165-9. $4.95 
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DIE GAMMAFUNKTION 
By N. NIELSEN 

TWO VOLUMES IN ONE. 

HANDBUCH DER THEORIE DER GAMMAFUNKTION, 
by N. Nielsen. A standard, and very clearly written 
treatise on the gamma function and allied topics. 

Part I (8 chapters) deals with the analytic the- 
ory of the gamma function; Part II (8 chapters) 
deals with definite integrals expressible in terms 
of the gamma function; and Part III deals with 
faculty series. 

THEORIE DES INTEGRALLOGARITHMUS UND VER- 
WANDTER TRANSZENDENTEN, by WN. Nielsen. A 
treatise on certain transcendental functions. There 
are numerous references to the Handbuch. 

—1906-65. 448 pp. 6x9. 8284-0188-8. Two vols. in one. $7.50 

Vorlesungen Uber DIFFERENZENRECHNUNG 
By N. H. NORLUND 
—1924-54. ix-+551 pp. 536x8. 8284-0100-4. $6.50 

FUNCTIONS OF REAL VARIABLES 

FUNCTIONS OF A COMPLEX VARIABLE 

By W. F. OSGOOD 
TWO VOLUMES IN ONE. 

“Well-organized courses, systematic, lucid, fun- 
damental, with many brief sets of appropriate 
exercises, and occasional suggestions for more ex- 
tensive reading. The technical terms have been 
kept to a minimum, and have been clearly ex- 
plained. The aim has been to develop the student’s 
power and to furnish him with a substantial body 
of classic theorems, whose proofs illustrate the 
methods and whose results provide equipment for 
further progress.”—Bulletin of A. M.S 

—1936-58. 676 pp. 5x8. 8284-0124-1. Two vols. in one. $6.50 

LEHRBUCH DER FUNKTIONENTHEORIE 

By W. F. OSGOOD 

THREE VOLUMES IN TWO. 

Partial Contents: CHAP. I. The Calculus. II. 
Functions of Real Variables. III. Uniform Con- 
vergence. IV. Line Integrals and Multiply-Con- 
nected Regions. V. Set Theory. VI. Complex Num- 
bers. Analytic Functions. Linear Transformations. 
VII. Rational Functions. VIII. Multiple-Valued 
Functions; Riemann Surfaces. IX. Analytic Con- 
tinuation. X. Periodic Functions. XI. Infinite 
Series, Infinite Product Development .. . XIII. 
Logarithmic Potential. XIV. Conformal Mapping 
and Uniformization. 

Vol. IT: Cuaps. I-III. The Theory of Functions 
of Several Complex Variables. IV. Algebraic Func- 
tions and Abelian Integrals ... VI. Abel’s Theo- 
rem; Riemann-Roch Theorem; etc. VII. Periodic 
Functions of Several Complex Variables. VIII. 
Applications. 

—Vol. |. 5th ed. 1928-65. 818 pp. 534x8. 8284-0193-4. $8.50 
—Vol. Il. 2nd ed. 1932-65. 686 pp. 53@x8. 8284-0182-9. $8.50 
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EIGHT-PLACE TABLES OF 

TRIGONOMETRIC FUNCTIONS 

By J. PETERS 

Hight- -place tables of natural trigonometric func- 
tions for every second of arc, with an appendix on 
the computation to twenty decimal places. 

MAIN TABLE: The values of sine, cosine, tangent, 
and cotangent are given to 8 decimal places for 
every second of arc, from 0°0’0” to 90°0'0”. For 
example, it can be read off directly from the table 
(without interpolation) that the value of Cos 
89°19'33” is 0.11622293. 

TABLE II (Supplementary Table): 21-Place 
Tables of Sine and Cosine for every 10’ from 
0°0’ to 90°0’. 

TABLE III (Supplementary Table): 21-Place 
Tables of Sine and Cosine and their Differences, 
for every second from 0’0” to 10’0”. 

Several other supplementary tables are given. 

“Peters’ table is considered to be the standard 
(i.e., the best) 8-place trigonometric table.” 

—Mathematics of Computation 

—1968. xii +956 pp. 8x11. 8284-0174-8. 

Regular edition $22.00 

8284-0185-3. Thumb-indexed $25.00 

METHODS FOR GEOMETRICAL CONSTRUCTION, 
by J. PETERSEN. See BALL 

IRRATIONALZAHLEN 

By O. PERRON 
—2nd ed. 1939-51. 207 pp. 534x8. 8284-0047-4. Cloth $3.75 

8284-0113-6. Paper $1.50 

DIE LEHRE VON DEN KETFENBRUECHEN 
By O. PERRON 
Both the Arithmetic Theory and the ADE 
Theory are treated fully. 

‘An indispensable work ... Perron remains the 
best guide for the novice. The style is simple and 
precise and presents no difficulties.” 

—Mathematical Gazette. 

—2nd ed. 1929-50. xii + 524 pp. 53¢x8. 8284-0073-3. $6.95 

THEORIE DES FONCTIONS ALGEBRIQUES 
DE DEUX VARIABLES INDEPENDANTES 

By E. PICARD and G. SIMART 
TWO VOLUMES IN ONE. 

—1897/1906-69. 796 pp. Two vols. in one. In prep. 

SUBHARMONIC FUNCTIONS 
By T. RADO 
TWO VOLUMES IN ONE: Subharmonic Functions and 
The Problem of Plateau, both by Tibor Rado. 

—1937/33-70. 172 pp. 514x8\. Two vols. in one. In prep. 
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COLLECTED PAPERS 
By S. RAMANUJAN 

Ramanujan’s papers on Number Theory are edited 
by G. H. Hardy, P. V. Seshu Aiyar, and B. M. 
Wilson. 

—1927-63. xxxvi-+355 pp. 6x9. 8284-0159-4. $6.95 

RAMANUJAN, by G. H. HARDY. See HARDY 

EINFUEHRUNG IN DIE KOMBINATORISCHE 
TOPOLOGIE 

By K. REIDEMEISTER 

—1932-50. 221 pp. 514x8%. 8284-0076-8. $3.50 

KNOTENTHEORIE 
By K. REIDEMEISTER 
—1932-48. 78 pp. 512x8I. 8284-0040-7. $2.25 

ON THE HYPOTHESES ..., by B. RIEMANN. 

See CLIFFORD. See also WEYL 

FOURIER SERIES 
By W. ROGOSINSKI 

Translated by H. COHN. Designed for beginners 
with no more background than a year of calculus, 
this text covers, nevertheless, an amazing amount 
of ground. It is suitable for self-study courses as 
well as classroom use. 

“The field covered is extensive and the treatment 
is thoroughly modern in outlook ... An admirable 
guide to the theory.”—Mathematical Gazette. 

—2nd ed. 1959. vi+ 176 pp. 44%4x6\Y. 8284-0067-9. 

Cloth $3.00 

8284-0178-0. Paper $1.39 

ANALYTIC GEOMETRY OF 

THREE DIMENSIONS 

By G. SALMON 
A rich and detailed treatment by the author of 
Conic Sections, Higher Plane Curves, ete. 

Partial Contents: Chap. I. Coordinates. III. 
Plane and Line, IV-VI. Quadrics. VIII. Foci and 
Focal Surfaces. IX. Invariants and Covariants of 
Systems of Quadrics. XI. General Theory of Sur- 
faces. XII. Curves and Developables (Projective 
properties, non-projective properties, ...). 

Vol. II. Chap. XIII. Partial Differential Equa- 
tions of Families of Surfaces. XIII (a). Complexes, 
Congruences, Ruled Surfaces. XIII (b). Triply 
Orthogonal Systems of Surfaces, Normal Congru- 
ences of Curves. XIV. The Wave Surface, The 
Centro-surface, ete. XV. Surfaces of Third Degree. 
XVI. Surfaces of Fourth Degree. XVII. General 
Theory of Surfaces. XVIII. Reciprocal Surfaces. 

—Vol. |. 7th ed. 1927-58. xxiv + 470 pp. 5x8. 
8284-0122-5. $4.95 

—Vol. Il. 5th ed. 1928-65. xvi + 334 pp. 5x8. 8284-0196-9. 
$4.95 
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CONIC SECTIONS 

By G. SALMON 

“The classic book on the subject, covering the whole 
ground and full of touches of genius.” 

—Mathematical Association. 

—6th ed. xv + 400 pp. 534x8. 8284-0099-7. Cloth $4.95 

8284-0098-9. Paper $1.95 

HIGHER PLANE CURVES 

By G. SALMON 
CHAPTER HEADINGS: I. Coordinates. II. General 
Properties of Algebraic Curves. III. Envelopes. IV. 
Metrical Properties. V. Cubics. VI. Quartics. VII. 
Transcendental Curves. VIII. Transformation of 
Curves. IX. General Theory of Curves. 

—3rd ed. 1879-1960. xix + 395 pp. 53@x8. Zags ae 
4. 

LESSONS INTRODUCTORY TO THE 

MODERN HIGHER ALGEBRA 

By G. SALMON 

A classical account of the theory of Determinants 
and Invariants. 

—5th ed. 1887-1964. xv-+376 pp. 51/4x8. 8284-01 ae 
4.95 

INTRODUCTION TO MODERN ALGEBRA 

AND MATRIX THEORY 

By O. SCHREIER and E. SPERNER 

An English translation of the revolutionary work, 
Einfiihrung in die Analytische Geometrie und 
Algebra. Chapter Headings: I. Affine Space. Linear 
Equations. (Vector Spaces). II. Euclidean Space. 
Theory of Determinants. III. The Theory of Fields. 
Fundamental Theorem of Algebra. IV. Elements 
of Group Theory. V. Matrices and Linear Trans- 
formations. The treatment of matrices is especially 
extensive. 

“Outstanding ... good introduction .. . well 
suited for use as a text... Self-contained and each 
topic is painstakingly developed.” 

—Mathematics Teacher. 

—2nd ed. 1959. viii +378 pp. 6x9. 8284-0080-6. $6.95 

PROJECTIVE GEOMETRY OF n DIMENSIONS 
By O. SCHREIER and E. SPERNER 

Translated from the German by CALVIN A. ROGERS. 

Suitable for a one-semester course on the senior 
undergraduate or first-year graduate level. The 
background required is minimal: The definition 
and simplest properties of vector spaces and the 
elements of matrix theory. 

There are exercises at the end of each chapter 
to enable the student to test his mastery of the 
material. 
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CHAPTER HEADINGS: I. n-Dimensional Projective 
Space. II. General Projective Coordinates. III. 
Hyperplane Coordinates. The Duality Principle. 
IV. The Cross Ratio. V. Projectivities. VI. Linear 
Projectivities of P,» onto Itself. VII. Correlations. 
VIII. Hypersurfaces of the Second Order. IX. 
Projective Classification of Hypersurfaces of the 
Second Order. X. Projective Properties of Hyper- 
surfaces of the Second Order. XI. The Affine 
Classification of Hypersurfaces of the Second Or- 
der. XII. The Metric Classification of Hyper- 
surfaces of the Second Order. 

—1961. 208 pp.. 6x9. 8284-0126-8. $4.95 

VORLESUNGEN UEBER DIE 

ALGEBRA DER LOGIK 

By E. SCHRODER 

One of the classics of logic. 

The present edition includes, as an addendum 
to the third volume, the complete text of the short 
two-volume work Abriss der Algebra der Logik. 

—2nd ed. 1966. (Ist ed.: 1890-1905; 1909/10.) 2,192 pp. 
6x9. Si Volseuines. 8284-0171-3. Three vol. set. $35.00 

AN INTRODUCTION TO 

THE OPERATIONS WITH SERIES 
By I. J. SCHWATT 

Many useful methods for operations on series, 
methods for expansions of functions, methods for 
the summation of many types of series, and a 
wealth of explicit results are contained in this 
book. The only prerequisite is knowledge of the 
Calculus. 

—1924-62. x + 287 pp. 53@x8. 8284-0158-6. $4.95 

PROJECTIVE METHODS 

IN PLANE ANALYTICAL GEOMETRY 

By C. A. SCOTT 
The original title of the present work, as it ap- 
peared in the first and second editions, was “An 
Introductory Account of Certain Modern Ideas and 
Methods in Plane Analytic Geometry.” The title 
has been changed to the present more concise and 
more descriptive form, and the corrections indi- 
cated in the second edition have been incorporated 
into the text. 

CHAPTER HEADINGS: I. Point and Line Co- 
ordinates. II. Infinity. Transformation of Coordi- 
nates. III. Figures Determined by Four Elements. 
IV. The Principle of Duality. V. Descriptive Prop- 
erties of Curves. VI. Metric Properties of Curves; 
Line at Infinity. VII. Metric Properties of Curves; 
Circular Points. VIII. Unicursal (Rational) 
Curves. Tracing of Curves. IX. Cross-Ratio, 
Homography, and Involution. X. Projection and 
Linear Transformation. XI. Theory of Corre- 
spondence. XII. The Absolute. XIII. Invariants 
and Covariants. 

—3rd ed. 1923-61. xii + 290 pp. 53gx8. 8284-0146-2. $3.95 
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LEHRBUCH DER TOPOLOGIE 
By H. SEIFERT and W. THRELFALL 
This famous book is a modern work on combi- 
natorial topology addressed to the student as well 
as to the specialist. It is almost indispensable to 
the mathematician who wishes to gain a knowledge 
of this important field. 

“The exposition proceeds by easy stages with 
examples and illustrations at every turn.” 

—Bulletin of the A. M.S. 

—1934-68. vii-+353 pp. 536x8. 8284-0031-8. $6.00 

TEXTBOOK OF TOPOLOGY 
By H. SEIFERT and W. THRELFALL 

A translation of the above. 

—Approx. 380 pp. 6x9. In prep. 

FROM DETERMINANT TO TENSOR, 
by W. F. SHEPPARD. See KLEIN 

HYPOTHESE DU CONTINU 

By W. SIERPINSKI 
An appendix consisting of sixteen research papers 
now brings this important work up to date. This 
represents an increase of more than forty percent 
in the number of pages. 

“One sees how deeply this postulate cuts through 
all phases of the foundations of mathematics, how 
intimately many fundamental questions of anal- 
ysis and geometry are connected with it ...a most 
excellent addition to our mathematical literature.” 

—Bulletin of A. M.S. 

—2nd ed. 1957. xvii + 274 pp. 53gx8. 8284-0117-9. $4.95 

CONGRUENCE OF SETS, 
and other monographs 

By SIERPINSKI, KLEIN, RUNGE, and DICKSON 

FOUR VOLUMES IN ONE. 

ON THE CONGRUENCE OF SETS AND THEIR EQUIVA- 
LENCE BY FINITE DECOMPOSITION, by W. Sierpinski. 
1. Congr. of Sets. 2. Translation of Sets. 3. Equiv. 
of Sets by Finite Decomposition. 4. D. into Two 
Parts. ...7. Paradoxical D’s....10. The Hausdorff 
Paradox. 11. Paradox of Banach and Tarski. 12. 
Banach Measure. The General Problem of Measure. 
18. Absolute Measure. 14. Paradox of J. von 
Neumann, 

THE MATHEMATICAL THEORY OF THE TopP, by 
F’. Klein. Well-known lectures on the analytical 
formulas relating to the motion of the top. 

GRAPHICAL METHODS, by C. Runge. 

INTRODUCTION TO THE THEORY OF ALGEBRAIC 
EQUATIONS, by L. E. Dickson. Dickson’s earliest 
(1903) account of the subject, substantially less 
abstract than his later exposition. From Dickson’s 
Preface: “The subject is here presented in the his- 
torical order of its development. The First Part 
(Chaps. I-IV) is devoted to the Lagrange-Cauchy- 
Abel theory of general algebraic equations. The 
Second Part (Chaps, V-XI) is devoted to Galois’ 
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theory of algebraic equations ... The aim has 
been to make the presentation strictly elementary, 
with practically no dependence upon any branch 
of mathematics beyond elementary algebra. There 
occur numerous illustrative examples, as well as 
sets of elementary exercises.” 

—1954/1897/1912/1903-1967. 461 pp. 514x8. 8284-0209-4. 
Four vols. in one. $6.50 

NON-DIFFERENTIABLE FUNCTIONS, by A. N. SINGH. 

See HOBSON 

DIOPHANTISCHE GLEICHUNGEN 

By T. SKOLEM 
—1938-50. ix +130 pp. 54x84. 8284-0075-X. $3.50 

COLLECTED MATHEMATICAL PAPERS 

By H. J. S. SMITH 
Something of Smith’s stature as a mathematician 
may be gathered from one of many references to 
him in Bell’s Development of Mathematics: “such 
men as Lagrange, Legendre, Gauss, Eisenstein, 
Dirichlet, Hermite, H. J. S. Smith, Minkowski, 
and Siegal.” 

Smith’s famous Report on the Theory of Num- 
bers (also published separately; see below) is in- 
cluded in the present work. 

—1894-1965. 1,422 pp. 64%4x914. 8284-0187-X. 
Two vol. set. $29.50 

REPORT ON THE THEORY OF NUMBERS 

By H. J. S. SMITH 
A little more than half a century after the publi- 
cation of Gauss’s Disquisitiones, H. J. S. Smith 
undertook to present an account of the status of 
number theory. The result was Smith’s now clas- 
sical Report. 

Although it is a standard work and referred to 
frequently, the report has not been conveniently 
available to the practising mathematician. It was 
first published, in six parts, in the “Report of the 
British Association.” It was then reprinted in the 
1,400-page Collected Mathematical Papers. It is 
now, for the first time, available separately in 
book form. 

—1894-1965. iv + 360 pp. 614x9V%4. 8284-0186-1. $6.00 

INTERPOLATION 

By J. F. STEFFENSEN 

“A landmark in the history of the subject. 

“Starting from scratch, the author deals with 
formulae of interpolation, construction of tables, 
inverse interpolation, summation of formulae, 
the symbolic calculus, interpolation with several 
variables, in a clear, elegant and rigorous manner 
... The student ... will be rewarded by a compre- 
hensive view of the whole field. .. . A classic ac- 
count which no serious student can afford to 
neglect.”—Mathematical Gazette. 

—2nd ed. 1950-65. 256 pp. 534x8. 8284-0071-7. $4.95 



CHELSEA SCIENTIFIC BOOKS 

ALGEBRAISCHE THEORIE DER KOERPER 

By E. STEINITZ 

“Will always be considered as one of the classics of 
this branch of mathematics... I should like to rec- 
ommend the book to students of algebra.”—0O. Ore, 
Bulletin of the A.M.S. 

—1930-50. 176 pp. 53@x8. 8284-0077-6. $3.75 

LAMESCHE, MATHIEUSCHE UND 

VERWANDTE FUNKTIONEN 

IN PHYSIK UND TECHNIK 

By M. J. O. STRUTT 
—1932-68. viii +116 pp. 6x9. 8284-0203-5. Prob. $3.95 

A HISTORY OF THE MATHEMATICAL 
THEORY OF PROBABILITY 

By |. TODHUNTER 

Introduces the reader to almost every process and 
every species of problem which the literature of 
the subject can furnish. Hundreds of problems are 
solved in detail. 

—1865-1965. xvi + 624 pp. 534x8. 8284-0057-1. $7.50 

A HISTORY OF THE 
CALCULUS OF VARIATIONS IN THE 
19th CENTURY 

By I. TODHUNTER 

A critical account of the various works on the 
Calculus of Variations published during the early 
part of the nineteenth century. Of the seventeen 
chapters, fourteen are devoted to the Calculus of 
Variations proper, two to various memoirs that 
touch upon the subject, and the seventeenth is a 
history of the conditions of integrability. Chapter 
Nine contains a translation in full of Jacobi’s 
memoir. 

—1862-1961. xii +532 pp. 534x8. 8284-0164-0. $7.50 

SET TOPOLOGY 
By R. VAIDYANATHASWAMY 

In this text on Topology, the first edition of which 
was published in India, the concept of partial order 
has been made the unifying theme. 

Over 500 exercises for the reader enrich the text. 

CHAPTER HEADINGS: I. Algebra of Subsets of a 
Set. II. Rings and Fields of Sets. III. Algebra of 
Partial Order. IV. The Closure Function. V. Neigh- 
borhood Topology. VI. Open and Closed Sets. VII. 
Topological Maps. VIII. The Derived Set in T;, 
Space. IX. The Topological Product. X. Con- 
vergence in Metrical Space. XI. Convergence 
Topology. 

—2nd ed. 1960. vi + 305 pp. 6x9. 8284-0139-X. $6.95 
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LECTURES ON THE GENERAL THEORY OF 
INTEGRAL FUNCTIONS 

By G. VALIRON 

—1923-49. xii + 208 pp. 51%4x8. 8284-0056-3. $3.50 

L'APPROXIMATION, by VALLEE POUSSIN. 
See BERNSTEIN 

GRUPPEN VON LINEAREN 

TRANSFORMATIONEN 
By B. L. VAN DER WAERDEN 

—(Ergeb. der Math.) 1935-48. 94 pp. 512x812. aaa a0 

THE LOGIC OF CHANCE 

By J. VENN 

One of the classics of the theory of probability. 
Venn’s book remains unsurpassed for clarity, 
readability, and sheer charm of exposition. No 
mathematics is required. 

CONTENTS: Part ONE: Physical Foundations 
of the Science of Probability. CHaAp. I. The Series 
of Probability. II. Formation of the Series, III. 
Origin, or Causation, of the Series. IV. How to 
Discover and Prove the Series. V. The Concept of 
Randomness. PART Two: Logical Superstructure 
on the Above Physical Foundations. VI. Grada- 
tions of Belief. VII. The Rules of Inference in 
Probability. VIII. The Rule of Succession. IX. In- 
duction. X. Causation and Design. XI. Material 
and Formal Logic... XIV. Fallacies. PART THREE: 
Applications. XV. Insurance and Gambling. XVI. 
Application to Testimony. XVII. Credibility of 
Extraordinary Stories. XVIII. The Nature and 
Use of an Average as a Means of Approximation 
to the Truth. 

—4th ed. (Repr. of 3rd ed.) xxix + 508 pp. 534x8. 

8284-0173-X. Cloth $6.00 

8284-0169-1. Paper $2.25 

ANALYTICAL THEORY OF 

CONTINUED FRACTIONS 

By H. S. WALL 
Partial Contents: CHAP. I. The c. f. as a Product 
of Linear Fractional Transformations. II. Con- 
vergence Theorems. IV. Positive-Definite c. f. VI. 
Stieltjes Type c. f. VIII. Value-Region Problem. 
IX. J-Fraction Expansions. X. Theory of Equa- 
tions. XII. Matrix Theory of c. f. XIII. C. f. and 
Definite Integrals. XIV. Moment Problem. XVI. 
Hausdorff Summability. XIX. Stieltjes Summabil- 
ity. XX. The Padé Table, 

—1948-67. xiv + 433 pp. 534x8. 8284-0207-8. $7.50 
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LEHRBUCH DER ALGEBRA 

By H. WEBER 

The bible of classical algebra, still unsurpassed for 
its clarity and completeness. Much of the material 
on elliptic functions is not available elsewhere in 
connected form. 

PARTIAL CONTENTS: VOL. J. CHAP. I. Rational 
Functions. II. Determinants. III. Roots of Alge- 
braic Equations. V. Symmetric Functions. V. 
Linear Transformations. Invariants. VI. Tchirn- 
haus Transformation. VII. Reality of Roots. VIII. 
Sturm’s Theorem. X. Limits on Roots. X. Approxi- 
mate Computation of Roots. XI. Continued Frac- 
tions. XII. Roots of Unity. XIII. Galois Theory. 
XIV. Applications of Permutation Group to 
Equations. XV. Cyclic Equations. XVI. Kreistei- 
lung. XVII. Algebraic Solution of Equations. 
XVIII. Roots of Metacyclic Equations. 

VOL. II. Cuaps. I1.-V. Group Theory. VI.-X. 
Theory of Linear Groups. XI.-X VI. Applications 
of Group Theory (General Equation of Fifth De- 
gree. The Group Gis and Equations of Seventh 
Degree .. .). XVII.-XXIV. Algebraic Numbers. 
XXYV. Transcendental Numbers. 

VOL. III. Cuap. I. Elliptic Integral. II. Theta 
Functions. III. Transformation of Theta Functions. 
IV. Elliptic Functions. V. Modular Function. V. 
Multiplication of Elliptic Functions. Division. VII. 
Equations of Transformation. VIII. Groups of the 
Transformation Equations and the Equation of 
Fifth Degree... XI.-X VI. Quadratic Fields. XVII. 
Elliptic Functions and Quadratic Forms. XVIII. 
Galois Group of Class Equation. XIX. Computa- 
tion of Class Invariant... XII. Cayley’s Develop- 
ment of Modular Function. XXIII. Class Fields. 
XXIV.-XXVI. Algebraic Functions. XX VII. Alge- 
braic and Abelian Differentials. 

—3rd ed. 1908-62. 2,345 pp. 534x8. 8284-0144-6. 

Each vol. $9.50 

Three vol. set. $22.50 

DAS KONTINUUM, 
und andere Monographien 

By H. WEYL, E. LANDAU, and B. RIEMANN 

FOUR VOLUMES IN ONE. 

DAs KONTINUUM (Kritische Untersuchungen 
ueber die Grundlagen der Analysis), by H. Weyl. 
Reprint of 2nd edition. 

MATHEMATISCHE ANALYSE DES RAUMPROBLEMS, 
by H. Weyl. 

DARSTELLUNG UND BEGRUENDUNG EINIGER 
NEURER ERGEBNISSE DER FUNKTIONENTHEORIE, by 
E. Landau. Reprint of 2nd edition. 

UEBER DIE HYPOTHESEN, WELCHE DER GEOMETRIE 
ZU GRUNDE LIEGEN, by B. Riemann. Reprint of 3rd 
edition, edited and with comments by H. Weyl. 

—1917/1923/1929/1854-1960. 368 pp. 534x8. 8284-0134-9. 
Four vols. in one. $6.50 
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PROJECTIVE DIFFERENTIAL GEOMETRY 

‘OF CURVES AND RULED SURFACES 

By E. J. WILCZYNSKI 
An unabridged reprint, with correction of errata, 
of a standard work. 

—1906-61. viii + 298 pp. 53@x8. 8284-0155-1. $4.95 

A HISTORY OF THE 
CALCULUS OF VARIATIONS IN THE 
18th CENTURY 

By R. WOODHOUSE 

A reprint of Woodhouse’ A Treatise on Isopert- 
metrical Problems and the Calculus of Variations 
under a new, and more descriptive title. 

“Those interested in the beginnings of the Cal- 
culus of Variations should read the book by La- 
grange and the—unfortunately, very rare—book 
by Woodhouse. Euler’s masterpiece [Methodus.. .] 
will then offer him very little difficulty. This work 
of Euler’s is distinguished by the abundance of its 
examples and is, to this day, one of the most inter- 
esting books that the mathematical literature has 
to offer.’”—C. CARATHEODORY, in Variationsrech- 
nung und Partielle Differentialgleichungen erster 
Ordnung. 

“TWoodhouse’] work details the history of the 
Calculus of Variations from its origin until the 
close of the eighteenth century and has obtained 
a high reputation for accuracy and clearness.” 

—I. TODHUNTER 

—1811-1965. ix+x-+ 154 pp. 5x83g. 8284-0177-2. $3.95 

THE THEORY OF GROUPS 

By H. J. ZASSENHAUS 

In this considerably augmented second edition of 
his famous work, Prof. Zassenhaus puts the origi- 
nal text in a lattice-theoretical framework. This 
has been done by the addition of new material as 
appendixes, so that the book can also continue to 
be read, as before, on a strictly group-theoretical 
level. 

“A wealth of material in compact form.” 

—Bulletin of A. M.S. 

—2nd ed. 1958. viii-+ 265 pp. 6x9. 8284-0053-9. $6.50 

Prices subject to change without notice 
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